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A model of a granulated disordered metal on a Bethe lattice is studied. The model is invariant
under time reversal (the symplectic ensemble and orthogonal ensemble). The existence of a
metal-dielectric transition is proved and the critical points are calculated. The density-density
correlation function is calculated both in the metallic region and in the dielectric region. The
localization length in the dielectric region near the transition point increases as the reciprocal of
the distance from the transition point. The diffusion coefficient in the metallic region falls
exponentially as the transition point is approached. The form of the density-density correlators
and the critical behavior of the orthogonal ensemble, the unitary ensemble, and the symplectic

ensemble are the same.

1.INTRODUCTION

In recent papers'™ the Anderson metal-dielectric tran-
sition in the model of a disordered granulated metal on a
Bethe lattice has been studied. Application of the method of
supersymmetry> has made it possible to reduce the calcula-
tion of various correlation functions to the calculation of
integrals of the solutions of certain integral equations. In
Ref. 1 the author proved the existence of the transition and
calculated the correlator of the densities at coinciding
points. In Ref. 3 the behavior of a certain two-point correla-
tion function at noncoinciding points was investigated. Fin-
ally, in Ref. 4 the density-density correlator at noncoincid-
ing points was calculated directly. The asymptotic form of
this correlation function in the limit of large distances and
low frequencies has made it possible to calculate the diffu-
sion coefficient in the metallic region and the localization
length and permittivity in the dielectric region. The princi-
pal assertion of Ref. 4 was the conclusion that near the tran-
sition point the diffusion coefficient falls off exponentially.
(The assertion made in Ref. 1 that there exists a minimum
metallic conductivity was the result of an insufficiently accu-
rate investigation of the integral equation.) In the dielectric
region the localization length increases as the reciprocal of
the distance from the transition point.>*

However, in Refs. 1-4, only a model with broken time-
reversal symmetry was investigated. Physically, this case
corresponds to the presence of magnetic fields or magnetic
impurities in the granules. Disordered systems that are not
invariant under time reversal correspond to the case of an
ensemble of unitary matrices,® which turns out to be math-
ematically the simplest case. This was the reason why sys-
tems with broken time-reversal symmetry were investigated
in Ref. 4. Other possibilities are realized in systems that are
invariant under time reversal and possess central symmetry
(the orthogonal ensemble), and in systems that are invariant
under time reversal but do not possess central symmetry
(the symplectic ensemble). The symplectic ensemble corre-
sponds to the situation when there is spin-orbit scattering in
the system but magnetic fields and magnetic impurities are
absent.

In the present paper we investigate the Anderson metal-
dielectric transition on a Bethe lattice for systems that are
invariant under time reversal (the symplectic and orthogo-
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nal ensembles). The asymptotic form of the density-density
correlator in the limit of low frequencies and large distances
is calculated. It is shown that in this limit the form of the
density-density correlator, both in the metallic and in the
dielectric region, is the same for all three types of symmetry.
Although the critical points of the transition are different,
the critical behavior of the diffusion coefficients in the metal-
lic region and of the localization lengths in the dielectric
region is the same. In all three cases the diffusion coefficient
decreases exponentially as the transition point is ap-
proached, and the localization length is inversely propor-
tional to the distance from the transition point.

2. THEBASIC EQUATIONS

The kinetics of a system of disordered granules is de-
scribed by the supersymmetric o-model on a lattice. The ef-
fective Hamiltonian in this model is written in the form '

F=_'Yo[ 2 ]ij STr 010,' - E(—m';i‘l_)ﬂv 2 V.STr /\Qi],

(D

where J,; = T?»*V,V,, and T,; is the granule-to-granule
hopping amplitude. The first term in (1) describes the inter-
action of the granules, and the second term is the effective
Lagrangian of the isolated granules. The letters @ and v de-
note the frequency and density of the levels in the granules,
V. is the volume of the granules, and STr is the supertrace.
The supermatrices @and A in (1) have dimensions 8 X 8 and
are equal to

-~ -~
cos® isin6

Q=UQ,U, Qc.=( ~

\'—isin®

u 0 1 0
U= ( , A= ( ,
0 U) 0 —1 ) (2)
The matrix & has the structure

p=(s" o)

