Size quantization of excitons in microcrystals with large longitudinal-transverse

splitting

A. . Ekimov, A. A. Onushchenko, M. E. Raikh, and Al. L. Efros
A. F. Ioffe Physicotechnical Institute, Academy of Sciences of the USSR, Leningrad

(Submitted 29 October 1985)
Zh. Eksp. Teor. Fiz. 90, 1795-1807 (May 1986)

An investigation is made of the luminescence spectra of CuCl microcrystals grown in an
insulating matrix of silicate glass. A doublet structure of a resonance exciton luminescence line
is found in the microcrystal size range a ~ 50-150 A when the separation between the size-
quantization levels is of the order of the longitudinal-transverse splitting of the exciton
spectrum. A theory of size quantization of an exciton in a semiconductor sphere is developed
allowing for the longitudinal-transverse splitting. It is found that the observed anomalous
structure of the luminescence spectrum is due to a strong increase in the rate of exciton
transitions when the positions of exciton lines governed by size quantization coincide with the

frequency of a surface electromagnetic wave mode.

1. INTRODUCTION

Studies of three-dimensional semiconductor microcrys-
tals grown in transparent insulating matrices are being pur-
sued vigorously. Such heterophase systems make it possible
to study the effects of size quantization in semiconductors,
because this microcrystal growth method makes it possible
to vary their size in a controlled manner over a wide range
from a few tens of thousands or more angstroms.' The trans-
parency of the silicate glass matrix in a wide range of wave-
lengths from ultraviolet to the near infrared makes it possi-
ble to employ conventional optical spectroscopy methods in
studies of such systems. Size quantization of the energy spec-
trum of free electrons is manifest in the interband absorption
spectra of CdS microcrystals.” Size quantization of excitons
has been observed and studied in the absorption and lumi-
nescence spectra of CuCl microcrystals.>*

We report the structure of a resonance exciton lumines-
cence line of CuCl microcrystals which appears when their
size is a~50-150 A.

We show that the observed structure is associated with
a large longitudinal-transverse splitting #iw, 1 of the exciton
spectrum of CuCl crystals (fiw; = 5.7 meV is given in Ref.
5), and is due to a strong reduction in the radiative lifetime
of excitons in microcrystals when the positions of exciton
lines governed by the size quantization of the energy spec-
trum coincide with the frequency of a surface electromag-
netic wave mode (surface exciton frequency).

In Sec. 2 we shall give the experimental results and car-
ry out a qualitative analysis of the observed pattern. A the-
ory of size quantization of excitons allowing for the longitu-
dinal-transverse splitting is presented in Secs. 3 and 4. The
results obtained are compared with the theory in Sec. 5.

2. EXPERIMENTAL RESULTS

Microcrystals of CuCl were grown by diffusive phase
precipitation of a supersaturated solid solution in the interi-
or of a silicate glass matrix by a method described in Ref. 1.
The average microcrystal radius was determined for each
sample by the small-angle x-ray scattering method. The lu-
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minescence spectra of microcrystals were recorded using an
SDL-1 spectrometer on excitation with the A = 3642 A
krypton laser line of 50 mW power. The spectra were record-
edat T=4.2K.

Figure 1a shows the luminescence spectra of CuCl mi-
crocrystals as a function of their average radius a. The spec-
tral position and width of the A = 3902 A line governed by
the annihilation of excitons bound to neutral acceptors were
independent of the microcrystal size. The position of the res-
onance exciton luminescence line in the range of small sizes
(@G<50A)is governed, as was shown earlier, by size quanti-
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FIG. 1. a) Resonance exciton luminescence spectra obtained for different
values of the average radius of CuCl microcrystals: 1) @ = 45 A; 2)a=>56
A;3)a=70A;4)a=76A;5)a=95A;6)a=132A.b) Dependence
of the positions of the maxima of the doublet structure on the average
radius of microcrystals.
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zation of excitons and was described satisfactorily (see Fig.
1b) by the following expression®

ho=Ror+An?2ma?, (n

where fiw is the position of the bottom of the exciton sub-
band and m is the translation mass of an exciton.

