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The influence of the impurities on the stationary Josephson effect in SNINS systems is considered. It is shown
that the expression for the current amplitude depends significantly on the ratio of the mean free path to the
coherence range of the superconductor and also on the position of the dielectric barrier in the layer of the
normal metal. The effect of the Andreev level shift in a magnetic field in a SNINS system [A. D. Zaikin and
G. F. Zharkov, Sov. Phys. JETP 51, 364 (1980)] on the current in the system is taken into account. A
magnetic field enhances somewhat the current amplitude and leads to small current oscillations that depend
on H and are related to the discrete levels of the system. A theory of the nonstationary Josephson effect in
SNINS systems is developed. The discrete spectrum of the system affects the current-voltage characteristics
and produces on them oscillations that are also dependent on the position of the dielectric layer. It is shown
that for certain values of the voltage, such that eV <24, the Josephson-current component in an SNINS

system diverges logarithmetically.

PACS numbers: 74.50. + r

1. INTRODUCTION

It is known that the spectrum of excitations localized
in a normal metal between two superconductors (SNS
system) is quantized.! If the normal-metal layer con-
tains a certain irregularity (for example, a thin oxide
film —SNINS system), the excitations are scattered by
the film and this alters the form of the spectrum.?
The Josephson effect is also strongly influenced there-
by, since the expression for the stationary Josephson
current in the SNS (or SNINS) system is determined in
fact by the form of the excitation spectrum of this
system. It was proposed in Ref. 2 that there are no
impurities in the system. In the present paper, which
is a further development of Ref. 2, we investigate the
behavior of SNINS systems in the presence of ex-
ternal fields (impurity field, or magnetic and electric
fields).

We start from the Eilenberger® quasiclassical equa-
tions for the matrix Green’s function integrated over
the energy:

a . &
Vg )+ [(n-r,+A —%q;r,.(v,, 1), 2o(Ve, r)] =0, (1.1)

the use of which is quite effective for the solution of
many problems of weak superconductivity (see, e.g.,
Ref. 4). Here

= ( f..g’:—f.g.,)’ %’=((: —?1) ' Z=( —OA-%)'

g¥+f,f,=1, vy is the Fermi velocity, ! is the mean
free path, w is the Matsubara frequency, and A is the
order parameter. The square brackets in (1.1) stand
for the commutators, and the angle brackets for
averaging over the directions of the vector v,.

The current in the superconductor is determined
from the equation (p, =mv,)

oy :
j(r)= - T ZISp {Prtsgo (Ve £) . (1.2)

w>0
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As is customary, the presence of the dielectric in-
terlayer is taken into account by introducing into the
system a potential of the form V,6(x —x,) (x, is the
coordinate of the interlayer). This potential, however,
does not enter at all in Eqs. (1.1) and must be taken
into account with the aid of the boundary conditions for
é‘w at the point x,. These conditions can be obtained
from the Gor’kov equations® in which the potential
V,0(x —x,) is introduced, using the customary proce -
dure of integrating these equations from x, - 6 to x,

+ 0 and letting 6 tend to zero, after which taking the
Fourier transforms of the exact Green’s functions
with respect to the coordinate difference and integrat-
ing with respect to energy. These conditions are of
the form

8o (Vs, 2,H0) —gu (=0, 2o1+0) =gu (vs, 2,—0)

—g-(—vx. 10_0) =i(”:/Vo) [gw(vxy Io+0) —A".,.(v:, 19—0) ] (1 . 3)

Here and elsewhere the function g, depends only on
the coordinate x and on the Fermi-velocity component
v,, inasmuch as the superconducting system will be
assumed homogeneous in the y and z directions. At V,
=0 it follows from (1.3) that f,rw is continuous at the
point x,, and at V =« we obtain the conditions for the
impenetrability of the IS boundary*:
8o(Us, To) =gu(—Vs, To). (1.4)
The order parameter of an SNS system is described
by the model
A(z) =A exp {*/:ipsign z} [8 (z—d/[2) +6 (—z—d[2) ], (1.5)
which is customarily used under the condition d> &,
[d is the thickness of the normal-metal layer, &, is
the coherence length of the superconductor, ©(x) is
the Heaviside function, and ¢ is the phase difference

between the order parameters of the superconducting
edges].

Using (1.1)—-(1.3) and (1.5), we have at a low im-
purity density (%= w?+ A?)
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2ep’A ( Ve 4oz,
)=-——;—smcp~T2 jada{A”[coscp-F ch ]

vela? Vet
(1.6)

©>0 0

A 20d 20d 1) -
+(1+—2"Z )[(m‘+§2’)ch 9% f20Qsh=2 ]}
VpaQl P UpQl

VpQl

This result can of course be obtained also (albeit after
more cumbersome calculations) with the aid of the ex-
pressions obtained in Ref. 2 for the exact Green’s
functions of a SNINS system. We note that Eq. (1.6)
describes the stationary Josephson effect in impurity -
free superconducting systems with weak couplings of
various types at arbitrary values of V. In fact, let
initially d=0. Then the current density takes the form

eps*A*sin @ ¢ D(a) A
d t {——R }
4 J“ @ Mar B@

(1.7)

R(a)={1—D(a) sin® (¢/2)}*, D(a)={1+(Vi/vea)2}-*.
Atlarge V,, Eq. (1.7) leads directly to the Ambegao-
kar-Baratov equation.® Equation (1.7) is suitable also
for the description of such a state in short supercon-
ducting bridges. When the current density (1.7) is
multiplied by the area of the opening, the results of
Refs. 4 (V,=0) and 7 (V,#0) are obtained directly.