A bar above a matrix denotes the charge conjugate. The ex-
plicit form of the matrices u, v, and @ is written out in Ref. 5.
We note only the following important properties of the ma-
trices:

—cos 07"
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= ~ 1 0
_ + —
7 =kv'k, 8=FK0", k_<0 —1)- (2a)

The form of the matrices u, v, 8,,, and 8,, and the coefficient
%o depend on the symmetry of the physical interactions in
the system. If in the system there is no interaction of a spin
and particle with external fields (there are no magnetic or
spin-orbit impurities), the particles with different spins can
be considered independently. In this case, ¥, = 1. If there
are magnetic or spin-orbit impurities, then y, = 2.

The calculation of the density correlator K(r,, 7,).in
the model described reduces to the calculation of the follow-
ing correlator:

K(ry,r) =—2n’v2705 (Qi3 ) (Qs) . exp(—FLQ]) H dQs,
(3)

where F[ Q] is determined by the expression (1). The super-
scriptsin (3) label the blocks identified explicitly in (2), and
the subscripts label the elements in these blocks.

Below we shall calculate the density-density correlator
(3) on a Bethe lattice (Cayley tree). As in Refs. 1 and 4, we
consider the case of arbitrary branching number m. We as-
sume that only nearest neighbors interact, and that for these
all the J;; are the same and equal to J.

The structure of the Bethe lattice makes it possible to
reduce the calculation of the integral (3) for arbitrary », and
r, to the calculation of a certain integral of the solution of
certain integral equations. These equations were obtained in
Ref. 4. We shall write out these equations and the formula
for the density--density correlator in the general form appli-
cable for any type of symmetry:

K(r)=N()K(r, rz):—zﬂwos Qi3 P, (r,0)Z(Q) ¥ (Q)dO,
Z(Q)=W¥"""(Q)exp('/.p STr AQ). (4)

The supermatrix function P(r, Q) satisfies the linear equa-
tion

P(r,Q)—[m+8(r—1)] 5 exp (/.2 STrQQ")Z (Q’)
XP(r—1,Q")dQ’
=6(r) ¥ (Q) Q™. (3)

Finally, for the function ¥ we have the nonlinear integral
equation

WY (Q) =5 exp (/.o STr QQ'+*/,p STr AQ" ) W™ (Q")dQ’.

(6)
For =0, Eq. (6) has the solution

¥ (Q)=1. (6a)

This statement is proved by a change of variables in the inte-
gral

j exp (/. STrQQ’) dO’=J exp (‘/,a STr AQ)dQ,

where O has the same structure as Q. But the latter integral is
equal to unity,” and this proves (6a). The solution (6a) cor-
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responds to the dielectric region. In the metallic region a
nontrivial solution, which will be discussed later, appears.

In the expressions (4) and (5), ris the distance between
sites r, and r,, and N(r) =m"~'(m+ 1) (r>1) is the
number of sites at a distance » from a given site. We assume
that N(0) = 1 and that P(r, Q)‘= 0 for r <0. The param-
eters @ and B in (4)-(6) are equal to

a=8Yol, PB=—iv,(0+id)avV. (7)

The function K (r,, r,) always decreases exponentially
with distance, because of the exponential increase of the
number of sites situated at a particular distance r. The factor
N(r) in (4) has been included precisely to compensate for
this decrease.

For the calculation of the correlator K(7) (4), in a pre-
vious paper the author* proposed the following scheme. We
assumed that the solution P of Eq. (5) has the same struc-
ture as the matrix Q*':

P=—ivk, ()7, Po=(P" ° ).

8
0 Po22 (8)

Substituting P (8) into (5) and integrating over  and v, we
were able to reduce Eq. (5) to a system of equations for the
components of P,. After this, we expanded in eigenfunctions
of the integral operator appearing in the left-hand side of
(5).