When the microcrystal size was increased, a second line
appeared in the resonance exciton luminescence spectrum
when the size reached @ ~70-80 A, but the position of this
line was independent of the microcrystal size (Fig. 1b).
When the microcrystal size was increased further, this line
dominated the spectrum. The appearance of a line with a
position independent of the microcrystal size can be under-
stood if we ignore spatial dispersion associated with the mo-
tion of an exciton as a whole, which corresponds to the limit
m- .

In fact, if we ignore spatial dispersion associated with
the motion of an exciton as a whole, the interaction of a
semiconductor sphere with light can be described by the
macroscopic permittivity »(w) given by the following
expression® in the range of frequencies o close to the exciton
line:

%(0) =%« (1—0Lr/ (0—01)), (2)

where x  is the high-frequency permittivity and w is the
frequency corresponding to the bottom of the exciton sub-
band; % (w) is negative at frequencies w defined by

0r<O<0r=0rtorr.

The solution of the Maxwell equations gives, for this
case, surface modes of frequencies w’ which are found from
the condition’:

2% (0.7) + (F-+1) %/ F=0, (3)

where 1, is the permittivity of the matrix and F is the total
angular momentum describing the spatial distribution of the
electromagnetic field. It follows from Egs. (2) and (3) that
S — (4)
Koot Hm (F+1)/F
Only the state with F = 1 is optically active. We can see that
the frequencies w’ are independent of the radius of the
sphere. This is due to neglect of the spatial dispersion.
Using Eqgs. (1) and (4), we can readily estimate the
shift of an exciton level due to size quantization, which is of
the order of the longitudinal-transverse splitting in the case
of microcrystals with a ~70-80 A, ie., precisely in the size
range in which a doublet structure appears in the spectrum.
Therefore, the structure of the exciton spectrum can be de-
scribed in this range of sizes by developing a theory of size
quantization of excitons which allows for the longitudinal-
transverse splitting of the exciton spectrum.

0, =0rtocr

3. ENERGY SPECTRUM AND RADIATIVE LIFETIME OF AN
EXCITON IN A SPHERE

The system of equations relating the exciton component
of the polarization P(r) to the electric field E(r) in a sphere
is®
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ﬁz
— 2 AP—¢P=qE, (5)
2m
2 2
curlcurl E = —EZ-D = % (% E+4aP), (6)
r' c

where ¢ is the velocity of light; D is the induction vector;
£=%i(w — wr);a = x_ fiw /4. The interaction of an ex-
citon with the electric field in such a sphere is governed by
the value of the interband matrix element ¢, which also
occurs in the expression for the longitudinal-transverse
splitting w; 1 « Z2. In the usual scheme for the calculation
of the radiative lifetime of an exciton the right-hand side of
Eq. (5) should be regarded as small, i.e., the interaction of
an exciton with light can be allowed for using perturbation
theory. In this approach the positions of size quantization
levels are independent of ¢ and, consequently, of @, 1, and
the lifetime is inversely proportional to Z72. As pointed out
in the Introduction, in this case the level position £ and the
longitudinal-transverse splitting are quantities of the same
order of magnitude, so that the interaction of an exciton with
the electric field cannot be treated using perturbation the-
ory. It is then found that the positions of the size quantiza-
tion levels depend strongly, via @, 1, on the matrix element
and the lifetime depends on & in a more complicated man-
ner.