Let now d+ 0 (and in fact d> £,). Then at V,=0
Eq. (1.6) yields the well-known equation for the cur-
rent density in an SNS junction.® On the other hand,
if the resistance of the insulating interlayer is large:
R>8n%/e%p% [R=21%V?% /e®u® (Ref. 9), and u is the
chemical potential], then we arrive at the result of
Ref. 2 for SNINS junctions. These two limiting cases
are precisely those of greatest interest. The case V,
=0 has been sufficiently well studied. We confine our-
selves therefore below to the influence of external
fields and impurities on the Josephson effect in SNINS
junctions at large values of R (i.e., the tunneling
through the insulating interlayer is weak). In Sec. 2
we obtain an expression for the stationary Josephson
current in the field of nonmagnetic impurities. In the
presence of such impurities, the discrete excitation
spectrum of the SNINS junction becomes smeared out.
This (as in the case of SNS junctions'®) decreases the
amplitude of the Josephson current. In Sec. 3 we in-
vestigate the influence of an external magnetic field on
the Josephson effect in a SNINS system. It was shown
in Ref. 2 that the magnetic field in an INS systems
shifts the Andreev levels by an amount proportion to
this field. In an SNS junction, the presence of a mag-
netic field leads to instability of the discrete spec-
trum.*!? It is clear in this connection that the
Josephson behavior of SNS'3 and of SNINS junctions will
be significantly different. In Sec. 4 is developed a
microscopic theory of the tunnel current in the pres-
ence of an electric field in the system (the nonsta-
tionary Josephson effect).

2. STATIONARY JOSEPHSON EFFECT IN A SN/INS
JUNCTION WITH IMPURITIES

To take into account the presence of impurities in a
system one can use the usual averaging technique.® In
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matrix formalism, the corresponding equation for the
Green’s function takes the following graphic form:

—=-——+—§—+ R i S

A thin line denotes here the matrix Green’s function of
a pure SNS junction,® a thick line corresponds to the
analogous function for the SNINS junction, averaged
over the disposition of the impurities, and the wavy
line is used to introduce the vertex V,7,6(x - x,). To
solve Eq. (2.1) we use the condition that the parameter
Vi!is small. It suffices for us to find an equation for
the renormalized quantity @ in the zeroth order in this
parameter (i.e., for the two isolated half-spaces x

< x and x >x,). Taking (1.4) into account, we obtain
after standard calculations (for simplicity, we present
the result at low temperatures T'< T,)

2.1)

1
:F
vr jdath-—-ﬁ*(d 220)

D=0+ Y (2.2)

, TR,

UpQt
)

Strictly speaking, we must also take into account the
renormalization of A. We confine ourselves first to
the case of a relatively small number of impurities,

1 >¢,. Under this condition, it is easy to show'® that
the renormalization of A can be neglected. Using the
conditions (1.13) and Eq. (1.2) for the current, we ar-
rive at

j= _smi% TZ f aeda[ ch 9, (d—22) ch 6-(d+2z) ]_‘ (2.3)

VpQl vrQL
w>00

It is seen that at [ >d the presence of impurities has
little effect on the value of the current. In the opposite
case, < d, we get from (2.2) and (2.3)

2d 17! Ur
] y &=
Era ol

(2.4)

16 3 d
j= eRnsincp -T _[oc"da [exp (E:)Sh

At temperatures v, /d < T« T, and at arbitrary values
of I we obtain from (2.2) and (2. 3)

. 8ue
= —¢x
I eRd T+ 27071

T sing 2d d
=2 =2 .5
-5 -7t - @

In'the case [ «d, Eq. (2.4) for the current is expo-
nentially small even at T=0:

ot bswren(- 4], @0
The results (2.4)-(2. 6) are valid at d/2 - |x,|> &,.
At |x,| ~d/2 - £, the tunnel current begins to decrease

somewhat and at x,=+d/2 (SINS junction) the corre-
sponding expressions turn out to be half as large as
expressions (2.4)-(2.6). This difference between
SINS and SN INS systems (in the absence of impurities)
was already pointed out in Ref. 2. The reason for
this effect is that at low temperature the main con-
tribution to the current is made by excitations with en-
ergy ~vp/d<< A In SINS junctions these excitations
are present only in one half-space, whereas in the
SNINS system (at d/2 — |x,|> ;) they are present on
both sides of the insulating barrier.
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Thus, the physical cause of the effect of impurities
on the Josephson current in SNINS junctions (just as
in SNS junctions®®) is the smearing of the discrete
spectrum of the levels as a result of scattering of the
electronic excitations by impurities localized in the
normal-metal layers. The actual difference from the
case of SNS systems (under the analogous condition ]
> &,) lies in the presence of two systems of levels,
which leads to different contributions to the renormal-
ization of the frequency on the opposite sides of the
insulating interlayer.

We consider now the inverse case [ «< £,. Under this
condition the Eilenberger functions take the form

Vr

Lo (Ve 1) =G, (r)+

LG, fm(vp,r)=F,..(r)+:LF,,,(r), @.7

and the properties of the system are described by the
Usadel equations?;
3 ] 1 Fur) 0 1
206, (r) ~20Fu () +D 5— [6.0 SR T IR ] =0,
G, (N ={1—|F,(x)|?}*, D=/l (2.8)

From the Eilenberger equations (1.1) it is also easy
to obtain't

12

l,, [Gu(r)Fu(r)—Fo(r) Gu(r)].

(2.9)
We now integrate the boundary conditions (1.3) over
the directions of the vector v,. Then, taking (2.7)

into account, we have

a
20F, (r) +ve ;F«, (£)=2AG,(r)+

V ivy
2V,

(Fu(210) —F o (2,—0)) =F 10 (2,+0) =F 4 (2—0) (2.10)

with analogous relations for the G-functions. We have
taken it into account here that in our problem only the
x components of the vectors F and G differ from zero:
Fo(r)={Fio(2), 0, 0}, Go(r)={Gi(2), 0, O}. (2.11)
Using relations (2.9)—<2. 11) under the condition
« ¢, we arrive at the boundary conditions for Egs.
(2.8):
oF, I

gz

L l 2 [Gu(art0)Fa(2,—0) ~Go (x,—0)Fo (2,10} ],

smmto 0F 1 amu—o 2Vl

(2.12)
at V,=0 there follows from (2. 12) the usual condition
of the continuity of the Usadel functions at the point x,,
and at V= we obtain the condition 3F,/3x=0 on the
boundary with an impenetrable insulator!,

In the case of interest to us, that of large values of
the parameter V, the problem is solved by successive
approximations in V;'. In the zeroth approximation,
the Usadel equations in a normal-metal layer can be
reduced to an equation of the physical-pendulum type:

d*ae* 20
=—-sina,¥,

dz? D

=z, (2 . 13)
Here F{) =sin o exp{+ip/2}. We assume that the F-
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function on the NS boundary is equal to its value in the
interior of the superconductor in the absence of cur-
rent. This condition is valid at T« T, (and also for
bridge structures at higher temperatures). This is
easily verified by considering two half-spaces occupied
by a normal metal and a superconductor. We assume
that the order parameter changes jumpwise on the NS
boundary from zero to its equilibrium value A in the
interior of the superconductor. Then the Usadel equa-
tions also reduce to the physical -pendulum equation