However, this scheme is rather cumbersome. It is much
simpler to perform the expansion of the solution P in eigen-
functions of the integral operator appearing in the left-hand
side of (5) before the integration over u and v. Of course,
these two procedures are equivalent to each other. Making
the replacement

P(r, Q)=—iZ7"(Q)P(r, Q), (9
we bring Eq. (5) to the form
B(r, Q)—[m+t8(r—1)] MP(r—1, Q)=i6(r) ¥ (Q)Q*2"(Q),

(10)
where
Me(Q)= geXP(‘/Aa STrQQ")[Z(Q)Z(Q') 1"9(Q")dQ’
(11)

for an arbitrary function ¢.
Wg\shal] consider the eigenfunctions ¢ (Q) of the op-
erator M. These functions satisfy the equation

Moz(Q)=E¢s(Q). (12)

We shall seek the functions ¢ in the class S, of (4x4)
supermatrices ¢ satisfying the condition

¢*(Q) =0 (Q) k. (13)

In particular, the supermatrix /Q*' satisfies the conditions
(13).

To expand the solution P in the eigenfunctions ¢, it is
necessary to introduce the scalar product in the space of the
functions @. We assume, by definition, that the scalar prod-
uct of two matrices ¢, (Q) and @, (Q) from the class S, is
equal to

(9o @)= | STrl k" (Q) g2 (Q) 10, (14)
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Using the definition (14) and the property (13), we can
prove that

(@1, @2)={q2. @y). (14a)
In addition, the scalar product (14) is real:
(@1, 2) =(ps, 92)". (14b)

It is easy to see that the operator I/t\l (11) is self-adjoint:

(o1, M@,)=(Meg;,, @2). (15)

For real B, corresponding to imaginary physical frequencies,
the operator M is real. In the usual way one can prove that
eigenfunctions @ of the operator M that correspond to dif-
ferent eigenvalues E are orthogonal to each other. The eigen-
values E for real 3 are real. The normalization condition for
the eigenfunctions is written in the form

(@z, @e)=8(E—E’). (16)

Expanding the solution P(r, Q) in the eigenfunctions @
(9),
P, Q)= Y, 4:()9:(Q),
E
substituting this expansion into (9)—(11), and using (4), we

obtain

K(r)= 231’\7’70[ -’% - 1; 8(r) ]Z, Be(mE)7, (17)

where

Baem | STelkos* () Q*1W (0)2*(Q)dQ

xJ 02 10x(0) 1% (0) 2" (Q) Q. (17a)

To calculate the density-density correlator at coincid-
ing points we can make use of the completeness property of
the eigenfunctions @z (Q). Performing the summation in
(17) for r = 0, we obtain

K(0) =271, | Q1203 ¥+ (Q)exp (¥ STr AQ) 0.
(18)
This expression was written out in Ref. 1.

Any eigenfunction ¢ -of the operator M (11) can be
represented in the form

¢=(Q)=v"R (8) 2", R(g)=(f(()e) ifo@))

(n and m are integers). This follows from the invariance of
the kernel of M under the simultaneous replacements

(19)

Q_‘)UOQULM Q’_’UOQ’UO,

where U, has the same structure as U (2). In the integrals
for B, in (17a) a contribution is made only by eigenfunc-
tions @ of the form (19) withn=m = 1.

We note that all the formulas obtained have a general
character and are correct for all three types of symmetry.
The subsequent calculations must be performed separately
for each type of symmetry. The study of Egs. (6) and (11)
for arbitrary frequencies is very difficult. In the following
sections we shall study only the most interesting, low-fre-
quency limit.
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3. THEDIELECTRIC REGION
The symplectic ensemble

First we shall consider the region of sufficiently small «,
in which, as will be seen from the following, the system is a
dielectric. For the calculation of the correlator K(#) from
formula (17) it is necessary first of all to find the solutions of
Eq. (6). Asin Refs. 1, 43 6, and 7, we assume that the solu-
tion W depends only on @ (of course, this is true not only for
the dielectric region). This form of the solution makes it
possible to perform the integration over #’ and v’ in (6) im-
mediately. The integration over «’ and v’ is not complicated
for the unitary model, and was carried out in Ref. 1. How-
ever, in the cases of the symplectic and the orthogonal en-
semble this integration leads to immensely cumbersome ex-
pressions. Nevertheless, in the region of low frequencies, as
in the unitary model, Eq. (6) and all the other formulas
needed for the calculation of the density-density correlator
become significantly simpler.

