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We present an explicit form of the equation of motion of the spin vector in an electromagnetic field in the
quasiclassical approximation with inclusion of radiative damping in any order in the parameter

= (fi/mc)(|w|/c?)y?, where ¥ = &/mc? w and ¢ are the acceleration and energy of the particle. For particles
captured in planar channeling in traversing a slightly curved single crystal we find the solution of this
equation in the approximation y €1. Averaging over the levels of the transverse energy is carried out for a
thin crystal. The influence of the angular divergence of the beam on its polarization is estimated. We
demonstrate the possibility of obtaining polarized beams of electrons (degree of polarization ~40%) and
positrons (degree of polarization ~65%). Estimates are made of the degree of polarization of the beams for

the case y » 1.
PACS numbers: 61.80.Mk

1. It is well known that in contemporary proton ac-
celerators electron and positron beams are produced -
in the energy region inaccessible for existing electron
accelerators. The possibility of polarization of these
beams would permit substantial extension of the set of
experimental investigations which can be performed.

The present work is devoted to discussion of one of
the possible methods of obtaining polarized electrons
or positrons of high energy, which was first mentioned
in Ref. 1: radiative polarization in traversal of curved
single crystals by electrons in the planar channeling
mode. Effects which influence the establishment of
polarization of the beams are considered.

We shall start from the equation of motion of the spin
vector in electromagnetic fields, which we shall write
for an arbitrary value of the quantum parameter of the
radiation

where y =¢/mc*; w and ¢ are the acceleration and
energy of the particle. The necessity of such a dis-
cussion is due to the fact that for a number of crystals,
as will be shown below, a value x 21 is reached al-
ready in the energy region of several hundred GeV.

Using the quasiclassical method,? this equation can
be written in the form

—.=-——[;x( n.+n,)] +6. 1)

Here ¢ is the average value of the spin operator in the
rest system of the particle;

H.=H+1T11/?[EX—E—]

is the effective field acting on the inherent magnetic
moment of the particle;

1) gy +[Ex ]}

is the effective field acting on the anomalous part of the
magnetic moment ;1’; v is the particle velocity and ¢ is
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its energy; H and E are the magnetic and electric field
strengths.

The first term in the right-hand side of Eq. (1) de-
scribes the precession of the spin vector in electromag-
netic fields with allowance for the appearance in the
particle of an anomalous magnetic moment (as a con-
sequence of the interaction with the radiation field).
Here the magnitude of the field must satisfy the condi-
tion H/H,«< 1 (E/E,<« 1), where H,=E,=m?c®/ek
=4.41. 10" Oe =1.32. 10° V/m, which for interatomic
crystal fields is satisfied quite well.

The second term in the right-hand side of Eq. (1),
which we have denoted by G, determines the change of
t as a consequence of radiation events with spin flip.
Using the quasiclassical method of Ref. 2, we can show
that G =-2W*°, where W* is the probability per unit
of a radiative transition with spin flip. The expression
for W* which is exact in x has the form

)] m(2)

+(s- )' j-‘ K@z +(t[x s ) Kuur3p),

2u/3x

gt ] e (1

where o =é*/fic, 8 =w/|w| and K,(x) is the MacDonald
function. From this for arbitrary x we obtain for G

9- 3"'am‘

G=—

e{eaw-—(s=)Bw+[xs]cw},

4G0= j mK».(y)dy. ct= j‘m;/-—xm(y)dy, @)

B(x)=A (x)-:f-(-i-;?/:xT[]x-,.(z)dz] dy

In the case y<« 1, assuming
A(x)=A(0)=5r/9, B(x)~B(0)=10x/81, C(y)=~C(0)=8-3%n/27,
we arrive at the well known equation of motion of the
spin vector. In the limiting case x> 1 it is necessary

to expand the function K,(y) in series in y, taking into
account that in a substantial region of the integration
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y~1/x« 1. Retaining the leading terms in powers of
1/x, we obtain

8nlny

165 2
A6~ gzt ( ik

1
—_— —_— ) ~A -
81-3" 3 ) 7 B )

2. Let us turn to discussion of the characteristics
of a beam of particles captured in the planar channeling
mode,

The energy of the transverse motion €, of a particle
in an interplanar potential U(x) is given by the expres-
sion

e, =U(x)+e0%/2,

where 6 is the angle between the direction of motion of
the particle and the crystal planes, from which we ob-
tain for the critical channeling angle the estimate

0. [rad)=(2Ufe) "~4.47-40- (U, [eV] /e[ GeV]) 112,

where U, is the depth of the potential well (U, ~10-100
ev).

