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The spectrum of electrons above a thin helium film on a metal substrate is calculated. The dependences of the
transition frequencies between the levels on the intensity of the clamping electric field and on the film
thickness are also calculated. It is shown that the quasiclassical approximation is applicable over a broad

range of clamping-field intensities and helium film thicknesses.
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1. INTRODUCTION
The energy spectrum of electrons, localized above
the surface of liquid helium under the action of electro-
static image forces and an external clamping electric
field &,, have been studied in a number of researches
(see the reviews by Shikin and Monarkha® and by
Edel’man?). Of important significance for the theoreti-
cal calculations of the spectrum is the correct choice of
potential W(x), which should not have infinite discontin-
uities and jumps at the surface.>* As shown previous-
ly,® this can be done by taking consistent account of the
spatial dispersion of the permittivity of the helium
¢(k). It turns out here that W(x) can be approximated
with good accuracy (<3%) by a simple model potential
of the form3:*
_ e*(e—1) (1)
4(xta,) (e+1)’
where ¢ is the static permittivity of helium in a uniform
field (¢ = 1« 1), and the parameter x,=1 A.

Wo(z) =

In addition, there is interest in the investigation of
the spectrum of the electrons above a thin film of heli-
um, when the dominant role is played by the image
forces of the substrate (see Ref. 2). Since the thickness
of the wetting superfluid He* film generally amounts to
tens and hundreds of angstroms,!’ effects of spatial dis-
persion in the substrate can be neglected, so that the
image-force potential is equal to

e?(es—1)
4(z+d) (e, +1) ' (2)
where d is the film thickness, and ¢, is the permittivity
of the substrate.

Wi(z) =—

The spectrum of the electrons above a thin film of
helium on metal is calculated in the present work in
Sec. 2 (as g, =), and it is shown that it can differ
markedly from the quasi-hydrogenlike spectrum of
electrons above the surface of a deep helium bath. The
effect of a clamping electric field &€, on the one-elec-
tron spectrum is considered in Sec. 3 both for suffi-
ciently thick films with thickness d>> (x ), (where (x),
is the mean distance of the electron from the helium
surface in the n-th quantum state), when the effect of
the substrate reduces to renormalization of the exter-
nal field, and also for comparatively thin films with
d<<{x) e =1)"', when we can neglect the image forces
in the helium film. It is shown that the quasiclassical
approximation is valid with sufficient accuracy over a
wide range of fields and thicknesses.
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2. IMAGE FORCES AND THE SPECTRUM OF
ELECTRONS ABOVE A HELIUM FILM

The image-force potential of a charge located at a
distance x from the surface of a helium film? on a
metal substrate can be represented according to (1) and
(2) in the form

52 2
W(:t)—-=—-——Z_e - ,
: ztz, 4(z+d)
with good accuracy. Small terms of the order of Z*
and x,/d are discarded.

Z~ % (e-1)<t, z<d (3

For thick films of helium, with thickness
d><zx), (e—1)"",

the small corrections AE (d) to the energy spectrum,
due to the effect of the substrate, can be calculated in
first-order perturbation theory with hydrogenlike func-
tions. Taking into account the relations’

| T fpmdeT (v+) T (—v, ud)
= —v, pud),
0 z+d v s

S (4)
—) !
Pw) =~ [Bitp+er B -0m ],

m=0

where I'(v,y) is the incomplete gamma function and
Ei(y) is the integral exponential function, we get, with
accuracy to terms of first order in the small parame-
ter a,/d(e — 1) <1 (where a, is the Bohr radius of the
electron)

AEn(d)=—%[1—zi';—f;" , n=1,2,3,.... (5)
We note that the expression (5) is identical with the
correction to the spectrum of electrons above the sur-
face of helium in a weak clamping field &, (the linear
Stark effect),!+? if we discard the insignificant constant
—e?/4d and introduce the effective field &, = e/4d? (see
below).

In the case of sufficiently thin films, when
d<(z>, (e—1)"*

(but d>> q,), the potential energy of the electrons, in
accord with (3) and with accuracy to terms ~(g — 1)d/
(x), is determined by the image forces of the sub-
strate, so that the Schrédinger equation for the electron
wave function ¥ in the region x >0 reduces to a special
case of the Whittaker equation®:
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Y (L % - (6)
i

_I+d _ez m A

Y= x"_E(ZlE,.I ) M

The solution of Eq. (6), which falls off exponentially
at infinity, has the following form in the case of arbi-
trary (non-integer) values of the parameter » ;

W (y) ~ye U (12, 2; y), (8)

where U is the Kummer confluent hypergeometric func-
tion.® If we take into account the finiteness of the re-
pulsive potential (V,>0) on the helium surface, then
the wave function inside the film (—d < x < 0) has the
form?