Since in addition to the positions of the size quantiza-
tion levels we are interested in the radiative lifetime, we find
it convenient to solve the problem as follows. We consider
the scattering of an electromagnetic wave by a semiconduc-
tor sphere. The solutions of the system (5)—(6) are charac-
terized by the total angular momentum F because of the
spherical symmetry of the problem. The partial scattering
cross section o is’

or=2nc*0~*(2F+1)sin’® &, (7

where & is the scattering phase. If the wave frequency is
close to one of the frequencies w{™ due to resonant creation
of excitons at a size quantization level, the scattering phase
&5 can be represented by
(m
8 = arctg ———. (8)
o—of
Then, the position of a size quantization level is given by
ey = (0l — wy), whereas the radiative time is given by
¢ = 1/T{. Therefore, the problem reduces to finding the
scattering phases. To do this, we must match solutions of the
system (5)—(6) at the boundary of the investigated sphere
where r = a to the solutions of the Maxwell equations out-
side the sphere. Moreover, we shall assume that the exciton
contribution to the polarization satisfies the Pekar condition
P(a) =0 (Ref. 6).

For a given value of the momentum F (F = 0,1,2,3,...)
the solutions of the system (5)—(6) exhibit (2F + 1)-fold
degeneracy with respect to the projection of the momentum
M. For fixed values of F and M, these solutions can be found
by expanding in terms of the spherical vectors

Pr s (r)=u(r)Ye p utu* ()Y, poy, matu (M) Ye, p—1, %, (9)
Ee, u(r)=0(r)Ye, r, ut 0¥ (1) Yo, p40, at07 (1) Yo, 51, 50, (10)
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where the spherical vectors Y, , () represent three-

component columns and are eigenfunctions of the total mo-
mentum operator

ﬁYr, Ir, M=FYF, Ir, My ( 11 )

where F =1 + f; 1is the orbital momentum operator; andTis
the linear momentum operator with the value 1. Its projec-
tions I,, I, and I, are 3 X 3 matrices. The projections of the
vectors P and E in Egs. (9) and (10) are governed by the
appropriate rows of the columns that occur on the right-
hand side. The explicit form of the operator I and of the
functions Yg, () is given in Ref. 10. The functions
Yrr_1 () and Ypp 4 () have the same parity,
which differs from the parity of the function Y £/, so that
the system of equations describing the radial functions u,
u*, u” and v, v*, v~ separates into two independent sys-
tems. The first relates the functions % and v and the second
the functions 4™, u~, v*, and v~. We shall give only the
second system of equations because—as demonstrated lat-
er—only the solutions of this equation are important in the
interpretation of the experiments. This second system is

h h?

- —é—mAp-:u‘—eu'=av‘, —-27LA1+4U+—EU+=¢ZU+7 w2
)
F+1 _, [F(FH) 1" - + ? _ _
2rry T g Tt = g (e,
F [F(F+1)]™ o?
2F+1 Ap+1 + +'—2_F“_'l__1— T:_gv_ = ——cz— (xwv++4ﬂu+),

where the operators A, T /,and T [ are defined as follows:

pmsa (2 ) KD (13)
R lfi)(—%%)’ (14)
SEATEI

The system (12) is obtained bearing in mind that the curl
curl operator acting on vectors written down in the form of
columns reduces to the operator (VI).2"

Outside the sphere where 7 >a we have P = 0 and the
solution of Eq. (6) with the same angular dependence as in
the range » < a are sought in the form

E=w=(r)Ye, p-y, atw* (r) Y, P41, Mo (16)
The functions w* and w™ satisfy the equations
PH o JIFEED] @t
2P+ T T TR Y T T an
F [F(F+1)]% . ©?

T Ap+1w+ +

FW =—%m ? wt.

2F+1

The solutions of the system (12) for the inner part of the

sphere are sought in the form
um=Ajr-1(gr), vT=Mjr-1(gr),
(18)

ut=DBjeu(qr), V*=Ajr.(qr),
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where j, (¢r) are spherical Bessel functions related to Bessel
functions with a half-integral index by

Ji ($)=(%)‘h Jign(x).