Pa.  2Q
. = ——3sin(at,—8),

ki (2.14)

A
8= arcsmg—.
Let the regions occupied by the normal metal and by
the superconductor be located on the left and on the
right, respectively. The solutions of Egs. (2.13)-
(2. 14) can be easily obtained. In the normal metal

o.=4 aretg exp {(20/D)"z+C }, (2.15)
and in the superconductor
ae=0—4 arctg exp {— (2Q/D)"z+C.,}, (2.16)

C, and C, are arbitrary constants. Matching expres-
sions (2.15) and (2.16) as well as their derivatives on
the NS boundary, we find that at w <« A the Usadel func-
tion on the NS boundary is equal to its equilibrium val-
ue A/Q. In the temperature region T« T, the main
contribution to the current is determined precisely by
this region of Matsubara frequencies.

Thus, the boundary conditions for Eq. (2.13) take
the form

=0. 2.17)

d A dot,®
am*(ﬂ:——) =aresin —, d
2 Q dx

x=xp

The solutions of Eq. (2.13) with analogous boundary
conditions were already investigated in detail by us
when we obtained the stationary states of a Josephson
junction in an inhomogeneous magnetic field.!®* For
the case of interest to us the of (x) are determined
from the equations

(3—1“3) ).%(I_x") ==K (cos"&%@') FF ( 1 cos 22 \ ,

2
(2.18)

y*=arccos [ (cos @o® (T.) —cos @™ (2)) /2" cos a® (2)], =,

where

dy
(1—z%sin*y)"™

F(x,z)=j

o

., K(z)=F (21 z)

are respectively incomplete and complete elliptic in-
tegrals of the first kind.

Let now Ft = F(”* + F{V*  where

F{™* =B.* cos au* exp(ig/2) (2.19)
is the first approximation for the Usadel function in
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terms of the parameter V;'. The functions g% satisfy
in the normal-metal layer the equation

d

a*p,*
i—=%‘ﬁm*cosaﬁ, |z]<-2—.

- (2.20)

In the superconducting regions the equations for g3
assume the very simple form

#pet 29

7 (2.21)

Ba*=0, 2= :!:—d— .
=0, )
At infinity, the functions g%, should tend to zero. Using
this and matching F{"* and their derivatives at the
points ¥d/2, we obtain

dBe* Q-0\%_ (20\hy 0 d)\_

dz ,_M,f[zA(zmQ) i( D) ]b° (’h 2) 0 (2.22)
The general solution of (2.20) is of the form
£ dz da.®

Bt (@) =Ahu (D) +Bba(@) [, he@ =7 (2.23)

By substituting (2.23) in the boundary canditions (2.12)
and (2.22) we can determine the arbitrary constants A,
and B,.

The current density in the system is obtained from
the equation

j=—2ieN(0)nTD 2 (F,*VFo—F.VF."). (2.24)

>0

The presented relations enable us to calculate the
Josephson current at arbitrary temperatures. The
final result for the current density is expressed in
terms of elliptic functions and is too unwieldy to pre-
sent here. However, under the condition

T»D|d (2.25)
the analysis becomes much simpler. Let initially x,

= ~d/2 (SINS junction). The quantity o, (x,) is easily
calculated from Eqs. (2.18) with allowance for (2.25)
(see Ref. 15):

(2.26)

ot ()= Q+m+[28$(9+m) I {_d ("21)2) " }

If (2.25) is satisfied, Eq. (2.20) has a solution that
satisfies the boundary condition (2.12) and takes the
form (we assume here sin o, =A/R)

i D\hro da,t A _, 20\
w=-rr(s) la o raeel-=(F) ]
(2.27)

and this expression is valid at distances not too close
to the point x =d/2 [under the condition d/2 — x> (d/
w)"?]. From (2.24) and (2. 27) we obtain directly the
result for the Josephson-current density in a dirty
SINS junction:

(2.28)

32n°d (2aTD)" A*sing T . { d(ZnT)‘r-}

L i
CRRpE | wTHAT WP D

W= (T AY) " T+ [2 (T A2 4+ 20T (T2 +A%) B %,
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Here R, =d/DN(0)e? is the resistance per unit area of
the normal-metal layer. At T« T, the general equa-
T d(aTD)%sing

tion (2. 28) goes over into
2nT \'s
= ol —a (2
A~ €RR.pF e‘p{ ( D ) }

Let now d/2 — |x,|> (D/T)*/2 (SNINS junction). The
calculations yield in this case

j=3273(2—V2) (2.29)

_ 32n*d (2aTD)"“A?sin @

2nT\ %
RRypPWE P {_d(—D) } (2.30)
At T« T, we obtain
oo traVE d(nTD)"sin¢ o 2nT\%
j=32n (3V2—4)chp{ d(D—) } (2.31)

We see that in the considered case I « £, the Josephson
current (just as in the case of a low impurity density)
depends on the location of the insulating interlayer
inside the normal-metal layer. Thus, the current
density in a SNINS junction turns out to be considerably
higher than the analogous value for the SINS junction
[cf. (2.29) and (2.31)]. It is seen also that the expres-
sions for the current in the cases I > £, and [ « £, are
substantially different. The role of the coherence
length in a normal-metal layer under the conditions

1 < &, (just as in the case of SNS junctions!®) is as-
sumed by the quantity (D/27T)'/2, whereas for a small
number of impurities (I > ) the analogous quantity is
27T /vy +1/1)1.