A quasiclassical evaluation of the number of levels
in the potential well gives
2eU,\"s d "
ol ( @ ) Gan 1 >t
where d~1-3 A is the interplanar distance. This
demonstrates the validity of a classical discussion of
the motion of particles in a channel.

Choice of a specific form of the interplanar potential
for electrons (e7)

oo i-(1-| 7 )]

and for positrons (e*)

z 2

V@=0s(-)
where —-d/2 < x<d/2, is justified by the following con-
siderations. The region of energy which is interesting
for realization of the radiative polarization effect in
interaction of a beam of particles with curved crystals,
as will be shown below, begins with energies several
tens of GeV. At these energies the synchrotron radia-
tion conditions (6,> 1/y) is well satisfied and, in con-
trast to dipole radiation, this depends only slightly on
the specific structure of the potential. Defining the
quantity

Po=(0,7)?=2U,e/m*c*~8-10~°U, [eV]e[GeV],
we can write the synchrotron radiation condition in the
form p,> 1. For example, for crystals of Si and Au the
condition p, = 1 is satisfied beginning at energies 4.2
and 1.4 GeV, respectively. Accordingly it is also not
necessary to consider the influence of thermal and
zero-point vibrations of the atoms of the lattice on the
form of the interplanar potential. An estimate of the
magnitude of these effects can be found in Refs. 3 and
4: max(AU/U,)~10%.

The dynamic characteristics of the beam during its
interaction with the crystal will depend substantially on
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the nature of the distribution of the particles in the
transverse energy levels. We shall find the form of
the distribution function for two cases:

1) the beam on entry has a uniform distribution in
the angle 6 and the coordinate x;

2) a beam without angular divergence is uniformly
distributed over the coordinate and is parallel to the
crystal planes on entry.

Comparison of these two cases will permit us also to
evaluate the influence of the angular divergence of
the beam on the effect of interest here.

The uniform distribution of the beam over the co-
ordinate x is determined by the fact that, generally
speaking, we cannot tracethe coordinate of the particle
(the beam width is significantly greater than the inter-
planar distance). Usually the width of the angular dis-
tribution of the beam is (#*)'/2> 8, and therefore as a
rule we have the case 1. In what follows we shall con-
sider only rather thin crystals whose length does not
exceed the characteristic dechanneling lengths, and the
distribution over the transverse energy levels is deter-
mined by the conditions of entry into the crystal. Using
the specific form of the potentials for ¢* and e, we ob-
tain the respective distributions in €,: in case 1

1+ (e, /U™ e, N
oo (). oo
i ST WA U, aVe=d| g, (3a)
in case 2

"V"=%T~Tiizjﬁd(%f)’ de"%(%)—%d(%f)' (3b)

The dependence of €, on the level number »n is given by
the expressions

On the basis of solutions of the equations of motion in
the selected potentials we shall find the minimal crystal
bending radius R, at which motion of particles in the
planar channeling mode is still possible. From the con-
dition ¢2/R,,;, =max ¥ we have
Ruin o~ [cm]=Rpin +=Rmu =Z—UBO— =~ 2.5d‘ [A] %[ﬂ_ci_:_:/;é:— .
However, on approach to Rmin the number of particles
captured in the channeling mode will fall off. Carrying
out the appropriate calculations in the approximation
Rmin/R< 1, we obtain for the efficiency F of capture
into a channel in case 1:

Fo~[1—(In 2) Rmin/R], Feo=1-2Rnu/R;
in case 2 we obtain

Fo=1—(2Rm/R)", Fom~1~Ruu/R.
It follows from this that the discussion of the problem
is meaningful only for the condition

R/ R<A, (5)

On the basis of the chosen potentials and the equations

{(3) we shall find the average over the trajectory and

over the particle distribution in transverse energy of
the parameter (y) in case 1:
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The bar over the y denotes averaging over the particle
trajectory for a fixed value of £,, and the symbol (...)
denotes averaging over the levels of the transverse
energy.