¥ (2) ~ exp (—knlzl), kﬂ=[27”f(vo+mnr)]v’. (9)

From the conditions of continuity of ¥ and d¥/dx at
the point x = 0, we obtain a transcendental equation for
the determination of the eigenvalues E, (cf. Ref. 4):

kndU (1—=%n, 2; yn) = (1—ya/2) U (1—%n, 2; ¥2)

I'(2—x,)
_—mynU(Z—xn,& Yn)y Yn= o (10)
At V, =, Eq.(10) reduces to the condition
U(1=%a, 2; ya)=0 (11)

and the spectrum of the eigenfunctions is determined
by the zeros of the function U (see Ref. 9):

Ynn? (R—>{iF %) *4%n. (12)

Equation (12) is valid only at large values of the ar-
gument y > 1, i.e., at d/a,»n > 1. With account of
(7), we then obtain

N P =l e T

FU ay

Thus the spectrum of electrons above a thin film of
liquid helium differs markedly from the hydrogen-like
spectrum

|Ex’| =(Z*¢)*/2a,n?

above the surface of a deep helium bath. The depend-
ences of the transition frequencies between the levels
f1. and f,, on the dimensionless thickness of the film
d/a,, calculated for the spectrum (13) are shown
dashed in Fig. 1.
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FIG. 1. Dependence of the transition frequencies f1s and fy3
on d/a, for the spectrum (13) (dashed line) and in the quasi-
classical approximation (solid curves).
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3. EFFECT OF THE CLAMPING FIELD ON THE
SPECTRUM OF ELECTRONS ABOVE A HELIUM FILM

The spectrum of electrons above the surface of liquid
helium in a clamping electric field &, is usually calcu-
lated with the help of variational numerical methods,3*
since perturbation theory does not allow us to move in-
to the region of strong fields. However, the effect of
the clamping field on the spectrum of the electrons can
be taken into account by a much simpler method if we
use the quasiclassical approximation, which in a num-
ber of cases, as will be seen from what follows, is in
good agreement with the exact solution of the problem.

For comparatively thick films, with d> (x),, when
the effect of the substrate reduces to renormalization
of the external field &, the quasiclassical Bohr—Som-
merfeld quantization condition is of the form

L(Eq)

j. d:c{Zm[U—IE..I ' (14)

v
.52

- VA '
—e&,x+ —e-]} =qhn,
z

L(En)=2i{1—ﬂ

g
AN+ w

where [ is the distance from the helium surface to the

negative electrode. It is taken into account in (14) that
1> x,, and that as E?L-' 0, the electron spectrum should
be identical with the hydrogenlike spectrum E °.

The integral in (14) is expressed in terms of the com-
plete elliptic integrals of the first, K(p), and second,
E(p), kind, so that Eq. (14) takes the following form in
the special case I = d (the helium level is the midplane
of a parallel-plate capacitor):

2 (1 o )
? (Bata) /‘{7[(ﬁn+a) T_ﬁnl ]K(p")_ﬁ“’E(pn)} (16)
nhn _
= Gmeyr Cmedid
(Bt pt BN aze 17
- SR LT L Lo <L

In the region of weak fields, we find from (16) the
corrections to the electron spectrum that are linear
and quadratic in &,:%

= 3 . eF.a 7 0 [e&ia.\?
Eu(§)=Eo—0, + S 8200 _ T 1, 18
E)=EO+5n == -5 !E“"[( z ) (18)
Estimates show that the expression (18) is valid, in the
case of n~1, at field intensities &,<«< 10 V/cm.

