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The scattering of a dynamical soliton by a point defect is considered in a one-dimensional system
whose excitations are described by the nonlinear Schrodinger equation. The dynamical soliton
can be interpreted as a bound state of quasiparticles, and its amplitude is proportional to the
number of bound quasiparticles. The soliton-scattering intensity is found and compared with the
total intensity of the scattering of the equivalent number of free quasiparticles. It is shown that the
soliton-scattering intensity is smaller than the free-quasiparticle scattering intensity and, in
particular, tends rapidly to zero with increase of the binding energy of the quasiparticles. In the
scattering process the soliton radiates free quasiparticles (linear harmonic waves) in both the
forward and backward directions. In the weakly nonlinear limit in the scattering of a fast soliton
free quasiparticles are radiated only in the backward direction. The scattering of a slow soliton
consisting of a large number of bound particles has no analog in the scattering of free
quasiparticles. The problem of the radiative capture of a slow soliton by an attractive

inhomogeneity is also considered.

1.INTRODUCTION

Many kinetic characteristics of crystals are determined
by the character of the scattering of the quasiparticle excita-
tions (phonons, spin waves, etc.). Under intense external
perturbations high-density fluxes of quasiparticles can arise
in the crystal, and the interaction of the quasiparticles being
scattered then becomes important. Allowance for this inter-
action is especially important when the interaction is attrac-
tive and can lead to the formation of a bound state of quasi-
particles. If collisions of quasiparticles with impurities occur
sufficiently infrequently, then between successive scatter-
ings the quasiparticles have time to form a bound state. They
are then scattered, by some inhomogeneity, not one by one
but as a single formation or “cluster.” It is natural to pose
the question as to how the intensity of scattering of a single
cluster of N quasiparticles compares with the total intensity
of the scattering of N noninteracting quasiparticles. To an-
swer this question it is necessary to analyze the role of the
interaction of the quasiparticles in the scattering processes.
This analysis is simplest in the one-dimensional situation, in
which many particle-interaction problems have exact solu-
tions. It is known that the dynamics of a system of interact-
ing quasiparticles is described in the mean-fieid approxima-
tion by a certain nonlinear equation. We suppose that in such
a nonlinear one-dimensional system there is a point center
capable of scattering elementary excitations. In studying the
scattering by such a center we suppose that the incident flux
of quasiparticles is sufficiently dense for a bound state of
them to be formed before the scattering event. A bound state
of a large number of quasiparticles in a nonlinear system is
equivalent to a dynamical soliton, and its amplitude is pro-
portional to the number of bound quasiparticles (see, e.g.,
Refs. 1 and 2). We shall calculate the intensity of scattering
of a soliton consisting of N quasiparticles, and compare it
with the total intensity of the scattering of N free quasiparti-
cles.

As a concrete realization of this problem we consider
the scattering of a soliton by a localized (point) inhomoge-
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neity in the framework of the nonlinear Schrodinger equa-
tion. Asis well known, this equation arises in the description
of the nonlinear dynamics of quasiparticles in many prob-
lems in the physics of condensed matter. For example, the
excitations of a weakly nonideal Bose gas in the self-consis-
tent field method can be described by this equation (see, e.g.,
Refs. 1 and 2). The analysis of the dynamics of nonlinear
magnetization waves in a ferromagnet with anisotropy of the
“easy axis” type,’ like the problem of the motion of solitons
along a quasi-one-dimensional molecular chain, reduces to
the analysis of the soliton solutions of the nonlinear Schro-
dinger equation. Finally, this equation describes the dynam-
ics of the envelope of the phonon excitations in intense
pulsed action on a crystal,** and also the dynamics of surface
nonlinear waves in dielectrics or semiconductors.®

The nonlinear Schrodinger equation, with a specially
chosen scale of coordinate has the form

he—@ohtpect2¢g || *p=0, (1

where the parameter w, determines the gap in the spectrum
of the linear excitations (i.e., in the dependence of the fre-
quency @ on the wave number k):

(L)=(Oo+kz,

and the parameter g is a characteristic of the pair-interaction
potential of the quasiparticles.