3. EFFECT OF EXTERNAL MAGNETIC FIELD ON THE
JOSEPHSON CURRENT

Let now an external magnetic field H directed along
the z axis (parallel to the NS boundaries) be present
in the normal-metal layer of an impurity-free SNINS
junction. It is easy (for details see Ref. 2) to obtain
a dispersion equation for the energy of the excitations
under these conditions. It takes the form (E «< A):

cos[éE:ca,’v,+'{++‘{_]+ cosp
1-+v2/ V32 1+V /vl

cos [ 2id —’r++'f—] +
(3.1)

V=

ev,H ( LI )z, G=g—2eHy (d+21).
Vs 2
Here v, is the electron-excitation velocity component
in the y direction, and A is the depth of penetration of
the magnetic field in the superconductor. Strictly
speaking, Eq. (3.1) is contradictory, since an eigen-.
value of the energy E should not depend on the coordi-
nates. This is in fact that cause of the instability of
the spectrum in SNS junctions.!**!? However, if the
transparency of the insulator is low, then it follows
from (3.1) in the principal approximation

4Ezx,

(3.2)

2Ed
cos [ —y+ty- ]+cos [ . +ytHy- ] =0.
129 x

It is seen that in this case there is no smearing, and
only a shift of the levels by an amount proportional to
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the magnetic field H and to v, (Ref. 2) and the result
is valid for arbitrary H.

The substantial differences in the behavior of the
spectra of the SNS and SNINS junctions in an external
magnetic field should determine also the different in-
fluence of this field on the stationary Josephson effects
in these junctions. In the case of the SNINS system
it is quite easy to take the magnetic field into account.
The shift of the levels (3.2) leads to a renormalization
of the Matsubara frequency. Replacing E in (3.2) by
-iw, we obtain directly

(3.3)

1
B.=0F 3 ieHve (dF2z,)sinBcosy, z=gz,.

Here v,=v, cos 6 and v, =7, sin 6cos X. Thus, the .
magnetic field “shifts” the frequency along the imagi-
nary axis [in contrast to impurities, whose presence
leads to the frequency shift (2.2) along the real axis].

The remaining calculations are quite similar to
those of Sec. 2. We obtain ultimately (T« T,)

C28in® OV E L (s 4 (d—22,)
- TZ!dx‘[oos Bd(cose)[ch e —h

- (d+2z,)
vrcos 0

(3.4)
At T=0, expression (3.4) for a symmetrical SNINS
junction (x,=0) goes over into

1

2 . 25
vrsin § dxj cos* 0d (cos 0)
0 0

neRd

arcsin Q (H)
Q(H) '
(3.5)

Q(H)=sin { eled’ tg 6 cos x} .

The dependence of the critical current density on the
magnetic field is shown in Fig. 1. It is seen that the
magnetic field leads to a certain increase of j, and also
to oscillations of this quantity. We emphasize that we
are dealing here precisely with the current density.

On the other hand, the total current through a junction
with dimensions of the order of (or larger than) the
Josephson penetration depth will obviously be substan-
tially decreased by the interference effect.

For a SINS junction, (3.4) (T =0) yields

LT Ur .
=5 era %

i.e., in this case the magnetic field does not influence
the amplitude of the Josephson current. At T>v,/d
the current receives contributions only from excita-
tions whose velocity component v, differs little from
vp (6 5v,/Td)*/?). For these excitations, the level
shift is small and consequently the presence of a mag-

FIG. 1.
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netic field in the normal-metal layer has no effect

whatever on the critical density of the tunnel current
at these temperatures, and this holds for all x,.

We see that the Josephson behavior of a SNINS sys-
tem in an external magnetic field differs not at all
trivially and quite substantially from the analogous
behavior of SNS junctions. In the case of the latter,
the dependence of the Josephson current on the mag-
netic field is quite complicated.!® For SNINS junctions
the amplitude of the tunnel current depends on the
magnetic field only at low temperatures, T < v,/d,
and this dependence is somewhat different for different
values of x,. The phase dependence of such a current
remains sinusoidal at all temperatures.

4, NONSTATIONARY JOSEPHSON EFFECT IN AN
SNINS JUNCTION

When a potential difference is produced between the
superconducting edges, the tunnel junction begins to
depend on the time. Since the resistance of the in-
sulating barrier is large, the entire voltage drop is
precisely across this barrier. Let the potential dif-
ference between the superconductors be V(¢). The
distribution of the electric potential in space can then
be written in the form

@ (t)="/.V (t)sign(z—=z.). 4.1)
We assume hereafter that there is no vector potential
in the system.

The Gor’kov equations in the Keldysh method!’ take
for this system the form?!®

P I Y LR ) ..
({ lTra—l'*‘E'a—r?‘*'A—e(D—l 0 (1—1.\)+p) 1—2}

XG(r, r'; t, ') =18 (t—t") 8 (r—r'). (4.2)

o= (& 80 2= 30

With the aid of (4.2) we can obtain for the energy-
integrated Green’s functions quasiclassical equations
that go over into (1.1) in the stationary case. Such
equations were first obtained by Eliashberg.® In our
case they take the form

Ve g—g} Ts %—? + zg%, + [(e® (1) —iA ) 1, Gl
1§ e — Budir =0, 4.3)
where
G=G(vrnR;it,t), E= ”—; GvR R L) + Sone
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The Green’s function G satisfies the normalization
condition®

S dt1éthég,1' = {- 6 (t i t').

In addition, in perfect analogy with the stationary
case, we get from (4.2) boundary conditions for G at
the point x, (we leave out the time arguments here):

G (vey 2+0) =G (—vs, 2,10)

=G (v, 2—0)—G (—vs, 2,—0)
=i(va/ V) {G(vey 2010)—G (vs, 2—0)}). (4.4)
In (4.4), just as in (1.3), we made allowance for the
fact that G depends in our problem on x and v,.

Equations (4. 3) have already been used to solve a
number of problems in the theory of weak supercon-
ductivity (for example, to describe the nonstationary
Josephson effect in short microbridges®®?!). The solu-
tions of Eqs. (4.3) in the superconducting regions are
sought in the form

o~ - > (xTFd2) 5 > (zFdj2 d
Gi(Ux,I)=Ai+ exp{-—Ki(Lv:—)}Bi(u,)exp{Ki-(%“/) ) A

. (4.5)
The matrices A, are known?’;

1 Az A:!:) GR(A) _ SR(A) (o) geiet-ty B8 O+
A =(143 1) ABY=8:0 {F @y S
e

AW =g (g) 1,14 (e) ity gn("(5)=m )
(4.6)
R(A — A
fr(e)= [ (exi0)2—A2]" "’
carp_ [ eXP{xip(t)/4} 0
s=w= ("5 exp{¥iq)(t)/4})

(p(t)=q;+2e jV(tl)dtl’ 1?2= ((l) :)l) ’