3. The polarization which arises in transverse and
is directed along the vector 8 x v /c, along which we
also shall direct the z axis. The equation for g, takes
the form

dg, 9-3" am?c

S e {raw+ [ Sxs] e} (6)

The solution of this equation is the function

t.=tL,° exp{ - fA. (x)dt’ } — exp {— j‘A,(x)dt’}

x[fc.(x>exp{]A.<x)df' Jar ). @
4,0= 220 1), =22 o[ Lxs] ctw,

where £ is the initial polarization.

The dependence A4,(x), C,(x), and x on the time enters
through the acceleration w(t), which with inclusion of
the condition R,,,/R< 1 we shall represent in the form
of the sum

w(t)=c*/R+a(t),

where a(¢) is the acceleration in a planar channel of an
uncurved crystal. The condition (5) is equivalent to the
condition (|W{#)|)> ¢®/R, and therefore over a substan-
tial region of integration in equation (7) it is permis-
sible to expand all functions in series in the small
parameter R,./R<« 1. Since the length of the crystal
contains many periods of oscillation of the particle in
the channel, in the integration we can use the method
of averaging over the trajectory for a fixed value of ¢,.
There is no dependence on the polarization character-
istics of the beam on the initial phase. In calculation
of the terms characterizing the rate of establishment
of the polarization, a small correction (~Rp,/R) will
be dropped completely, and in the expression which
determines the magnitude of the final, established
polarization, only the first power of this correction
will be retained.

Performing the concrete calculations, we obtain
¢\ D
Le(t) =L, exp(—Bt)ﬂ( ’i) B [1—exp(—B?)],

9-3" amc*x®
B{y) =+
(x) ke

I(H_,/ —s K ), (®)

27-3" am*c' 4} f v
8nhe :' (1+p)*

D(z)= Ky, (y) dy.

In the case x < 1 we have

5-3" am?ct 3amic'
B - 3 ==
) e % Dw

xX.

After averaging, for electrons we obtain
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8 (t)=L." exp{—kitf:(e./Uo)} +k:f2(e/Us) [1—exp{—kitfi(e./Us)}],
80-3"ah? (Uy\° , k 6-3"Rumin “'
3mc (—) T BETp ©)

ky=
d
=+ Y
., Z (@)= [t :_:.,, +20%] f(3-22).

fi(z)=2"(3— Zz)/ln

For positrons we have correspondingly
8. () =L, exp {—Fkit (e /Us) "}tk (e/Us) " [1—exp {(—kit (e, /U,)}1,

_ 160 ah? (gl)’ s _ 3" nRma
S Pamie\a )T BT T

Finally we shall average the obtained formulas over
the transverse energy levels with the appropriate dis-
tribution function (3). As a result we have

8 () =L, (k) +E 00 (ko) (10)

for the conditions ¢,(0) =1, ¢,(0) =0, @,(»)=0, @,(~)
=1, where £ is the magnitude of the established pol-
arization of the beam. For electrons in case 1 we have

Qi (ki) = jexp["k:tf: (I)]]-'l[ tret X ]d

orat)=1— { fo1n [y Jexpt -k 1a} / o

1+z" ]

Xln —(—1_—1)‘—1'

6- 3 R...m

C”t

j f(@)In (:ﬂ) m ]dz

and correspondingly in case 2:

@ (kit) = j (1 ————exp[—kitfi(2) 1dz,

Qa(kit)=1— {I (1.( )-/. exp[ k.tf:(z)]dx}/j (fa(-"-')

en 6-3 Rm(nj f,(.‘l.')
(

t 10R 1—z) = &

The results of computer calculations for the func-
tions ¢,(x) and ¢,(x) are shown in Fig. 1, and the values
of £ are as follows: in case 1