In the following we shall consider a point impurity that
locally changes the characteristic frequency @,. Then we
must introduce into the right-hand side of (1) an additional
delta-function term of the type 8(x)¢, the amplitude of
which characterizes the intensity of the action of the impuri-
ty. We represent the solution of Eq. (1) in the form

V(z, t) =g "u(x, t)e-i
and obtain the following equation for the function u(x, #):

iy tuat2|ul’u=eb(z)u, (2)
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where the parameter £ characterizing the perturbation is as-
sumed to be small (e<1).

Equation (2) with any value of the real parameter &
admits the integral of motion

N=§|u|zdx, (3)

—o

which has the meaning of the total ‘“number of particles.”

In the linear limit (# €1), when the third term in the
left-hand side of (2) can be neglected, the problem of the
scattering of a wave excitation by a point inhomogeneity can
be solved trivially. This scattering is characterized by a sin-
gle quantity—the wave-reflection coefficient R ;:

R,=¢*/(e*+4K%), 4

where k is the wave number of the incident wave. The wave-
transmission coefficient T, by definition, is equal to

To=1—R,=4k*/(e*+4K?).

In the scattering of N equivalent free quasiparticles by the
impurity, R, N of them are reflected and T, N pass through.

When the interaction of the quasiparticles, i.e., the non-
linear term in (2), is taken into account, the situation be-
comes more complicated, since the scattering of a cluster is
characterized by a larger number of parameters. First of all,
we note that in a homogeneous nonlinear system, i.e., with
£ =0, there exists a bound state of quasiparticles that is de-
scribable by an exact solution (of the nonlinear Schrodinger
equations) in the form of a two-parameter dynamical soli-
ton".

exp[—2iEx—iA(t)]
ch[2n(z—z,(2))] °

u,(z,t) =2in (5)

A(t)=4(E—n*)t, x(2)=—4E¢, (6)

where 277 is the soliton amplitude, characterizing the num-
ber of quasiparticles bound in the soliton,

N=4qy, (7N

and in this notation the soliton velocity v = — 4£. The ener-
gy of the soliton (5) is equal to

E,=4nw,+16(E*n—'/sn°) (8)
and is made up of the sum of the energies of the free particles
Moo HBEN=N (0 +487) =N (0o+v*/4)
and the energy of their interaction (attraction):
Eipi=—"%/m*=—"/,N". (9)

The form of the energy of attraction (9) agrees with the
well known property of a weakly nonideal Bose gas of parti-
cles with attraction—that it collapses as N— o . This unphy-
sical property of the real system can be ““corrected,” e.g., by
including a weak three-particle repulsion between the parti-
cles.?

With the aid of (9) it is easy to determine the binding
energy of the quasiparticles in the soliton as the minimum
work needed to “extract” one particle from the soliton and
carry it over into the free state. The binding energy is equal to
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IBE,,.,/@NI =1/‘N2=4n2_

For 17 -0 the soliton (5) is delocalized and corresponds
to a linear wave with wave number k, where k? = 4£2.

It is well known that the unperturbed nonlinear Schro-
dinger equation, i.e., Eq. (2) with £ = 0, is exactly integrable
by the method of the inverse scattering problem.” Therefore,
the investigation of the scattering process for small ¢ is car-
ried out naturally in the framework of perturbation theory
based on the method of the inverse problem.?®

2.RADIATION FROM AFAST SOLITON

First of all, we shall consider the scattering of a suffi-
ciently fast soliton by an impurity (the scheme of this scat-
tering is shown in Fig. 1 and corresponds to £ > 0). By “suffi-
ciently fast” we understand a soliton whose change in
velocity upon interaction with the inhomogeneity is small
and can be disregarded. The condition corresponding to this
case has the form

g>eln. (10)

The spectral density n(A) of the quasiparticles genera-
ted by the soliton being scattered can be calculated using the
formula of the method of the inverse problem” (|b(1) [« 1)

n(h)=a""lb(M)[%

where b(A) is the scattering coefficient (the so-called Jost
coeflicient) used in the method of the inverse problem, and A
is a real spectral parameter, related in a simple manner to the
wave number k(A) and frequency w(A4) of the linear waves
generated’:

o (M) =k () =42,

The perturbation-induced change of the Jost coefficient

b(A) in the case ££0 is determined by the well known equa-
tion®*:

ab(a,t)

™ = 4iM*b (A, t) +e 5 dz Plu]qi(z, t; M) $." (2, t5 M)