First we perform the calculation for the symplectic en-
semble. In this case the matrices 6,, and 8,, appearing in
(2) have the form

0, 0, ) ( 6 0
] =( =i )
11 92 01 y 922 l 0 8 ,

08>0, 0<0,<m1, 0<@,< —;—

(20)
The integration over %' and v’ in (6) is implemented as fol-
lows. By the change of variables U’'— UU ' we can get rid of
the matrices U. After this it is necessary to write in explicit
form the expression for S:

8=/, STe(QuU'Q,'T"). (21

This expression is a polynomial in Grassmann variables.
Next we expand exp.S in the Grassmann variables (this
again gives a polynomial) and integrate over these variables.
After this we can integrate over F and ®, which, together
with the Grassmann elements, specify the matrices u and v
(Ref. 5). All the expressions are very cumbersome. How-
ever, in the limit of low frequencies the large
6~0'~In(1/3) become important. The same situation also
obtained in the study of the unitary ensemble. This consider-
ably simplifies the resulting expressions. Assuming that the
solution W depends only on 8 and integrating over all the
remaining variables, we bring Eq. (6) to the form

Ill’r(e)=_§‘ L(e—ﬂ')exp[% (6—¢o’ —/J’e”')] Wy (97)de’,

(22)
where

a\[asS(a) ., _5(0") 9
L(6)=(Z> [~—2—-—sh 9+(sha " )Ch

+ _shoc _S(oc) ]

ch o %% S0, ]

h,
S(a)=5§;’fdx.

0
Equation (22) is valid for large 8, 6 '. In the derivation of this
equation we used the formulas obtained in Ref. 5 for the

Jacobian that arises in the transformation to the variables u,
v, 6.
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By direct integration we can verify that

[* L@erao=t (23)
It follows from the equality (23) that for 6> 1 and 8 = 0 Eq.
(22) has the solution

v (6)=1. (24)

This solution agrees with the general form of the solution
(6a), which is applicable not only for large §. However, this
solution is realized only in the dielectrie region a < a .. Only
in this region does the solution of Eq. (22) [whichfor =0
coincides with (24)] ensure the analyticity of the physical
quantities in the upper half-plane of the frequencies.

For the calculation of the physical quantities for small
but nonzero 8 we make the change of variablest = 6 + In 5.
The important contribution to the physical quantities is
made by the region 7~ 1. Correspondingly, Eq. (24) can be
rewritten in the form

¥ (t)= j L(t-t") exp(

-

t—;’ ) wn(t') exp( - %) dt’.
(25)

Using the equality (23), we can determine the asymptotic
formast— —

(25a)

t—~—co.

W (¢) 1,

Ast— oo the function W (¢) tends to zero. The function ¥ has
exactly the same asymptotic forms in the unitary-ensemble
model.! In the interval between these asymptotes W (¢) de-
creases monotonically. This solution is possible for a < a,.

The calculation of the critical point a, is performed in
exactly the same way as in the unitary-ensemble model. "The
procedure for finding this point consists in the linearization
of Eq. (25) about the value ¥ = 1 and the investigation of
the Green function of the linearized equation. Performing
calculations analogous to those in Ref. 1, we obtain the equa-
tion for the critical point: 1 = mI', (a.), with

W s )
_;_Ln_) {le‘S;(a

+sh G[KH.u ((Z) + Ki—iz (a) ]

+[20ha— SI;“ - S!EZ) ]K,-e(a)},

where K, () is the Macdonald function.

For a <a, the Green function has no singularities in
the region Re 8> 0. This corresponds to the dielectric re-
gion. For a>a, the Green function has singularities for
Re 3> 0. In this region of values of @ Eq. (24) also has a
nontrivial solution for 8 = 0, and this leads to the appear-
ance of diffusion.