In the limit of infinitely strong fields (%, ~«) we get
formally from (16):%

12, @)1=, (32) * ()" (e (19)

On the other hand, in a strong clamping field, when
we can neglect the weak (of the order of ¢ — 1) image
forces in the helium, the problem can be solved exactly,
since the Schrodinger equation reduces to the Airy
equation*®

FY 20
e EW (E) =0, (20)
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where

t(2)=QCme& /h) " (2—Fs), Fa=(0—|E.|)/e&,,

the solution of which inside a triangular potential well
in the region 0 <x <;c", when £(x) <0, has the form
(2mA?) “1E "™ 2 2
v _=r————— J_l, —_— i + wl— ./' 21)

@=L () +a(See)]
where J,(z) is a Bessel function of the first kind. In an
infinite repulsive potential on the helium surface (V,
—~ ), the eigenvalues E, are determined from the
boundary condition ¥(£) = 0 at the point x = 0:

E. (&) |=U.+§n( g‘;) * (eE)n (22)

where £ are the zeros of the Airy function (21), viz.,
£ =-2.338, £,=-4.088, £,=-5.521,....

From a comparison of the expressions (19) and (22),
we see that the spectrum agrees in the quasiclassical
approximation with the exact electron spectrum in
strong fields with satisfactory accuracy (15% for n=1,
8% for n=2, and 5% for n=3). However, strictly
speaking, the quasiclassical approximation is valid on-
ly in comparatively weak electric fields satisfying the
condition!!

e& La,<Ry'=2¢*/20,", ay'=0a./Z". (23)

For He* with Z* = 6.95x 1073, this corresponds to an
effective clamping field &, <« 1 kV/cm.

On the other hand, in a comparatively strong electric
field, instability of the charged helium surface develops
relative to the buildup of gravitational-capillary waves
(ripplons).*?'* Under the condition d << (0/pg)*/2, where
p is the density, o the coefficient of surface tension,
and g the acceleration due to gravity, the limiting criti-
cal field and the maximum concentration of electrons
at which electrocapillary instability of the helium film
arises, are equal to

&.=(ngod)*, n.=&./2ae. (24)

We note that the macroscopic approximation, which
does not take into account the discreteness of the charge
on the surface of the film, is valid in the case in which
the mean distance between electrons R, = (mn,) /2« d,
i.e., at sufficiently strong fields € >7Te/4d?. This con-
dition, together with (24), leads to a lower bound on the
thickness of the helium field 4 >6.8x 10™% ¢m, and on
the value of the effective critical field £, > 50 V/cm.

Thus, over the entire range of clamping fields
Tel4d*<& ,<max{&., (Z')’e/2a%}

the quasiclassical approximation is valid. The solid
lines in Fig. 2 represent the dependences of the fre-
quencies of transition between the levels f,, on &, as d
-, calculated on the basis of the transcendental equa-
tion (16). The dashed curves are the results of the cal-
culations of Ref. 4, which agree with the experimental
data of Ref. 3 with good accuracy. As we see, the
quasiclassical approximation, without a single adjust-
ing parameter and at sufficiently deep potential approx-
imation (x, 0, V,~ <) agree quite satisfactorily with
the variational calculations of Ref. 4 and with the ex-
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FIG. 2. Dependence of fy; and fy3 on the clamping field &,
in the quasiclassical approximation (solid curves) and by
numerical results of Ref. 4 (dashed curves) as d— =,

periment of Ref. 3. The displacement of the curves is
easily eliminated if the quasiclassical functions £, (&)
are made coincident with the experimental values of
the frequencies at the point &, = 0, which corresponds
to allowance for the finite values of x, and V.

For sufficiently thin helium films, when d<<{x) (&
— 1), so that we can neglect image forces in the film,
the quasiclassical quantization condition in an external
clamping field &, #0 takes the form

Le(Ep)
[L(E.)—2z)[a—L-(E,)] "
! d’{ z+d } (25)

_ nhn .
T Cme& )"’

Lo(Ey)={U—|Ea| =((U—~]|E.))*

+e& d[e/d+4(Ui—|E.])]) "}/ 2e& ., (26)
Ui=e& 1.

The integral in (25) reduces to incomplete elliptic in-
tegrals of the first, F(¢,p), and second, E(¢,p), kind,
and under the condition d <|L_|, i.e., at &, <e/4d?,
Eq. (25) reduces to the form’

%(LH'IL_I)"’{(L+—IL-|+2d)E((p,p)+(|L_|-—d)F(q;,p)} (27

2 nfin
——(LylL_|d)* = e
g (L ) (2me& )"
— . + s _ L++d ks
[ arcsm(L++d ) s ph(L—‘i.HL_I ) . (28)

In the absence of a clamping field (%, = 0) Eq. (25) re-
duces to the following

-y

[ mee() Tl

where ¢0,= 4d|E | /e®. As d—  the hydrogenlike spec-
trum (E,°| is a solution of Eq. (29), while at n>>1,
when d/apn?<< 1 (but d> a,), we get [cf. (13)]