%R
= 1779-6—3—-&- (11a)
and in case 2
6-3%Ruia
[ —1.780-—51-{——. (11b)

L

1
5 x

FIG. 1. Plots of functions characterizing the damping of the
initial polarization ¢4 (x) of electrons and the establishment of
their final polarization ¢,(x): a—for the initial beam of case
1; b—for case 2.
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For positrons in case 1 we have
@1 (kid) =/sy /s, kit),  @a(kit) =1—y('/s, k,t)/3(k,t)'/’,

63" 1R o 12)
5R

where y(a, ) is the incomplete Gamma function.®

£ =2k, =

In the corresponding calculation for case 2 we en-
counter a logarithmic divergence of several integrals
at the lower limit, which is explained by the violation
of the condition (5) in the limit sL/UO-— 0. The condition
R,;./R<« 1 is equivalent to the following inequality:
lw(t)|> /R, or to the equivalent condition

8y 7 Rumgu \?

——_ Rt

5> (F) (13)
This leads to the result that for €, /U,- 0 the degree of
polarization grows as (g, /U,)""? [see Eq. (9)], while its
limiting value cannot exceed the well known value 8/5V 3
~ 0.92. Therefore it is necessary to limit the rise of
the polarization to this limiting value, i.e.,

s B o (JaRee)'

W(3o) <z T (&™)
Here the condition (13) also will be satisfied. As a re-
sult for positrons in case 2 we can assume

i (ki)=Y (s, kit) 13(kit) ", @2(kst) #4—exp{—Kit (9nRmin/8R)’},
3" Rmtn InRmin
5R s8R I’

e =

(14)

[i—ln

Plots of the functions ¢,(x) and @,(x) for positrons are
shown in Fig. 2. We recall that all of the results are
valid for thin crystals in which the distribution function
of the particles over the transverse energy levels de-
pends only the conditions of entry into the crystal.

4. Let us analyze the effects which influence the
form of the distribution function and find the character-
istic lengths of crystals for which this discussion is
justified. References 6-8 are devoted to the problem of
finding the distribution over the transverse energy
levels in rather thick crystals. We shall restrict the
discussion to two principal effects: radiative transitions
between levels, and multiple scattering by atoms of
the lattice (and also by atomic electrons).

The rate of change of €, as the result of radiative
transitions is related to the energy loss of the particle
by the equation®

de (1 qa;)“de_‘_

Pl Coierey Mar
%1 8
Ao a 1 b
%
%
[x) a5 1
: 2 , P
I
0 50 L 100 g 40 100

FIG. 2. The same as in Fig. 1 but for positrons.
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where ¢ is the exponent which determined the relation
€, ~£7% In the case of planar channeling g =1/4 for e~
and 1/2 for e*. For the intensity of radiation I =-de&/dt
we can use the classical expression averaged over the
particle trajectory for a fixed value of €,. As a result
we obtain the following equations for e¢* and e~
respectively:

ln[ 1+ (e /Us)" }
1— (e /U)" M ° (15)

Proceeding from the expressions for {(de, /dt) let us
determine the characteristic lengths of change of the
distribution function in the transverse energy as the
result of radiative transitions. In case 1 for electrons
and positrons we have respectively:

3mict fd ) 1 Uyy 6.394-10¢
lgglemla — ()} (=+0139—=) =~ = ,
¢ 16e'y (U,,) ( T e) (U2 1eV1 /d[A]) % [GeV)

ot 3mict 1 d \if 1 U\t 5.328-10*
l""‘[cm]zW(FJI) (?”‘333?) = . 1eVI/d[A]) 6 [GeV]
(16)
We shall give an estimate of the characteristic lengths
as the result of multiple scattering by lattice atoms on
the basis of the well known formula for the mean square
multiple scattering angle in an amorphous material:

—_ el

2 - ,
€ Lrad

=

where £,=14.85 MeV, L 4 is the radiation length of the
crystal material, and [ is the path length in the crystal.
The main fraction of the particles in channeling pass a
substantial part of the time in thc space between crystal
planes under the influence of the interplanar potential.
Multiple scattering by atoms occurs only on traversal
of the rather thin layer containing the crystal plane.