In the limiting cases of large m and values of m close to
unity, the solution of Eq. (26) can be obtained analytically.
For large m the critical a, is small, while for m — 1 it is large.
Using the asymptotic forms of the function K, (), we ob-
tain

1 3 (ac)"’ 2
c = 9 - 17 ]
o 8om1D) m 7 m In—=1

R =( [Kopie(@)— Kpmia()]

(26)

m> 1.

(27)
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We note that in the formal limit 7 — 1 the critical values a,
for the unitary model and the symplectic model are large and
coincide with each other. In the limit @> 1 Egs. (22) and
(25) become differential equations and coincide with the
corresponding equations of the unitary-ensemble model,
which are written out in Ref. 1. This property was noted in
the problem of wires in Refs. 5 and 7, which corresponds to
the case m = 1. A comparison of the formulas (27) with the
corresponding formulas for the unitary model shows that
the inequality ., <a,, is fulfilled. [The equation for the
critical point a_, in Ref. 1 differs from Eq. (27) in that it
does not contain the numerical factor 3/4 in the left-hand
side.] Comparison of the functions I'y () for the symplectic
ensemble and the unitary ensemble makes it possible to con-
clude that for all m the inequality

9/16<acu/a¢:n<]~ (28)

is valid. We recall that we must distinguish the unitary mod-
els with a magnetic field [the model (11a)] and with mag-
netic impurities [the model (11b)]. The quantities @ in
these models, for the same densities of states and the same
hopping amplitudes, differ by a factor of 2 (Ref. 5).

We turn now to the calculation of the correlation func-
tions. Having obtained the solution ¥ (¢) of Eq. (25), we can
immediately use the expression (18) to write the density-
density correlator at coinciding points. Integrating over u
and v in (18) and changing to the variable ¢ in place of 6 we
can verify that the correlator K(0) for small 3 is inversely
proportional to 5. Using (7) and going over to the time
representation K (0, t), we obtain

t
j IP""H" (t) exp( — % )ef dt

(29)

2nv

(0t~ )= p=(0)="3

The quantity p_ (0) is proportional to the probability that
the particle will be found after an infinite time at the point

from which it began its motion. This quantity, as in the uni-
tary model, is finite for all ¢ < @, and tends to a finite, non-
zero limit as the transition point a, is approached. As the
critical value is passed, the quantity p  (0) drops discontin-
uously to zero.

To calculate the correlation function K (r) at large dis-
tances we make use of the expansion (17). In the integrals
for B (17a) there are functions ¢ (Q) of the form (19)
with n = m = 1. In Eq. (12) we go over to the limit of large
6~1n(1/f3). By performing the integration in (12) and se-
parating out the terms of leading order in 1/83, we bring the
formulas (12), (17a) to the form

Bp— iﬂ[_{qf (1) 2" (t) "= (2) dt] " 0,

The functions @ (¢) are eigenfunctions of a real symmetric
operator M:

S M(t,1)§=(t")dt' =Es(2), (31)

whereM(t,t'y =L(t —1t") [Z(t)Z(t')]"? and thefunction
L(t) is defined in (24).
The scheme of the subsequent calculationin (17), (30),
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and (31) is completely analogous to that presented in Refs. 3
and 4. First of all it is proved that the spectrum of the eigen-
functions @z (¢) (31) is continuous. Next, there exists a
maximum eigenvalue E_,, = I’y (a). At large distances the
principal contribution is made by states with eigenvalues

closeto E,_,,. As aresult, as in Refs. 3 and 4, we obtain
K(r)= 23:;\72 _1‘_);:_1 a® exp (— IZZ) _E e’ exp(—rbe?)de, (32)
where
a= } V()W (t)Z"(t)e"*dt, b= ——iﬁ—z—%;(f‘—)—!
e=0

—o

I'=—41n (MiEumer) =—41n [mTs(a) ],

in which V(t) = lim[@g(¢)/€], and V(¢) tends to a finite
-0

limitasa - «a.. N
Going over to the time representation K by means of
(7) and calculating the integral in (32), we obtain

"
atv mitl a?(br) —"e="4,

2V m (33)