— oo

—g' d.ﬁl‘P'[u] z(xyt;}\‘) 1'(1‘,t;7\,),
s_{ ¢ ¥ (11)

where, in the case under consideration, ¢,,(x, t; ) and
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FIG. 1. Scattering of a fast soliton (the impurity is located at the point
x = 0): a) before the scattering, b) after the scattering; N, and N, are the
numbers of particles radiated forward and backward, respectively,and N’
is the number of particles that remain bound after the scattering.
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¥y, (x, t; A) are the one-soliton Jost functions’ (written out
explicitly in, e.g., Ref. 9), and eP[u] is the right-hand side of
Eq. (2), i.e., the perturbation, which in our case is equal to

ePlu]=¢eb(z)u.

We shall assume that prior to the scattering (f— — «)
all the quasiparticles formed a bound state. This implies that
the initial condition for Eq. (11) should be chosen in the
form b(A, t = — o) =0. Then the density n_4(A) of the
total number of quasiparticles radiated by the soliton in the
scattering is determined by the value of the Jost coefficient
b(A,t) for t— + «, and is equal to

rae (M) =7 b (A, t=-+e0) |, (12)

The solution of Eq. (11) can be obtained most simply
for a fast soliton, when the change 4 |6¢ | of its velocity after
scattering is small ((8£)*>~&<£?). Then the expression for
.4 (A1) acquires the form

e’ [(A=)*+n’]*

Nrad (7») = 2 2 .
4(28)° ch*[n(A*—E"+n’)/4nE]
The spectral distribution 7,4 (1) is presented in Fig. 2. As
follows from (13), for 7 <£ it has two sharply pronounced
maxima (the width of which is ~7) at the points

(13)

A=tAm, hn= (E*—7")"~§,

and the estimates for the maximum values of the density are

(7<8)

1y =Nrag (—Am) ~&*/E?, Na=Nr0a(An) ~*1*[E* <K,
For A = 0 it follows from (13) that

7,04 (0) ~ny sech® (n&/2n) <n,y.,.

Away from the points A = + A, the function n,,4 (1) falls
off sharply, since for |4 +4,, |>7 this function has the
asymptotic form
R i 9 [_nuhmﬂ]
Nraa (M) v exp ont .

We obtain the numbers of particles emitted by the soliton in
the forward direction (%,) and in the backward direction
(N,) (see Fig. 1) by integrating the density (13) over the
corresponding range of variation of the spectral parameter:

N‘ =j Nraa (}") d},, Nr = j nrad(k)dk- ( 14)

Since the quantity (3) is conserved, the number of particles
that remain in the bound state is equal to

N,=N—N7_N1.

We define the reflection coefficient R of the soliton as the
ratio of the number N, of reflected quasiparticles to the total
number N = 47 of quasiparticles. From (12)-(14) we have

R—_—,[YL ne’ f

_ [(@+1)*+a?]? n
N 210a§2 ; -

o=

X
ch*[n (z*+a*—1)/4a] ’ £
(15)

We compare (15) with the reflection coefficient (4) of the
linear waves. Since in the derivation of (15) we used the
inequality (10), it is necessary to simplify (4) by writing R,
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FIG. 2. Spectral distribution of the particles radiated by a fast soliton (the
case 7€§).

=£?/16£2. In the limit 7<£ (a “light” soliton), the reflec-
tion coefficient R first increases slowly to the value 1.004R,,
in accordance with the law

R~R,(1+21'/158"), (16)

but begins to decrease at @ > a, =0.178. In the case £ <77 (a
“heavy” soliton) we obtain from (15) the asymptotic for-
mula

R= 19 _ Roav/,e_mz/z, _g_ >a>1. ( ]‘7)

1672 €
The general form of the function defined in (15),

R[R,~ (168*/e*) R(n/)

is presented in Fig. 3. A characteristic feature of this depen-
dence is the relatively rapid decrease of the reflection coeffi-
cient with increase of the parameter 7/¢, i.e., with increase
of the relative number of quasiparticles and of their binding
energy in the soliton. As 7/£—0 the reflection coefficient
tends, as we should expect, to its linear limit (4).

We now calculate the number of quasiparticles radiated
by thesoliton in the forward direction. We denoteby T'* the
relative number of such particles:

T*+=N,/N.