Substituting the system (18) into the system (12), we obtain
the following system of equations for the coefficients 4, B,
M, and A:

FHL , [FRHD)]* . @
el YT o AT (kaMHand),
F [F(F+1) 1" o
_ 2p 4 Y =— 2 (wuA+enl),
oy Ko el K il )

A(R*¢*[2m—e)=aM, B (h*¢*/2m—e)=aA. (19)

The condition for solubility of this system reduces to the
dispersion equation for optical exciton waves'':

h*q* )[ o? ( horr ]
- —— o1 = ) _c2| =0,
(e horr 3 % = s ) q 0. (20)

It has three solutions. One of these solutions corresponds to
a longitudinal exciton
M 1o

4ﬂ ?

F+1 ]"' M%e F+e "
B[ = ['—F— 4;1; 3 A[=[T] M{. (21)

1 [
= 7 {2m (a—hﬁJLr)} ,’=q“ A, =—

Two other solutions describe a mixed state of a transverse
exciton and an optical wave. The terms with ¢~ 1/a are im-
portant in the calculation of the size quantization levels.
Since the sphere radius is much less than the optical wave-
length ’

akc/o, (22)
we find that ¢>w/c. For these values of ¢ the exciton and
optical branches are weakly coupled so that the solution of
the system (19) corresponding to transverse excitons is of
the following form in the limit (me/#)'?*>w/c:

1 . mec?
¢= @me)i=q, Ai=o—rsM,
= mec? F ]'/, [ F ]v.
B e L] Mo A=l ] M 0D

and the solution corresponding to an optical wave is

q=%n‘/' _m.= qr, -AL _— L1
c €
F ' GML F h
N Y oEw] e ' Ac il M (24)

The electric field outside the sphere is described by

w-=HjF_1(kr)+G./Y’p_’(kr), (25)

F e
ot = [W] (Hirss (k) +Gorsa (kr)),

where k = x?w/c; A ¢ (x) are spherical Neumann func-

tions.
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It follows from the Pekar boundary condition for the
exciton contribution to the polarization that

Aljl'—! (qza) +4 tfr—1 (q;a) +ALjp-y (q:.a) =0, (26)
u*(a)=Bijrs1(9:a) +Bijri1(g:a) +Brjrss(qra) =0. (27)

u(a)=

It is clear from Eqgs. (21), (23), and (24) that the coef-
ficients 4, and B,, 4, and B,, A; and B, areall of the same
order of magnitude. On the other hand, it follows from the
condition (22) that g; a €1, so that the third term in Eq.
(27) canbeignored. Then, using Egs. (26) and (27), wecan
express the amplitudes M, and M, of the electric field of
longitudinal and transverse waves in terms of the amplitude
M, of the electric field in the optical wave:

hmu’
e

M =—

X Jr—t (qLa)jm (q‘a) M
jr-1(1a) jrs1 (ga) + (F+1) F~4jr_ (q@) jrss (qia)

(28)
F+1 (oce,.,oo2 )
Mt=’_—‘“F gl

X jr-1(qLa)jrs1(q.a)
jr-1(q1) jrs1(gia) + (FH1) F'jp-1(q:0) jrss (qxa)

(29)

It is clear from Eqs. (28) and (29) that M,/M, ~ (aw/
c)2«<l.

We shall now use the conditions that the normal com-
ponent of the induction and the tangential component of the
electric field be continuous at the boundary of a sphere. The
normal component of the induction vector is D, = n(D-n),
wheren = r/ris the vector of the normal to the surface of the
sphere. We can show that the operator representing the pro-
jection along the normal reduces to the operator 1 — (I-n)?
when it is applied to vectors written in the column form [see
Eqgs. (9) and (10) ]. Inside the sphere, we have

D= (MNU-+4TEu_) Yp, -1, 0t (xmv++4nu+) Yp, F4l, M.

(30)

Outside the sphere the induction vector is D = x,,, E, where
E is given by Eq. (16). Therefore, the condition of contin-
uity of the normal components of the induction vector at
r=ais

%o (U~ (a) F—vt (a) (F+1)™)
=%m(w™ (a) F—w* (a) (F+1)").