It can be shown?! that the matrices A and B are con-
nected by the relations

B. (v:)A.==B, (v:)sign v.. 4.7)
The following condition also obtains
A=A, 7 A%,
Rt t)=8.(2) jthz—eTe"“""’%S;(t). (4.8)

The solution of Eqs. (4.3) at |x|=<d/2 (i.e., at A
=0) is trivial. It yields (in the absence of impurities)

G (vey 2020) =Cu(ve) (A2FBo (v2)) €™ (v2),
Calbit,t)=82(0) [ Calomp)e = E28.5(), (4.9)
) exp{?i-i(iliifz—o) 0
Galrne)= 0 exp {il__d:?zo) }

It remains now to obtain the matrices B, (v,). Since
the resistance of the insulating barrier is high, we can
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represent these matrices in the form

<
—B

Vil (4.10)

BB+ 32250+
and to find the current, as usual, it is necessary to
calculate the term ~V {2 of this expansion. Expressing
the current in terms of the matrix B, we obtain

J(t)——%;-?j.:x’da SpHB® (vsat; 1, 2). (4.11)
Using (4.4)—-(4.11) we arrive at the final result
j(¢)=Im j_[dmdm'{W(m)W'(m’)e“-—“”‘h(m’)
te*W (o) W(o')e' ", (a')},
Re],(m)—-—ja’da jde{T (€) [X™RYRR_X44y44]
+T_(e) [XFAYPA—XARYAR]},
Inij,(0) ——-ja’da J'der_(e){x'my"
XA AR XAAYAA_XPAYRA) (4.12)

Rejp(w) —‘—J. a’da jde{T ) [ (e—w)ff(e) YRR

—f*(e—0) f4(e) Y44 1+T- (&) [1* (e—0) /" (e) Y™~ (e—w) 4 (e) Y"1},
Imf,<m>=§ j w'da [deT- () {f*(e—0) [f*(e) Y™~ (e) Y*"]
+4 (e—0) [ () T44—1"(e) Y™1},
Xi=[1+g'(e) g (e—0)] cos .~ [1—g'(¢)g'(e—w)] cos p-

+i[g'(e)+g'(e—w) ]sin B, —i[g' (e) —g'(e—w) ]sin B,
Yi={[1+g'(e) g’ (e—w)] cos p.+[1—g'(e) g (e—w)] cos P-

+i[g'(e) +¢'(e—w)] sin B +i[g (s) —g'(e—w)] sinp_}~*, i(j)=R, 4,
e—0
T&(e)==th-—-ith 5T
Bam s(d—2zn)i (e—w) (d+2x,) )

%5300 2 [ e

In the equation (4.2) for the current we used the usual
representation®?;

exp {ie j' V(t)dt, }= J?W(m)e"'"dm.

At V=0, Egs. (4.12) lead to the result of Ref. 2 for
the stationary Josephson current in a SNINS system in
the absence of impurities. In the case d=x,=0 the
result (4.12) coincides with the known expression for
the current in an SIS junction, first obtained by the

tunnel-Hamiltonian method. 23

We proceed now to investigate the expressions ob-
tained for wide SNINS junctions. Let first the voltage
V on the barrier be constant in time. Then

W(o)=08(o—eV).

In this case j, does not depend on the time, and j,(¢)
takes the form
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J»(t)=j: sin @ (¢) +j, cos @(t).

At T=0 we obtain, after the necessary manipulations,

jo=Imj,(eV)=j=0, e|V|<A; j=j"+j°

- d
](’(xo—:t—)

Ld<em. A—elVl>l%

e A
10eRd(1+ (A*—e2V?)™ ) !

2 2nvpA (=1)* o
QeR( ) Z (2k+1)/’ |A——-elVl|<_d

(4.13)
Iy ‘@ arctg (tg (Vd/vsa+y))
Rd sin (Vd/vsaty)
x=arcsin(V/d), v,/d«el V|, A—e|V|>v/d;
i (xo=i d ) thrja Z‘ . (Az—e,.:) h .
v sin(2e,d/vsa) [A*—(e,—eV)2]"
~ elVl<a;
o dwp ¢ NV (A—ed)t :
ji(ze=0)= °Rd ;’. @ dazolm{[A —(em—eV)?]™
(em—eV)d "

X €08 ———————+ (eV—¢g,)si
VrQ

n—eV)d
(“—e)—} . elVi<a.
VpQl

Here €, and €, are the positive roots of the equations

2e.d_ (A'—e.?)"

tg [ 2o €n
Emd (Az_emz)‘h
_ = (4.14)
+ UVpll Em

and N and M are maximal numbers, such that €., €
<e|V|. Under the condition vp/d<e | V]|« a, expres—
sions (4. 14) take the form

20

"’(1=:ti-)— (—1)" _ 2eVd
W\&==%5 )= Zrve
n=0

ety

(2nt+1),
4.15)
2v, 1+cos (eVd/vr)

N o=0
Jit(@=0) = 1—cos(eVd/v,)

It is seen that the current-voltage characteristics
of SNINS systems is far from trivial already at e| V|
< A, and its form also differs substantially for dif-
ferent positions of the insulating barrier. The normal
part j 7 of the Josephson current in a SINS-system in-
creases monotonically with increasing V and reaches
a maximum at eV=A. The increase of the current
at eV ~A is a consequence of the presence of a square-
root singularity in the state density of the supercon-
ductor. The anamolous term j$ of such a system os-
cillate with a period mv,/d, since the position of the
singularities in the state density in the normal-metal
layer changes with increasing potential difference
across the barrier. The current j} (x,=0) remains
practically unchanged in magnitude (e| V| < A) and only
oscillates weakly with a period 27v,/d. The formal
expression for the anomalous part of the Josephson
current contains in this case, as seen from (4. 15),
logarithmic divergences at the points V =nvn/ed.
This is caused by the fact that the Green’s functions of
the system have pole singularities that reflect the
presence of discrete levels. This behavior of the
current j,(V) in a SNINS system recalls in a certain

950 Sov. Phys. JETP 54(5), Nov. 1981

sense the behavior of the analogous current in SIS
junctions, for which the expression diverges logarith-
mically if eV =2A.%%2% This singularity of the voltage
dependence of the Josephson current (called the Riedel
peak?®) in SIS junctions is due to the presence of a
square-root divergence in the state density of the
superconductor at energies close to the gap in the
spectrum. The divergence in the expression for the
current j, in a SNINS system results from the presence
of a discrete spectrum on both sides of the insulating
barrier.

