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The conductivity of two-dimensional anisotropic randomly inhomogeneous media is considered.
It is shown that the Dykhne transformation makes it possible to single out systems for which the
transformed media is macroscopically equivalent to the initial one. To this end, there should exist
a constant ¢ such that the tensor conductivity fields o and co/deto have identical statistical
distributions. In this case, a relation det o, = c is established. If the system is macroisotropic,
theno, = ¢'2. A number of inhomogeneous anisotropic structures is considered for which the
exact deto, or o, have been calculated. It is shown that in a number of cases the effective
conductivities determined by the self-consistency method either satisfy the exact relations or are

exact.
PACS numbers: 72.10.Bg, 05.60. + w

Many physical processes in inhomogeneous media
(electric conductivity, thermal conductivity, filtering of li-
quids and gases, and others) are characterized by a math-
ematically equivalent problem of determining the effective
(macroscopic) conductivity of the medium from information
on the structure of a random local-conductivity field.

The prolonged and intensive study of this problem not-
withstanding, there are at present not enough general and
the same time constructive methods of determining the ef-
fective conductivity. The known approximate solutions ob-
tained using various modifications of the methods of pertur-
bation theory, of the self-consistent field, and others are not
always satisfactory in the case of strong fluctuations of the
conductivity field. Notice of the lack of effective estimates of
the errors of the approximate solutions is now in order. This
is why the few cases when the problem of determining the
effective conductivity can be exactly solved and the result is
of sufficiently simple form are of such great importance. Ob-
viously, such solutions can be obtained only for relatively
simple model cases, inasmuch as for only such structures
does the effective conductivity depend on a small number of
parameters of the random field of the local conductivity.

It is known that the tensor of the effective conductivity
of arbitrary layered, i.e., in fact one-dimensional, structures
can be determined exactly, as well as the effective conductiv-
ities of several planar systems, discovered by Dykhne, with
a special type of random-field symmetry.

It will be shown below that the Dykhne method can be
transferred also to certain anisotropic planar systems for
which the effective conductivities were determined exactly
or for which exact relations were established. It is noted that
in a number of cases self-consistent effective conductivities
satisfy exact relations.

1. Thus let the vector-flux v and the field h be connected
by the system of equations

rot h=0, (1)
where the local conductivity o is a random tensor that de-

pends on the coordinates x and y.
We introduce the flux and field averaged over the area:

v=ch, divv=0,
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1 1
V=—Q—jvdm, H=—Q—-5hdm, (2)
Q Q

and define the effective-conductivity tensor o, of the system
by the relation

V=0.H. (3)

The characteristic linear scale of the averaging region {2, for
example its diameter, should be considerably larger than the
correlation scales of the fields v and h in the xy plane, and at
the same time much smaller than the characteristic dimen-
sions of the planar structure as a whole. We assume also that
the averaging (2) is equivalent to averaging over an ensemble
of media.

Following Dykhne,' we introduce the fields v’ and h’ as
general, for the entire two-dimensional space, linear trans-
formations of v and h:

'=aMh+yM,v, h'=BMv+6Mh. (4)

Here a, 3, 7, and & are arbitrary constants, M, are matrices
of rotation through a constant angle @,

COS @y

M¢=( : sin s ) '
\ —sin ¢

€OS @;.
For the field v’ to have no sources and for the field h’ to be
potential, it suffices to equate @, = +7/2, @,=0,

@3= + /2, ¢, =0, and then we obtain for the primed
fields the system of equations

v'=¢’h’, divv'=0, roth’=0, (5)
o’=(aM+yo) (BMc+OE) ", (6)

1) e=(40).

M=(-1 0)’ E=(

It is natural to stipulate that the tensor o’, just as the tensor
o, be symmetric. To this end it suffices to set y = 6 = 0, and
then it follows from (6) that

[0 o ¢
! —'->O. 7
c p deto ’ p ( )
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Introducing in accord with (2) the averaged primed fields V'
and H' and recognizing that they are linearly connected:
V/'=0./H, (8)
we obtain for the effective conductivity tensor of the primed
system
“ a'

0 = B deto. ®)

Thus, Egs. (7) and (9) determine, at a fixed constant factor a/
B, the transformation of the tensors of the local and effective
conductivities of the initial and primed systems. If one of
them is known, the other can be determined from (9). We
note that certain consequences of (7) and (9) are considered in
Refs. 2 and 3.

If there exist a positive constant @/ for which the lo-
cally anisotropic fiels o and o' are equivalent with respect to
the statistical distributions, the effective conductivities of
the initial and primed systems are identical, and from (9) we
have the exact equality

det g.=a/B. (10)

If, however, the effective conductivities are isotropic, it is
possible to determine exactly

ao=(a/)". (11)

2. We now consider congrete systems.
1) Let a planar system co:htgm‘homogeneous inclusions

of two types with conductivity tensors o, and o, = no,,
where n is an arbitrary positive number. Choosing a/
B = n deto,, we find that in the initial and primed systems
the inclusions have interchanged place. A corresponding in-
terchange takes place also in the inclusion density. If the
densities are equal (p =) and the system is such that the
effective conductivities of the initial and primed systems co-
incide, it follows from (10) that

det o.=ndeta,, (12)
or in other words
det 0.=(det o, det 6,) ™. (13)

If p#1, we have in the primed system 1 — p for the share of
the conductivity o,, and for a system in which the geometry
of the inclusions does not depend on their conductivity we
obtain from (9)

0.(1—p)det 6.(p) =0.(p) (det 6, det c,) ™. (14)
If the inclusions are isotropic (0, = 0,, = 0}, ho| = 0,), we
also have from (13) and (14) for macroisotropic systems the
Dykhne formulas':

o. (‘/z) = (0102) ‘/'y
0. (p)o.(1—p) =0,0,.