(31)

Equation (31) is derived using the Pekar condition of Egs.
(26) and (27), and also the relationship

F F(F+1)1™
T
/ (32)

~ F+1 F(F+1)1"
[1"(In)2]Yr,p+1,M=‘2F—+{ p,r+1,M—[—(‘2F_+1)—]—‘ F,F—1,M.
(33)

The condition of continuity of the tangential component of
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the electric field vector E, = E — n(n*E) can similarly be
represented in the form

v-(a) (F+1)"+v*(a) F=w= (a) (F+1)"+w* (a) F*.  (34)

We shall now write down the explicit expressions for v* (@)
and v~ (a):

vt(a)= [F-H] .leni(‘ha) [ ] Mjryi(q.a) (35)

F+1

‘Il
- [ F—+—1-] MLjF-}.i (qr.a),
v~ (a) =Mijr-s (q:a) +M je-s (q:a) +Mrje-1(qra).

Substituting Eqs. (25), (35), and (36) into Eqgs. (31) and
(34) and bearing in mind that M, €M,, we obtain a system
relating the amplitudes M, and M, of the electric field of the
longitudinal and optical waves inside the sphere with the
amplitudes H and G characterizing the electric field outside
the sphere:

(36)

%M; [Fir-1(qi0) — (F+1) jrss(q:0) 1+ % FM1je-1 (gr0)
=% F* [ Hjp-1 (ka) +GNpsi(ka) ], 37

(F+1) "M, (jr-1(9:0) Fir+1 (q2) )+ (FH1) "M1jr-i (g20)

= (F+1)"Hjr-s(ka) —F (F+1) "GN pss(ka).  (38)

The asymptotic behavior of the electric field in the limit
r— oo is given by

E~[sin(kr—nF/2+6¢) 1/r.

Itis clear from Eq. (25) that the scattering phase §. is relat-
ed to the coefficients H and G by

tg 6»=G/H. (39)

The final expression for the scattering phase is obtained by
determining the ratio G /H from Egs. (37) and (38) and
application of the relationship (28) between the coefficients
M, and M, :

n(F+1)
F(F+'/;)T* (F+/,)

X (E)"”“ (x—1) D (e) — (x+F/(F+1))
2 (x+(F+1)/F)® (e)—(n—1) ’

tg by =

(40)

where F = 1,2,3,...; I'(x) is the gamma function; x =% _ /
%, is a function described by

Jrey (q:a)

howr jrei(gia)
41)

e )jr—t(Qta) &

F
0 =
(e) F+1 ( horr ! jres(qia)

In the derivation of Eq. (40) we used the smallness of the
parameter ka, replacing the functions j._,(ka) and
AN p 41 (ka) with their asymptotic forms.

It is clear from Eq. (40) that the scattering phase is
small, tan 8, ~8, ~ (ka)** * 1«1, because the sphere is
small compared with the optical wavelength on the basis of
the condition (22). An exception to this rule is the case when
the denominator of Eq. (40) vanishes, i.e., when
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x—1

&)= FID/F

(42)
As pointed out above [see Eq. (8)] this occurs at optical
frequencies corresponding to the creation of an exciton at a
size quantization level. For each value of F' thereis an infinite
series of such levels ££, the positions of which are deter-
mined by the condition (42). We can find the radiative
width of a level I'{” by expanding the denominator in Eq.
(40) near the value £ = £ and representing the expression

for the phase &, in the form of Eq. (8). We then obtain

m_ 2n 2F+1

T P —
Y TR CYT X VAN

% | 1 (ka)“’“

ra (43)
(e (FHD)/F)? [0/ ()| \ 2

X

We can see that the maximum width, i.e., the minimum ra-
diative lifetime, is exhibited by the states with F = 1.