It is not difficult to verify that the quantity 7'+ is given by
formula (15), in which under the integral we must make the
replacement (x + 1)?>— (x — 1)2. The qualitative form of
the dependence of the relative number of quasiparticles radi-
ated in the forward direction is presented in Fig. 4. For large
values of the parameter @ = 7/£ the asymptotic form of the
function T* (&) coincides with the asymptotic form of the
function R (a) and has the form (17). For 7 €& the number
of particles radiated in the forward direction is substantially
smaller (~R,a*):

R/R

0 o, 7/%

FIG. 3. Dependence of the relative number of reflected particles on the
parameter 7/ for || < €% the case 7/£ — 0 corresponds to the scattering
of a linear wave.
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T*/R,

a 7/%

FIG. 4. Dependence of the relative number of particles radiated in the
forward direction on the parameter /€.

T+=e™*/1208°, n<E.

We shall discuss the results briefly. First of all, in the
limit @ €1, when the soliton of the nonlinear Schrodinger
equation is locally close to a linear wave (a “light” soliton),
we have the following situation: In the principal approxima-
tion (to within terms ~a?) the fast soliton radiates linear
waves only in the backward direction, i.e., all the quasiparti-
cles that have passed through the impurity remain in a
bound state. Thus, the transmitted wave corresponds to a
“pure” soliton.

A characteristic feature of the scattering of a ‘“heavy”
soliton (7> £) is the exponentially small radiation intensity
(and exponentially small coefficients R and T'*) for large
values of the parameter a. This result can be understood
without difficulty from simple physical considerations: in
this limit the binding energy of all the quasiparticles in the
soliton ( ~%*) is substantially greater than the kinetic ener-
gy of the soliton (~£27), and therefore for 7> £ it is much
more difficult to “tear” a quasiparticle away from the soliton
than it is in the opposite case. This circumstance is manifest-
ed in the decrease of the quantities R and T'*.

3.EVOLUTION OF THE SOLITON PARAMETERS

In our treatment of the scattering of a fast soliton it was
assumed that the parameters of the soliton were specified
and did not depend on the perturbation This could be done in
accordance with the condition (10). If we disregarded this
inequality, it becomes necessary to analyze the change of the
parameters of the soliton in the interaction of the soliton
with the impurity. It is well known that the change induced
in soliton parameters by the action of a perturbation (in our
case, an inhomogeneity) can be found in the adiabatic ap-
proximation. The adiabatic approximation is based on the
fact that the shape of the soliton is described as before by the
expression (5) but its parameters &, x,, A, and 7 are func-
tions of the “slow” time. In our case the condition for appli-
cability of the adiabatic approximation is the requirement
that the intensity of radiation of particles during nonsteady
motion of the soliton be small. One of these conditions has in
fact been used in the form of the inequality (10). The other
will be formulated below in the form of the inequality (27).

The following is a very simple derivation of the equa-
tions determining the time dependence of the soliton param-
eters. We write the Hamilton function for the perturbed sys-
tem (2) under consideration:

H=§ (Jue|?—|u|*+ed(2) |u|?)dz,

— oo

and take as the function u(x, ¢) the expression (5) with
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parameters that are as yet undetermined. A simple calcula-
tion gives

H=16(§'n—"/sn’) +4en?/ch*(2nz,). (18)

We now assume that the relations between the canonically
conjugate variables that correspond to the soliton in the un-
perturbed system remain unchanged after the perturbation
is switched on. These canonically conjugate variables can be
introduced naturally in the framework of the method of the
inverse scattering problem’:

p1=_4§7

P2=4T’|, Z2,=A.
If we now represent the Hamilton function (18) as a func-
tion of the canonically conjugate variables (19) and write
the Hamilton equations for these variables, i.e.,
dp,/dt= —3dH /3z,, dz,/dt = JH /dp, (k =1, 2), then
as a result we obtain the following equations for the initial
soliton parameters:

21=2n2,, (19)

dn/dt=0, (20a)
dx,/dt=—4E, (20b)
d&/dt=—2n eth (2nz,) sech®(2nz,), (20c)
dA/dt=4(E*—n?)+2ne sech® (2nx,). (20d)

If we do not impose restrictions on the amplitude £ of
the perturbation, Egs. (20) can be regarded as a conse-
quence of the variational principle based on the Hamiltonian
(18). However, it is necessary to keep in mind that Egs. (20)
are the first step in a systematic perturbation theory for soli-
tons.°

As follows from (20a), the amplitude of the soliton in

the adiabatic approximation is not changed: 7= 1,
= const. The equations (20b) and (20c) are decoupled
from Eq. (20d) and reduce to equations of classical mechan-
ics, i.e., they describe the motion of a particle of unit mass
with coordinate p = 27x, in the effective potential

u(p)=8n’e/ch’p. (21)

We note that the strength of the effective potential (21) de-
pends in an essential way on the amplitude of the soliton.