We shall take the thickness of the layer to be

ac=(as'+u.)",

where a,~0.885a,Z7'/® is the Thomas-Fermi screening
radius, ag=h?/me?, and u, is the amplitude of thermal
vibrations of the lattice atoms. We shall assume that
multiple scattering in the layer is described by the
formula for % in an amorphous material. In the cal-
culations it is necessary to take into account that the
density of atoms in the layer is d/2a, times greater
than the average density of atoms in the crystal. Per-
forming the calculations with use of the equality de, /d1
=(&/2)d62/dl and averaging over the trajectory and the
transverse energy levels, in case 1 we obtain respec-
tively for e~ and e*:

Lafem] =0.61 %?-L“dzz.w-io-wn [eV]e[GeV]Lgalem],  (17)

" Uge

d ‘a
Lleml =148 ()" 221,y % 535107 () “ 7, (Vi elGeV) L e,

ac

Let us consider multiple scattering by atomic elec-
trons. Taking the cross section for scattering by free
electrons!®

do=(8me/e%0%)do,
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we have for the mean square angle of multiple scatter-
ing

-—= f n8'da(6) =n.-—-—1n§el“-,

Oin 'min

where n, is the density of electrons and the value of
6 max is obviously determined by the limiting channeling
angle: By =0,=2U,/€)"?; Omin=Fiw,/E, and w,=4mn,e*/
m is determined by the polarization of the electron
gas.® Taking into account the influence only of the
nearest crystal plane, for n,(x) we shall write

n. (z) =2nNd n.(*+p%) "pdp,
0

where N is the concentration of atoms in the crystal
and n, is the density of atomic electrons. Carrying out
the calculations with use of the Thomas-Fermi model,
we find

4y?* d dx
@=(&) "z [ -8 .
n.(@) (3n) ag /12

Here =(t) is the universal Thomas-Fermi function.'

Substituting the function n,(x) into the formula for
df?/dl and averaging the resulting expression over the
particle trajectory for a fixed value of e,, we have

d(e,/U,) _ 4ne' ( 4 )"’ j_lnﬂm.,[
dl | eU, \3n) ag Omin

d gJ-)‘/z] _ d (S_L) "
=2 (1-22 for e, to= for e*.
to 2(10[1 (1 U, ore " 24, \U, or

Then, averaging this expression over the transverse
energy levels with the appropriate distribution function,
we obtain for the characteristic length due to multiple
scattering by atomic electrons
-1
al. )

_il ] NZ's,

! ~( 3n ) * gUs,ap [ln Omax ] "<
4“\% ) TmenNzrd 0.
U,[eV] e [GeV] dx > -t

~2-10*
10 NZ':d[A] Tdt

(18)
With increase of Z the quantity (dw/dt) varies in the
range from -0.2 to ~0.1 for electrons and from -0.08 to
~0.04 for positrons.

5. Let us consider the problem in the limiting case
x> 1. As is well known, in this case the radiative
polarization falls off with increase of x as x7'/°. As a
result we shall not search for a solution of Eq. (8), for
which it is necessary to use expressions for B(x) and
D(x) which are exact in x, but shall make an asymptotic
estimate of the results. For sufficiently large values
of y, where the principal fraction of particles channeled
in a curved planar channel of a crystal spend a signi-
ficant part of their time in the region y>1, we can
use approximate expressions for the functions B(x) and
D(y) for large values of the argument:

2T ()am®

B(t)=~ A (" lwl®,
53T (Vs)amet
D(t)= T A~ wl

from which according to Eq. (8) for the final polariza-
tion value and correspondingly for the parameter char-
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TABLE L.