In addition to the size quantization levels at positions
given by Eq. (42), there are also levels which are character-
ized by a different angular dependence of the electric field E
and of the polarization P, proportional to Y, . ,, as given by
Egs. (9) and (10). For a given value of F these states differ in
parity from those discussed above. The positions of the cor-
responding levels and their radiative widths can be found
from the scattering phases, the expressions of which can be
obtained by the same method as in Eq. (40). We give only
the final answer:

2 (FH)
B = = F Ty (F )
e (5w

We can see that the level positions are governed by the condi-
tion j. [ (2me{”)?a/f] =0, i.e., the situation is exactly
the same as in the absence of the longitudinal-transverse
splitting (w1 —0).® The minimum lifetime corresponds to
the levels with F=1 and—in order of magnitude—it is
(ka)? times longer than for the levels of different parity, but
also with F =1 [see Eqs. (40) and (43)].

In addition to the states described above, there are also
states with F' = 0. In the case of these states the angular de-
pendences of E and P are proportional to Y, and are purely
longitudinal (curl E = curl P =0). For these states the
electric field differs from zero only inside the investigated
sphere, so that their radiative width is zero. The positions of
the levels are governed by the condition

ji(2m (e —hwLr) ) ®a/k) =0.

4. POSITIONS AND LIFETIMES OF OPTICALLY ACTIVE
LEVELS

It follows from the above analysis that of all the states
we have found the shortest radiative lifetime (in terms of the
parameter ka) is exhibited by the levels with F = 1, which
we shall call optically active. The positions of these levels are
described by the equation
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il (-252) ]
g b b I

which is obtained from Eq. (42) by substituting F = 1. We
solve this equation numerically for » = 3.7, x,, =2.25,
and x = 1.65 which corresponds to spheres of CuCl in an
insulating silicate glass matrix.'? Figure 2a shows the depen-
dences of the position of the four lowest levels on the dimen-
sionless parameter 0 = #/2ma’w,r found by solving the
above equation. We can see that at low values of @ the depen-
dence £(0) is linear. This can be demonstrated analytically
as follows. Since e €fiw 1 if <1, it follows that we need
retain only those terms in Eq. (45) which contain the large
parameter fiw;/¢. This equation then reduces to
J2(g,a) = 0. Hence, we obtain £, = #@ 2 /2ma?, where @,
are the roots of a spherical Bessel function j,(x). Including
the first correction in respect of the small parameter 6, we
now find that the level positions are given by

4(x+2)  jol@a)
0.
o]

n= w | 1= n 46
£,=hw 00 [ ™ v (o (46)

At high values of @ the dependence £(@) is also linear (Fig.
2a). We can describe it analytically bearing in mind that
since the inequality £> fiw; 1 is obeyed in this range, then in
the zeroth approximation we can ignore the longitudinal-
transverse splitting in the determination of the level posi-
tions. Assuming that w; + = 0, we find from Eq. (45) that

jo(qa)j2(q.a) =—2jo(q:a)j2(qia).

In the limit w; 1 -0, we have ¢, = ¢,, so that there are two

systems of levels
Ean—s=A'T’N?[2ma?,  €3.=Mh’Q,/2ma’.

For finite values of w;+ and 9> 1, the expressions for ¢,
become

eqfa)
fw,; a /
2,0 /o -
P .
- L~
ol /./
1.0+ // . ‘/’
825 s - /
W\l
R4 7wl R N N L N R B
s
< 3
z; 0
S1s0s
SIS
a 02 a.4
5?
maZhar,

FIG. 2. Dependence of the positions of the four lowest size-quantization
levels £, (a) and of the reciprocal of the radiative lifetime I, of these
levels [in units of (ka)>xfiw /(% + 2)*] (b) on the radius of a semicon-
ductor sphere. These calculations were carried out for » =x_/
%, = 1.65.
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hin’n? [ 1 4(x—1)
- + By | —+ —— |, 4
San-t ma® Ger 3 + (%+2) n*n? (47)
hipa? | 2
Ean = 2maz +‘§—h0)z,r. (48)