The current divergences in SNINS systems (just as in
SIS systems) are, however, only formal. Actually the
discrete levels should be somewhat broadened by in-
elastic relaxation, which can be due to various causes
(for example, inhomogeneity of the NS boundaries,
the presence of a small number of impurities, etc.).
Equation (4.15) is therefore not valid in the vicinities
of the divergence points. It can be replaced near such
points, with logarithmic accuracy, by

d
4o, In

jel@=0)== eRd "~ Tuvs

(4.16)

Here 7g, is the characteristic time of the energy re-
laxation of the quasiparticles in the N layer. In ad-
dition, all the results are valid only if the character-
istic tunneling frequency v,, which has the meaning
of the reciprocal time of the electron “jumping”
through the insulating barrier, in comparison with
1/7¢, and the analogous quantity 1/7€g for a super-
conductor, thereby ensuring smallness of the non-
equilibrium effects. In other words, it was assumed
that the current could be calculated by perturbation
theory. If (4.16) is large, so that the indicated condi-
tions are not satisfied, then the employed calculation
method is not valid in the vicinity of the points V
=mvgn/ed. We shall not dwell here in greater detail
on this question.

The result (4.13) is quite understandable. Its ex-
planation is that at e [ Vl > A there are not quasiparticle
excitations in the superconductor. Therefore an elec-
tron that has tunnelled through the insulating barrier
from the Fermi surface of the normal-metal layer may
turn out to be above the superconductor gap only under
the condition® e|V|>A. We recall for comparicon
that a similar situation obtains in an SIS junction. The
normal current j, and the current j, (frequently called
the quasiparticle and pair interference current) are in
this case (likewise T =0) different from zero at vol-
tages e | V|> 24, inasmuch as under this condition a
pair can break in one superconductor and electrons
can tunnel into the continuous spectrum above the gap
of the other superconductor. We note also that the
result (4.13) is valid at any position of the insulator
layer inside the normal metal. We emphasize likewise
that (4.13) is valid only in the absence of impurities
(I>d). The normal-metal layer acquires in a certain
sense the properties of a superconductor even if the
BCS-interaction constant is zero, since there are no
reasons that could lead to a destruction of the super-
conducting correlation between the Cooper pairs that
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pass through the N layer. If, however, impurities

are now introduced into the normal-metal layer, the
situation changes markedly. Thus, at I «d the pres-
ence of the superconducting edges will have little ef-
fect on the state density in the normal metal near the
insulating interlayer. In this case the result for the
normal current in a SINS system coincides in the
principal approximation with the well-known expression
for the current in an SIN junction:

. 17 eteV e \ lel8(lel—A)
=—|( (tn —th—e—) — —— 7
Jo 2eR_-’. ( o B zr) (ei—AnH &

and in a SNINS system the current-voltage characteris-
tic will differ little from Ohms law.

Let us return, however, to the case when there are
no impurities. We present now expressions for the
currents in the SINS system (x,=+d/2) at v, /d«< e1 V]
-AK A (T=0):

"2signV elVI—A v
o= 272 EviH28) e
=%k avita VT TR

x( s By (<) 4nd(elVI-A)
233 (IVITA) ) wh o T g, ’

. (4.17)

S vs A ¢

I = GeRa (elVI-4) (eVi—a?)"

23‘[1)p 1 . Nz 1 Az—ﬁ,.:
a (
eRd J @ az sin (2eqd/vec) \A*—(e,—eV)?

n=N,

@ —
=

) L),

(4.18)

Ja=

2A sign V ( g’ ) K
" eR(elVI-A)

& (el VI+A)
o (—1)"

2d(elVI—-A) }
— (2n+1)" Ur ’

cos{ (2n+1)

Here G is Catalan’s constant, €, is determined from
(4.20), N, is a minimal number such that £, >eV -A
and N, is a maximal number such that g, < A. The
expression for the term I (V) in (4. 18), which deter-
mines the contribution made by the continuous spec-
trum to the current, will be written out below.

Similar expressions hold also in the case x,=0. We
shall not present these corresponding equations, so as
not to encumber the exposition. Attention should be
called, however, to the fact that at e |V|> A the ex-
pressions for the currents j, and j, contain terms that
oscillate as function of V with respective periods v,/
2d and mv,/d. Oscillations of this type on current-
voltage characteristics (albeit in systems with a some-
what different geometry) were first investigated ex-
perimentally by Tomash?® and theoretically by McMil-
lan and Anderson?®, The physical cause of the oscil-
lations on the plot of the current against the voltage is
an interference effect that leads to spatial quantization
of the energy of the excitations. In a SINS system such
an effect was noted in a number of experiments?’"2°,

An oscillatory j(V) dependence was indicated also in
theoretical papers3®3 The cited references were de-
voted to the nonstationary Josephson effect in a SINS
system. The Green’s functions of the system were
calculated the method of eigenfunction expansion of the
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single-particle problem, followed by a solution of
Gor’kov’s equations.?

With further increase of V, the expressions for the
currents j, and j, becomes somewhat more complicated.
In this case a contribution to the current is made not
only by the lower but also by the higher energy levels
of the excitations in the normal-metal layer, and also
by the continuous spectrum at eV >2A (T =0). The
resultant equations are all of the same type. We write
down, for example, the result for j, in the SINS sys-
tem at eV> A (T« T,):

fe=tit L (4.19)

e . O €n e.—eV eV—eq
1= oFi adag(th-ﬁ—th o )[(ev_gn)z_Az].,,.
In this equation, €, is determined from (4.14) and N
is in this case a maximal number such that e, <eV - A.
At €, «< A and T=0 Eq. (4.19) goes over into (4.17).
We have furthermore

eV—-A

2 ! e—eV e
_— — 3 —_— —
I,= eR@(eV 2A);fada; ! de (th o7 th )

2T
e(e—eV) (e*—A?%)"
[(e—eV)*—A%]" e?—A*cos?® (2ed/vsar) (4.20)
AteV>A and T=0 we get
1,~A/eR. (4.21)

To investigate the integral I, we use the following cir-

cumstance. Assume that we have the integral
A
dz
I= .!.f(a:) 2* — cos® Bz’

Here A>1 and B> 1. Itis easy to show that
A
_fi@)  dz 1
=20 (4),

Using this equaﬁon, we easily obtain for I, (T'= 0)