From the system (20b), (20c) we obtain the following
laws of variation of the coordinate x, () in the scattering of a
soliton by a defect: a) In the case 4£2 < 77¢ for £ > 0 (reflec-
tion of the soliton from the impurity)

z,(2) =——%arsh[(2;2—1)%ch(8n§0t)], (22)

b) In the case 4£°> 7¢ for £>0 and the case of any &2 for
£ <0 (*“flight” of the soliton over the impurity)

z(t)=— %l_ arsh[( 1 ZEZIT) ’ sh (8nE&2) -l ,

(23)
where £, =£(¢t = — o). The soliton velocity v = — 4£(¢)
and soliton phase A(¢) for a known dependence x,(¢) are
determined by the relations (20b) and (20d). For € <0, os-
cillatory motion of the soliton about the attractive inhomo-
geneity is also possible (a static bound state of the soliton
with the impurity is equivalent in the linear limit to so-called
local oscillations'®). However, we do not consider such solu-
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tions here, as we are interested only in processes of the scat-
tering type.

The evolution of the soliton parameters that follows ei-
ther from the dependence (22) or from (23) should be taken
into account in the calculation of the radiation from the soli-
ton in the cases when the condition |¢|7 <£? is not fulfilled
and the soliton is not fast.

4.RADIATION FROM A SLOW SOLITON

We shall calculate the radiation generated by a soliton
for £ < |e|n, when the kinetic energy of the soliton is com-
parable to the energy of its interaction with the impurity.
Since the condition |e|w <1 is assumed to be fulfilled, we
carry out the calculation by perturbation theory, starting
from the general formula (12), where (4, + o ) represents
the limiting value of the solution of Eq. (11) with the condi-
tion that 5(4, — « ) = 0. Taking into account the depen-
dence of the soliton parameters on the time, we can obtain
the following general expression for |b(4, + «)|:

exp{—4iA*t+iA (t)}
ch[2nz,(t) ]
i[A=§(¢) ]—n th[2nz. (?) ]
-t T+ hizna. 01}
(24)

|b()\,,+w)|=2nl Bj dt

X{1+2n

Now, in place of x, (), £(¢), and A(¢) we must substitute
the solutions of Egs. (20b), (20c), and (20d).

Before considering the radiation from a slow soliton, we
note that the use of Egs. (20) for calculating the reflection
coefficient R of a fast soliton with allowance for the condi-
tion (10) gives a correction of order £*/£* to the result (15).
We have verified that in the limit 7/£—0 this correction
coincides with the next (not taken into account previously)
term of the expansion of the result (4) of the linear approxi-
mation.

We turn now to the study of the process of the scattering
of a slow soliton. But first we discuss the conditions for ap-
plicability of our perturbation theory in the case when the
soliton parameters become comparable to the small quantity
|€]. The energy (18) of a soliton interacting with a point
impurity can be represented in the form

E=E Ui, Umi=4en*/ch*(2nz,), (25)

where U, is the energy of the interaction of the soliton with
the inhomogeneity: U,,, ~£7% and the first term gives the
energy (8) of the soliton before the scattering. The condi-
tions for applicability of the perturbation theory can be ob-
tained either from the requirement that the kinetic energy of
the soliton be much greater than the energy of its interaction
with the impurity,

Eoz>>,s“]7 (26)

or from the requirement that the binding energy is greater
than the interaction energy:

n>|el. (27)

The condition (26) in the form (10) was used by us in Sec. 2
in the calculation of the radiation from a fast soliton. The
second condition, i.e., the condition (27), becomes impor-
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tant in the study of the scattering of slow solitons, for which
£o<lelm.