It is also clear from Fig. 2a that the dependences ¢, (6) for
all the size quantization levels n have a point of inflec-
tion at values of 6 for which ¢,(08) is close to
#Q, = A0 —wr) =fiw /(1 +2/x) [see Eq. (3)],
where " is the frequency of a surface mode for states with
the total momentum F = 1. We shall henceforce refer to the
quantity 7€), as the energy of a surface exciton. It is possible
to study analytically the behavior of the dependences ¢, ()
in the range |¢, () — i), | €fiw 1 only in the case of levels
with high numbers 7> 1. We shall do this by rewriting Eq.
(45) in the form

e _ =[_1_J's(qza)_iix(q¢a) -
hQ, qia j2(qia) ga j:(g.@)
x[__{__{__i__‘i‘(qal) + 1 ]::(‘Ila) ]-‘.
2 g j.(qa) 2q.a j.(qia)
(49)

We shall show later that the values of @ = 6, characterized
by ¢, (0) = i) are small when n is large (8, €1 when
n>1). On the other hand, ife = #Q,, theng,a = 1/(1 + 2/
%)0'? and q,a = i|g,a| = 2i/(x +2)6'/?, so that g,a>1
and |g,a|> 1, which allows us to replace the spherical Bessel
functions in Eq. (49) with their asymptotic expressions.
This gives

h_s%_ 1=2 (effg)‘b[ctg(gé—,aféﬁ)% +(217) V’] :

(50)
Equation (50) readily yields the values

0.=x/(%x+2) (nn—arctg (2x)")%.

We now expand the right-hand side of this equation near
e = #Q),. Introducing the notation y = (¢/#i, — 1)[x/
40(x + 2)]"?, we can reduce Eq. (50) to

% & 1
B
y=cig 0(x+2) ty )t (2%)™ b
We can now readily show that the dependence y (8) implicit-
ly defined by Eq. (51) has a point of inflection at values

0=0,=x/(%+2) (nn—n/2—(2%)~")?,

where the cotangent vanishes. We then have y = (2x) ~ 1/2
and the positions of the levels at the point of inflection are
described by

s..(e,.)=nsz.(1+ -2—i).

T4 % ntn
We have thus shown that in the case of levels with high
numbers a point of inflection appears in the dependence
£, () when the energy is close to that of a surface exciton. It
is clear from Fig. 2a that this does indeed occur for all the
size-quantization levels, beginning from the ground state.
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It must be pointed out that the presence of an inflection
point in the dependence ¢, (8) gives rise to a sharp maxi-
mum in the dependence I', () describing the radiative
width of a size-quantization level [see Eq. (43)]. In other
words, the shortest radiative lifetime is exhibited by exciton
states in spheres when the size quantization levels are close
to the energy of a surface exciton." This can be illustrated by
considering the example of levels with high serial numbers.
Simplifying Eq. (43) with F = 1 in the same way as in the
derivation of Eq. (49), we obtain

r@sint([ 5] )
1+ sin’([ 6(:0—2) ]h+y )

T (8a)

I'a(0)=

=@ e
where
T, (8s) =2 (ka) *,hioorr/ (v +2)* (53)

is the width of a level at the inflection point # = 8, and the
dependence y(6) is described by Eq. (51). The second equa-
tion in Eq. (52) is obtained from Eq. (51). It follows from
Eq. (52) that the level width differs considerably from zero
inaregion |y — (2x) ~"/?| ~ 1, which corresponds to the fol-
lowing interval of the parameter 6: |6 — 6, | ~1/(7n)?; the
corresponding energy interval is |e — #Q, | ~#iQ, /7n. The
calculated dependences of the level width on the parameter 6
are plotted in Fig. 2b for the four lowest levels. We can see
that the maxima appear in these dependences at £ = #i{}; for
all the levels, with the exception of the ground state. These
maxima become narrower on increase in the serial number of
the level and the value of the level with the maximum is
described well by Eq. (53).