I.=(e*V*—2eVA)"/eR. (4.22)
At eV> A we have from (4.21) and (4.22)
jo=V/R—A*2¢*VR. (4.23)

Thus, at large V the current-voltage characteristics
of SINS systems yield Ohms law. A similar result
holds also for SNINS systems. We note also that in
Eqs. (4.21)-(4.23) we used the strong inequality v,/d
<« A and left out the corresponding small terms.
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We now write down the expression for the term I,(V)
in (4.18), which determines the contribution made to
the current j§ by the continuous spectrum:

V_ I3 «v _
vy =228 f e e (1n - £ )
(e*—A*)"A? cos (2ed/veez)

X [A*—(e—eV)*}*[e*—A% cos? (2ed/vsa) ]

(4.24)

Here M =max{A, eV - A}. At T=0and eV>» A, Eq.
(4.24) yields

2(eV—A)d

Ur

I.(V)= (4.25)

(n/2)" { Ave ) "
e’V‘R( a )"

" The general form of the voltage dependences of the
currents j,, j,, and j, in a SINS system at T=0 is
shown in Fig. 2. The currents j, and j, in a SNINS
system behave in similar fashion. It is difficult to
plot j, (V) for SNINS systems in view of the consider-
able irregularity of this function. We indicate only
that this current component has logarithmic singulari-
ties of the type (4.15) at eV <2A. At large values of
V the behavior of 7,(V) in SNINS and SINS systems is
of the same type.

We present now certain equations that determine the
nonstationary Josephson effect in the considered sys-
tems in the temperature region v,/d< T« T,. At
e| V| < A the currents j; and j, are exponentially small.
For example, for j, in a SINS system we have

(. d\ _exp{—(A—elV)/T}
T

1 ‘1
— {-Z—[nT(2A+T)]f

(Al V)~ (nf:f» ) /22 sin{4nd(A;iV)/up+n/4} . (a. 26)
Ate|V|> A we have
jO(Z) (T>Up/d) =l/z].o(2) (T=0) ) 0<<e l V' —A<A. (4 . 27)

The pair current j{" decreases exponentially at T
> 1y,/d. For example, in a SNINS system the expres-
sion for this current is

1627 exp{~2d/ts) g eVd
T (A2—e?V?) —e? P2
And amrgev | LT (W=e VetV eos —

(4.28)

i (1'0=0)=
vd

—eV[ZnT+(A’—e2V2)"']sin.i—}, -’;i<<e|V1<A.
Up

The anomalous j{ has no factor that decreases expo-

nentially with temperature. Thus, at v,/d<«<e [ V|<< A
we have

14
) =0, evier
j."(T>>7")= (4.29)
’/z].lﬂ(T=0)y e|Vi>T

The value of j (T =0) is determined by Egs. (4.15).
When necessary, it is easy to calculate the expressions
for the currents in other particular cases, too.

From the general equations (4.12) obtained by us it
is easy to derive an expression for the current in a
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NINS system, i.e., in the case when the order parame-
ter A vanishes on one of the edges. It is clear that in
this case only the normal current differs from zero:

. 1 ¢, 7 & e—eV
,°=_§jadaj'da (th—ﬁ—th————ZT ) :
{ gi(e)c(e)+is(e)  g*(e)c(e)tis(e) }
c(e)+ig"(e)s(e)  cle)+ig*(e)s(e)
cle)=cos (2ed/vee)  s(e)=sin (2ed/vsa).

(4.30)

The current-voltage characteristic of such system at
eV>»y, /D and T =0 leads to Ohms law. In the case
T> v,/d we have

VZ
; _\msignV, e|Vi«r (4.31)
[ ) .
V/2R, T<elVI<A

At such temperatures, the j (V) dependence in NINS
systems becomes Ohmic only at large voltages eV> A.

Let us return, however, to the study of SNINS sys-
tems. Let now an alternating voltage V()= V
+ V] cos wt be applied to the barrier in addition to the
dc voltage V. In this case

lW(o))= 2 Ja (e—(:i—)ﬁ(m—eV—nm,),

Re=—oo

dJ, is a Bessel function of order n. The current is given

SOF) = AN eV, eviy . ikew, ¢
j(®) =Im Z‘; J..( o ){J,,+,.( o )]q(eV+nm,)e

+exp [ip+2iVt]Ji-n (—%V'-) jo(eV+no,) e"“""} . 4.32)

Here j,(w) and j,(w) are determined by Eqs. (4.12).
1t is clear that in this case, too, we get oscillations of
the current as a function of voltage, as well as loga-
rithmic peaks of the Josephson component of the cur-
rent (in SNINS systems). In addition, effects of this
type appear here also in the dependence of the alter-
nating component of the voliage on the frequency w,.

If the condition 2eV =nw, is satisfied the systems in
question are subject to exactly the same effect as SIS
junctions (Shapiro steps®?), in which direct current
flows through the junction. For SINS junctions at T
=0 this current in the principal approximation (we
assume for simplicity that eV« A and w, « A) is equal
to

e 2eV

= SeRd

(=), ( ) sin @. (4.33)
Wy -

If there is no dc voltage on the barrier (V=0, and the

frequency and amplitude of the alternating voltage

satisfy the condition eV, « w, « 4 the expression for

the current in the system takes the simple form (T

<vp/d):
j(t) =j, sin @+2j, (@,) e_mV_i_ sin @,¢ cos . (4.34)

Here j, is the density of the stationary current in the
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SNINS junction®. In SINS systems, the expression
(4.34) yields

. e . 2eV, [
£) =k +27
i 5eRd{5’“q’ o [H

4A?

100e v (—1)" .
v, (-1) .(Zmd (4.35)

m ,Wsm (2n1-1))] sin m,tcosq;}.

Vr

A similar expression (containing unfortunately errors)
was obtained by another method in Ref. 33.

In a SNINS system, the expression for the current
j(¢) become logarithmically large if the frequency sat-
isfies the condition w,=myn/ed (in the presence of a
dc voltage component: eV + w,= v n/ed). A photon of
frequency w, is then resonantly absorbed by the tun-
neling electron and the conductivity of the junction be-
comes large.