Type of Concen- A
crystal dosko | Saene | Ueev et x| 8 | @A | Lragom
10%* cm"*

C 0.04 17.6 26,0 1,26 14 | 0261 | 278
Si 0.075 5,00 30,0 1.92 25 | 0208 90
Ge 0.085 442 540 2,0 30 | 0471 24
Ag 0,093 5.85 56.2 1.44 23 | 046 09
w 0,050 6.30 160.0 2.2 38 | 0123 0.35
Au 0,087 5,90 89.0 144 25 | 0439 035

acterizing the rate of establishment of the polarization
we obtain
Cm 5-3"T (*/s) m*c® ——,
Y A8 T(/)A™"R
5-3*T(*s) , . o ( Bmin\ " Romia
~aren AT R
229,34d"%[A]e" (GeV) k~*'Uy~" [eV] {~*Rpin/ R~4~"

Twi= (Twl™) -

(19)

Roin 2T (*/,) k™™l U,[eV] \* Kk*
—_— = t, Bt=r———— 1 " 6f —— ) ——
R o 9IRE, 08(Z07) Gevy -

min

Here we have made use of the expression |W|=%kc*/Rmin,
where k=4/37 for e* and £=2/3 for e~ in case 1.

6. For numerical estimates we shall use the crystal
parameters given in Table 1.34+'3+14 The depth of the
potential well can be calculated according to the
approximate formulas

U,=6nZe*Nda,e~*[ch 6—1)}, 6=d/2a,,
a,~0.01643[Z2"—-9.9756542"+42.21546] [A).

As follows from Figs. 1 and 2, the characteristic values
of the arguments of the functions ¢,(x) and ¢,(x) are
x=2 for e~ and x= 10 for e*, from which we can obtain
the length for establishment of the polarization respec-
tively for e~ and e*:

1[em] ~1.3-10* (U, [eV] /d [A]) ~*e~* [GeV],

L. [em] =1.1-10°(U, [eV] /d[A]) 2e~%[GeV]. (20)

Using Egs. (16)-(18) and (20), we find the minimal
energy Empat which I, <min[l,, 1y, la). The results of
the numerical calculations, which are given in Table II,
show that for electrons

la<min [, Ly, gl =k,
while for positrons

L<min (L, Let, ! raq) =Lrag-

The quantity E, obtained characterizes the minimal
energy value at which the distribution over the trans-
verse levels is determined by the conditions of entry
into the crystal, zof the lower limit of existence of the
radiative polarization effect in curved crystals. From
comparison of Fig. 1 for electrons and Fig. 2 for posi-

TABLE II.
C Si Ge Ag w Au
E,, (GeV) { e~ 1150 1500 880 610 330 380
Ry~ e+ 1800 2400 1380 960 520 800
e~ 593 359 277 251 132 186
Emin, (GeV) { e+ 990 1310 757 524 286 330
In. cm e~ 0,042 0.27 0.087 0.035 0.02 0.016
n e+ 0,126 0.47 0.096 0.067 0.036 0.042
V. L. Mikhalev and R. A. Rzaev 995



trons we can see a weak dependence of the polarization
characteristics of the beam on the form of the distri-
bution function over the transverse energy levels.
Consequently the radiative polarization effect can be
observed in a number of crystals beginning at energies
of a few hundred GeV for positrons and E~50-100 GeV
for electrons.

In the case x << 1 the final polarization value does not
depend on the energy for Rni,/R= const and, as follows
from Eqgs. (11), (12), and (14), for example for
R..,/R=0.1, it is equal to 37% in cases 1 and 2 for
electrons and 65.3% and 66.6% in cases 1 and 2 for pos-
itrons.

In the limiting case y> 1 the final polarization value
and the characteristic length for its establishment be-
have with increase of the energy as

cf",,,,r-/.’ Lo~y

for Ruin/R =const. At an energy E =3000 GeV, as
follows from Table II, the case x> 1 is realized for
crystals of W and Au, for example. For W at this
energy and Ruin/R =0.1 we have £t =8.4% and
1,=0.036 cmfor e”,and £** ~15.4%, [,~0.048 cm for e*,

In conclusion we note that the length for establish-
ment of polarization behaves with increase of energy
as l,~1/¢€, while the period of oscillation of a particle
in the interplanar channel increases as L~¢'/2, Ac-
cordingly there are grounds for hope of observing the
radiative polarization effect in surface channeling,
where [, will be comparable with the period of the
motion L. Here also the energy loss of the particles
being polarized will be significantly less.
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