5. COMPARISON WITH THE EXPERIMENTAL RESULTS

The theory developed in the preceding section allows us
to calculate the form of the exciton luminescence spectrum:

I(ho) ~ Z,J.dap(a)I‘,.(a)ﬁ(hco——eﬂ(a)——hmr), (54)

where T, (a) and ¢, (a) are the radiative width and the posi-
tion of the nth size quantization level in a sphere of radius a;
p(a) is the function describing the size distribution of the
spheres. Equation (54) is derived on the assumption that the
populations of all the size quantization levels are the same.
Calculation of the integral in Eq. (54) yields

I (hm)~2, P (@n,6) T (an,0) Oen r ;

da’

(35)

wherea,, , is the value of the radius at which the argument of
the & function vanishes. The derivative de,, /da can be found
by varying Eq. (42) so as to determine the size quantization
levels.

The size distribution of the spheres was considered in
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FIG. 3. Theoretical luminescence spectra calculated for different average
radnofmlcrocrystals using Eq (56):1)a= 56‘& 2)a= 62A 3)a=170
A4 a=954;5)a=132A.

Ref. 4. It was found experimentally that it is described satis-
factorily by the Lifshitz-Slezov distribution’® obtained by an
analysis of the supercondensation stage of precipitation of a
phase from a supersaturated solid solution:

3tea® exp[—1/ (1—22/3) |
@+3)"(15—2)"
0, 2>1.5 !

<1.5

Po(.’t)= (56)

where x = a/a; a is the average radius of the spheres depen-
dent on the supercondensation time #(@ < ¢ /?), as shown in
Ref. 15. Equation (56) is an asymptotic expression in the
limit of long times (In #>1). It is shown in Refs. 16 and 17
that for finite times the distribution function does not termi-
nate at @ > 1.5@ and numerous mechanisms for the termina-
tion of the “tails” of the distribution function in the range of
large sizes have been considered. Therefore, in numerical
calculations based on Eq. (55) we assumed the following
model distribution function:

(@) ={ po(x), x<z.~1,23

a/z i +p/at, >z,

The coefficients a and 8 were selected from the conditions
that the function p (x) and its derivative be continuous at the
point x.. The results of a numerical calculation of the lumi-
nescence spectra are given in Fig. 3 for various values of the
average radius of the spheres. We can see that the calculated
curves reproduce qualitatively the main features of the ex-
perimental spectra: the appearance (beginning from a cer-
tain average size) of a second maximum and the rise of its
intensity at the same position as the average size increases.
We shall now account for this result qualitatively.

It is shown in Sec. 4 that the radiative lifetime of exci-
tons at all the excited levels, beginning from the first, has a
sharp minimum where the position of the size quantization
level €, (a) coincides with the energy of a surface exciton
7). In other words, the excited states contribute to the lu-
minescence only in microcrystals which satisfy

(57)
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le — Q| <7, . At low values of the average radius (@~ 50
A) the ground-state energy is of the order of #2772 /2ma® ~ 15
meV for all the microcrystals, i.e., it is considerably greater
than ), = 2.5 meV, so that in this case there are no micro-
crystals with the levels close to 7€) and the spectrum exhib-
its one line representing the luminescence of excitons at the
lowest size-quantization level (curve 1 in Fig. 1). As the
average size a@ increases, microcrystals satisfy this condition
and the second line appears at the frequency Q, + o
(curve 2). A further increase in the average size of micro-
crystals does not affect the position of the new line, but its
intensity continues to rise (curves 3 and 4) because of an
increase in the number of microcrystals in which the posi-
tion of excited size-quantization levels is close to 7). On the
other hand, we can see from Fig. 2b that the radiative life-
time at the ground state begins to rise considerably on in-
crease in the microcrystal size when the energy of this state
becomes less than #() . Therefore, in the range of large sizes
the ground size-quantization state makes no contribution to
the luminescence.

The authors are deeply grateful to M. L. D’yakonov, E.
L.Ivchenko, V. A. Kiselev, V. I. Sugakov, and I. A. Efros for
valuable discussions, and to V. V. Slezov for supplying a
detailed bibliography on the critical coalescence in solid so-
lutions.
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