Thus, the nonstationary properties of SINS and SNINS
systems differ greatly, owing to the different struc-
tures of the energy spectra of these systems. We note
also that the results obtained by us from the general
equations (4.12) are valid under the conditions

Ve €/ tn€vp/d, vi€t/ps€A. (4.36)

These inequalities ensure smallness of the nonequi-
librium effects and at the same time make it possible
to speak of the presence of a discrete excitation spec-
trum in the normal -metal layer. They also make it
possible to use expressions obtained for the Green’s
functions in the BCS model. Furthermore, the first
of these inequalities imposes a restriction on the value
of d. The current-voltage characteristics of the in-
vestigated systems likewise differ substantially from
the analogous characteristics of SIS junctions?*23,

We note that the general equations (4. 12) do not lead
in the case d — « to the simple Ohms law j=V/R, as
might be expected for an NIN junction: they retain a
contribution from the discrete spectrum. The reason
is that the formal transition d — « is not allowed in our
equations. Actually, our analysis presupposes small-
ness of the Andreev-level broadenirg (~1/7 N) in
comparison with the distance between such levels
(~vp/d). At sufficiently large d, for real systems,
this condition no longer holds and the spectrum in the
junction actually becomes continuous. At the same
time, by making 7¢, arbitrarily large we restrict by
the same token [as is seen from (4. 36)] the validity of
our calculations to small current (v, — 0), since no ac-
count is taken in them of the nonequilibrium effects that
are due to the change of the distribution function on ac-
count of the current flow, and manifest themselves
under the condition v,7¢, 1. To be able to take the
limit as d - it is necessary, as indicated above, to
take into account the finite nature of the mean free path
l. It is easy to verify that in this case we obtain na-
turally, the usual Ohms law.

5. CONCLUSION

We have investigated the influence of external fields

953 Sov. Phys. JETP 54(5), Nov. 1981

and of impurities on the Josephson behavior of super-
conducting systems containing insulator and a normal-
metal interlayers. The expressions for the supercon-
ducting current at various impurity densities (I > &,
and I « &) turn out to be qualitatively different. In the
case of a small number of impurities, the quantity that
plays the role of the reciprocal coherence length for
the normal-metal layer takes the form 2/¢,+1/1,
while at [ « £, the analogous quantity is (D/277T)*/2, In
the former case under the condition ! « d (but I <£,)
the amplitude of the current is exponentially small even
at zero temperature, whereas when the number of im-
purities is large the current does not have an exponen-
tially small factor at zero temperatures. We note that
similar results are obtained also in the case of SNS
junctions which do not contain an insulating interlayer
(cf. the results of Refs. 10 and 11). The mechanism
whereby the impurities influence the current is the
smearing of the wave functions of the Cooper pairs
that penetrate into the normal -metal layer. This is
taken into account automatically by shifting the Matsu-
bara frequency along the real axis. It has also been
established that the superconducting current depends
significantly on the location of the insulator layer in-
side the normal metal.

We investigated the influence of the magnetic field on
the stationary Josephson effect. It was shown in Ref.
2 that the presence of a magnetic field in a SNINS
system leads to a shift of the Andreev levels. Using
this result, it is easy to calculate the superconducting
current. In this case there likewise takes place a
shift of the Matsubara frequency, but now along the
imaginary axis. The critical current density in a
SNINS junction in the presence of a magnetic field in
the case of T=0 increases somewhat and oscillates
weakly as a function of the magnetic field, while in a
SINS junction it remains unchanged. At high tempera-
tures T >>wv,/d the shift of the Andreev levels in a
magnetic field has little influence on the current. We
recall that in SNS junctions the spatial quantization is
destroyed by a magnetic field,'"!2 and as a result the
Josephson effects have a different character under
these conditions.

A theory was developed for the nonstationary
Josephson current in SNINS systems. It turned out
that the behavior of such systems in the presence of a
voltage on the insulating layer is far from trivial.

The current-density characteristics exhibit oscilla-
tions due to the presence of discrete levels of the
electronic excitations in the normal layer. The Jo-
sephson current j,(V) in a SNINS system at eV <2A
has logarithmic peaks spaced mv,/ed apart. This ef-
fect is attributed to the possibility of resonant tunnel-
ing of the electrons at voltage values corresponding to
coincidence of the energy levels on the right and on
the left of the insulating barrier. Thus, the nonsta-
tionary behavior of SNINS systems differs noticeably
from the analogous behavior of SIS junctions. At the
same time, there are also many common properites of
these two types of weakly coupled superconducting
systems.
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Thus, the properties of SNINS systems turn out to be
quite complicated and varied, owing to the large num-
ber of factors that influence their behavior (complexity
of the geometry, presence of a discrete spectrum,
and others).

The experimental investigation of the dependence of
the normal current on the voltage in SINS systems is
the subject of Refs. 27-29. In these studies, experi-
mental proof was obtained of the presence of a dis-
crete excitation spectrum in SINS systems and of the
associate oscillations of the state density in the N lay-
er. These oscillations manifest themselves, in par-
ticular, in the oscillatory dependence of the current
on the junction voltage, which was observed in Refs.
27-29 at low as well as at sufficiently high (T >v,/d)
temperatures. The distances between the maxima and
minima of the corresponding experimental curves are
of the order of AV ~v,/ed, providing direct evidence
of the presence of discrete levels in the system.

No experiments for the general case of SNINS sys-
tems have been reported so far. From our point of
view, it is of interest to carry out further experimental
investigation of the stationary and nonstationary Jo-
sephson effects in SNINS systems. In particular, it
would be of interest to study in detail the dependence
of the stationary Josephson current on the temperature,
on the location of the insulator layer, on the impurity
density, and on the magnetic field, as well as to in-
vestigate a number of nonstationary effects (oscilla-
tions of the current component j,, j,, and j,, logarith-
mic peaks on the plots of j, against the voltage and the
frequency, etc.). Such investigations would be useful
for further study of the proximity effect.

In conclusion, we thank A. F. Volkov for a helpful
discussion of the results.

DWe note that this result is valid only in first-order expansion
of the current in 1/R. In the succeeding orders of such an ex-
pansion, the normal current can be the results of the exist-
ence of a nonequilibrium mechanism of penetration of the
electric field into the superconductor. The contribution of
such a mechanism can be neglected because of the large
value of R.

There is no quantitative agreement between our results for
the currents in a SINS system and the analogous results of
Refs, 30 and 31. It can be verified that the final expressions
in these references are inaccurate.
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