2 (Zd )'/'] . (30)

nn

Qo

et
E |~ ——
|| 32a,n? [1

The solid curves in Fig. 1 represent the dependences
of the frequencies of transition f,, and f,, on d/a,, cal-
culated on the basis of (29). As we see, in the region
of comparatively large thicknesses (d/a, >100) where
the asymptotic expressions (12) and (13) are valid, the
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quasiclassical functions f, (d) are practically identical
with the exact solution of the problem (the dashed
curves). It should be expected that in the case of heli-
um films of small thickness, the quasiclassical approx-
imation should give good results, as in the problem of
the clamping field (6) at d>(x,,).

At #,+0, calculations according to formulas (27) and
(28) show that for films with d< 100 A, the dependence
of f,,on &, is sufficiently weak so that the effect of the
compressing field under the condition &, « e/4d? can be
taken into account by means of perturbation theory.

In conclusion, we thank V.B. Shikin and I.F. Lyuksyu-
tov for numerous detailed discussions and useful con-
structive remarks.

1) Two-dimensional helium films condensed on Grafoil are an
exception.®

%) Everything that follows is valid for an arbitrary dielectric
film with € - 1«1,

9 Integer values of n, correspond to the Coulomb problem;
here U goes over into Laguerre polynomials.®

9 It is assumed here that k,d >1, so that ¥ is exponentially
small atx = -d.

5) Compare this with the quadratic Stark effect for atomic hy-
drogen.

®) The helium-surface instability that arises in sufficiently
strong fields is not taken into account here (see below).

1y, B. Shikin and Yu. P. Monarkha, Fiz. Nizk. Temp. 1, 957
(1975) [Sov. J. Low Temp. Phys. 1, 459 (1975)].

1092 Sov. Phys. JETP 54(6), Dec. 1981

2y, S, Edel’ man, Usp. Fiz. Nauk 130, 675 (1980) [Sov. Phys.
Uspekhi 23, 227 (1980)].

3c. C. Grimes, T. R. Brown, M. L. Burns, and C. . Zipfel,
Phys. Rev. B13, 140 (1976).

40. Hipoliro, J. E. de Felicio, G. A. Farias, Sol. St. Comm.
28, 365 (1976). .

5A. M. Gabovich, L. G. I’ chenko and E. A. Pashitskii, Zh.
Eksp. Teor. Fiz. 79, 665 (1980) [Sov. Phys. JETP 52, 336
(1980)1.

6J. G. Dash, The Physics of Liquid and Solid Helium, II, 497,
New York, 1978, p. 497.

'N. S. Gradshtein and I. M. Ryzhik, Tablitsy integralov,
summ, ryadov i proizvedenii Tables of Integrals, Sums, Series,
and Products) Moscow, Fizmatgiz, 1963, Ch. 8, p. 954.
(English translation, Academic Press, 1965).

8Handbook of Special Functions ed. by M. Abramowitz and M.
Stegun, Dover, 1964. Chap 13 (Russ. Transl. Nauka, 1979,
p. 321.

L. J. Slater, Vyrozhdennye gipergeometricheskie funktsii
(Moscow, Izv. VTs, Akad. Nauk USSR, 1966, Ch. 6, p. 107
(English original Confluent Hypergeometric Functions,
Cambridge University Press, Cambridge, 1960).

107, D. Landau and E. M. Lifshitz, Kvantovaya mekhanika
(Quantum Mechanics. Nonrelativistic Theory) Moscow,
Nauka, 1974, Ch. 7, p. 194. English translation, 3d ed.,
Pergamon, Oxford, 1977.

HA, G. Aronov and A. S. loselevich, Zh. Eksp. Teor. Fiz,
74, 1043 (1978) [Sov. Phys. JETP 47, 548 (1978)1.

121, P, Gor’kov and D. M. Chernikova, Pis’ ma Zh. Eksp.
Teor. Fiz. 18, 119:(1973) Dokl. Akad. Nauk USSR 228, 829
(1976) [JETP Lett. 18, 68 (1973); Sov. Phys. Doklady 21,
3281 (1976)1.

13D, M. Chernikova, Fiz. Nizk. Temp. 2, 1374 (1976); 6,
1513 (1980) [Sov. J. Low Temp. Phys. 2, 669 (1976); 6, 737
(1980)1.

Translated by R. T. Beyer

Gabovich et af. 1092