Unlike the scattering of free quasiparticles, the process
of the interaction of a bound state of quasiparticles with an
impurity depends in an essential way on the type of local
inhomogeneity, i.e., on the sign of the parameter £ [compare
(4) with (22) and (23)]. We first consider the case e >0 (a

repulsive impurity ), when the adiabatic dynamics of the so-
liton is characterized by the law of motion (22), describing
the reflection of the soliton from the impurity. This means
that the reflected wave will contain not only free quasiparti-
cles but also a bound state of a certain number of quasiparti-
cles (areflected soliton). For the case (27), using the formu-
las (24), (22), (12), and (14), we obtain

R=———N el zi—ilz(—fg—o—)/z exp(—ﬂ). (28)
N 2n \2n 28,

The result (28) differs in an essential way from (15) and, in

particular, contains the small parameter ¢ to the first power.

For 77> £,, as in the case of the fast soliton (see Sec. 2), the

radiation turns out to be exponentially small.

The interaction of a bound state of quasiparticles with
an attractive (£ <0) inhomogeneity occurs in a different
manner. In this case, in particular, capture of the slow soli-
ton by the impurity can occur. We shall consider the limiting
case £, —»0. According to (23), for &, = 0 the change of the
soliton coordinate x, is determined by the expression

sh [2nz, (t) ]=—4n (n]e[)"t. (29)

Calculating |b(A, + )| from the general formula (24)
with the aid of (29), we obtain the reflection coefficient R in
the form

't IS{ A { 2n‘/z }
R= Akdl - .
16-2% ( n ) exp lallh’ (30)

The result (30) has been written for the case |&| €.

It is not difficult to verify by direct calculation that the
number N, of free particles radiated from the soliton in the
backward direction and the number N, of particles radiated
in the forward direction coincide in this approximation.

The energy carried away by the free quasiparticles, after
subtraction of their rest energy, can be obtained if we make
use of the well-known formula of the method of the inverse
problem’:

Eram— [ 2216 (a, t=+c0) |2d. (31)
n_w

Substituting |5(A, + « )| from (24) into (31) and taking
(29) and (30) into account, we obtain the following asymp-
totic dependence for |g| < 7:

EradzzRan(lel/n)lhv (32)

where R is given in (30). It follows from (32) that the ener-
gy carried away by one quasiparticle is equal to 7*(|e|/
7)'/2<&7? i.e., is considerably smaller than the binding ener-
gy of the quasiparticle. In other words, the energy carried
away by free particles is considerably smaller than the work
expended on extracting them from the soliton.

The results (30) and (32) make it possible to go over to
the analysis of the problem of the radiative capture of a soli-
ton (see the similar problem for a kink of the sine-Gordon
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equation in Ref. 11). We suppose that a soliton with low
velocity (§ = £, €1att = — o) isincident on an impurity.
We find that limiting value £ for which the soliton com-
pletely loses its kinetic energy as t — + oo as a result of the
radiation of free quasiparticles (£( 4+ o) = 0). We use the
laws of conservation of the energy and number of particles.
The energy of the system as z— + « contains, besides the
energy of the bound state (the soliton) at rest, the contribu-
tion of the radiated energy carried away by the free quasipar-
ticles; i.e., we can write

16 (8o'n—"/sn°) =E,aa—"*/s(n+8m)°, (33)
where 67 is the change in the amplitude in the soliton on

account of the radiative losses. From the condition of con-
servation of the number of particles it follows that

dn=4(n+6m)+N e, (34)
where
N,oe=N,+N,~2N,=2RN.

Since the kinetic energy of the radiated particle is con-
siderably smaller than its binding energy in the soliton, we
can omit the quantity E_,, in (33). Subsequent simplifica-
tions of the relations (33) and (34) and an elementary cal-
culation lead to the following expression for the limiting val-

ueé:
(£5)2=2Rn2 (35)

For £, <& the soliton is captured by the attractive point
inhomogeneity, i.e., localization of the bound state of quasi-
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particles occurs. The result (35) has a simple physical mean-
ing: If we multiply (35) by 4N, where N is the number of
quasiparticles bound in the soliton, then in the left-hand side
we obtain the kinetic energy of the incident soliton, and in
the right-hand side we obtain the work necessary for the
detachment of 2R N particles (we recall that N, =N, ).

The authors are grateful to V. M. Agranovichand A. S.
Kovalev for discussion of the results of the paper.

D We use the notation adopted in the monograph Ref. 7.
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