(15)
(16)

It is appropriate to note that self-consistent effective
conductivities of fields with the indicated properties, as es-
tablished in Refs. 3 and 4, satisfy exactly the relations (15)
and (16). It is easy to show that if isotropic inclusions with
conductivities o, and o, form a macroscopically anisotropic
medium, the systems of equations for the self-consistent
components of the tensors of the effective conductivities of
the initial field with density p and of the primed field with
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density 1 — p are compatible with the exact equation (14).
For example, substitution of (14) in one of the two equations
for the initial medium transforms it into the second equation
of the system for the primed field, and vice versa.

A case close to the considered examples is the following:
Assume that inclusions of two types are present in a homo-
geneous anisotropic planar system with principal conductiv-
ities o, and o,. The principal conductivities of the first are
o, ando,, and those of the second 5,5, /5, and 5,5,0, . The
volume fractions of the inclusions are equal, and their ar-
rangements are statistically equivalent. Assuming a/f

=0,0,, we find from (7) that in the primed system,com-
pared with the initial one, the inclusions have changed place,
while the matrix remained unchanged. Obviously, the effec-
tive conductivities of the initial and primed systems are iden-
tical, and it follows from (9) that

det 0.=5.5,. (17)

If the matrix is isotropic: &, = &, = 0 and the inclusions
and the system as a whole are isotropic, we have from (17)
(18)
Thus, introduction into a homogeneous planar system of ar-
bitrary and equal fractions of geometrically equivalent in-
clusions of the indicated structure does not change its effec-
tive conductivity o, in the case of a macroisotropic system
and does not change det o, in the general case. In particular,
ato, = o, = 0it follows from (17} and (18) that nonconduct-
ing and ideally conducting inclusions make mutually com-
pensating contributions to det o, and 0.

Considering an equation for the self-consistent effective
conductivity of an isotropic plane with isotropic inclusions
of circular shape:

0.=0.

U-_Og

i =0, 19
p 0.+0; - (19)
0,=6. 0.=0, 0,=6/0, p;=p.=p, p=1-2p,

it is easy to verify that the exact solution of (18) transforms it
into an identity.

If p,# p,, it follows from (7) and (9) under the assump-
tions made concerning the geometry of the inclusions

6.(ps, p2)deto.(ps Ps) =0.(psz Ps)0D,y (20)
and, if the inclusion matrix and the system as a whole are
isotropic

0.(pz, Ps)0+(ps, p:)=5" (21)

2) Let the plane be filled by inclusions for whose local-
conductivity tensors o; satisfy the condition
(22)
Then setting a/ = ¢ we get from (7) o’ = o, i.e., the primed
and initial systems are identical. We have therefore from (10)

det g.=c, (23)
and if the effective conductivity is isotropic, it follows from
(23) that

o.=c",

det 6;=c=const.

(24)

In particular (24) leads to the Dykhne formula' for the effec-
tive conductivity of a two-dimensional polycrystal consist-
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ing of randomly oriented anisotropic crystallites.

Obviously, relations (23) and (24) retain their meaning
also for continuous media satisfying the condition det o = c.
Such media can be easily “constructed.” In fact, putting o,
(r) = c'/?f (r), where f(r) is an arbitrary non-negative stochas-
tically homogeneous random field, and o, (r) = c'/*f ~'(x),
we obtain a medium with the sought properties.

3) Consider now a plane random field whose local con-
ductivity tensor is a continuous function fo the coordinates.
Let the principal axes of the local conductivity tensor be
independent of the coordinates and coincide with the axes x
and y. Let also the components of the conductivity tensor
ofr), namely the scalar random fields o, (r) and o, (r), have
identical multipoint distribution functions. Choosing

o/B==exp (2<In 6.> ) =exp(2{ln ¢,>),
we find from (7) that the mean values of the logarithms of the

components of the tensors o and o’ are identical, while the
vector

#»=(ln 0.—<{Ino.>, Ing,—<{ng,)) (25)
corresponds for the primed field to the vector
»'=({ln 6,>—Ino,, {Ino.>—Ina.). (26)

If it is assumed that the random structure is such that the
multipoint distribution function of the field » is an even
function of », then it follows from the identity of the distri-
butions o, and o, that the vector fields » and »’ have equal
distributions, and consequently the primed field has the
same effective conductivity as the initial one. Therefore

det 6.=exp (2¢In 0.>) =exp (2¢In 6,). (27)

If the fields o, and o, are not correlated, the effective tensor
o, is isotropic and

o.=exp {In o,>=exp {In g,>. (28)
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The situation will be exactly the same in the case of complete
correlation of the fields o, = 0,, i.e., in the case of isotropy
of the local field. From (28) we get the Dykhne formula'

g.=exp<ln o). (29)

We show now that the self-consistent effective conduc-
tivity for isotropic continuous fields, whose centered loga-
rithm has an even distribution, is exactly equal to (29).

In fact, substituting in the equation for the self-consis-
tent effective conductivity of the isotropic planar system

V Oo—0
=0 30
< o.ta > (30)
the expressions
o.=exp{lno>, o=exp[x+<{lno’],
we obtain the equality
1—e*
-_— )= 31
1+e* > 0 (31)

which is an identity, since the averaged function is odd in x,
and the distribution density of x is even.

Therefore in this case, too, the exact result satisfies the
equation for the self-consistent effective conductivity.
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