K(r,t > »)=p.(r)=

The formula (33) is applicable for r> 1, and the coefficients
a and b remain finite as the transition point «, is approached.
The only quantity with singular behavior is the localization
length /. Comparing (32) with (26), we obtain the asympto-
tic behavior of / fora—a,:

I=const/(o.—a). (34)

The formulas (32)-(34) coincide fully with the corre-
sponding formulas for the unitary ensemble. Of course, the
dependence of the coefficients a and b and of the localization
length on a is different for these two models (only the depen-
dence of / on @, — a in the critical region a, — a €a,. is the
same). Despite the power dependence (34) of /on a, — a,
the formula (33) does not agree with scaling theory, since
the pre-exponential factor in (33) tends to a constant as
a—a,.. For agreement with ordinary scaling we need an ex-
tra factor / '/? in the pre-exponential factor in (33).

The orthogonal ensemble

The investigation of localization in the orthogonal-en-
semble model is the most difficult in the technical aspect.
The complexity of the calculations greatly exceeds the com-
plexity arising in the investigation of the symplectic ensem-
ble, although, at first sight, these models are very similar. In
the orthogonal model the matrices 6,, and 6,, appearing in
(2a) have the form®

0um(0 ) nami(l ),

0<b<m, 0<0;<o0, 0<B.<oo, (35)

As in the preceding section, we reduce the integration over
U’in (6) to theintegration of exp S, where S'is written out in
(21). In the dielectric region in the limit of small 3, as in the
preceding models, large values of #, and 6, are important.
In this case 7y =6, + 6, ~In(1/f3). At the same time, the
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important values of 7, = 6, — 6, are of order unity. Despite
the great simplifications that arise for small S, the necessary
calculations are extremely lengthy. Assuming that ¥ does
not depend on the elements of the matrices # and v, we bring
Eq. (6) to the form

1 ( wn\"( expl(r,—7,)/2]sin* 0’

W (o, 0)= 16:13(—05—) J (@ =) (1+2%) "
Xexp{ann'—!/,a(1+2z*) [ch(t,—7,") + ch(1.—7,') ]}

X{a* (a—c) (a’—¢’) [eh (t,—1,") (ch(1,—7,") + nn’) (1+2?)
+ nn’ (ch (1,—7,’) + nn’) + 2% (ch (t,—7,")nn’+1) ]

+20°[ (a—c) (a'—¢") (ch (t.—7,") (1+27/2)
+ch(ti—71,) (1+2%)+2nn’)

+1/,(ss’ cos p—bb’) (nn’'+ch (t,—7,) (1+27))
+*/,2* (an’ ch (1,—1,")

+1—ca—c’a’+2(a—c) b’ sh(1.—1.")) ]
+ 2a?*[ch (v,—1,") (1+2?)

+an’+/, (55 cos p—bb’) +(a—c) ('=¢') + 2 ch (vs—7y) 1}
X (v, ', 0) eXP(Jz- e )de' sin’p dp dz dv,” d,

(36)

where

a=ch 1, a’=ch1,’, b=sh1,, b'=sht,’, c=cos0, ¢'=cos®’,
s=sin 6, s'=sin 0.

The vectors n and n’ have components n = (sin 6, cos ),
n = (sin @'cos p, cos 8'). The integration over 7] extends
from O to oo, while that over 7} extends from — o t0 0.
Equation (36) is very complicated, and we have not

succeeded in investigating it for arbitrary . However, this
equation becomes considerably simpler in the limiting cases
a>1 and a < 1. It makes sense to describe the dielectric re-
gion in the limit @> 1 if we consider the formal limit m — 1.
For a> 1 all the integrals in (36) become Gaussian, and Eq.
(36) itself becomes a differential equation. As in Refs. 5 and
7, we assume that ¥ depends on 7. Changing to the variable
z=1/2 exp 7, we obtain for a>1 and m — 1«1 the equa-
tion s

- dd;{: ——ii ¥+ (m—1) ¥ In ¥ =0,
which coincides in form with the corresponding equation for
the unitary and symplectic ensembles. The only difference is
that the coefficient of the first term in (37) is twice as large,
and the coefficient of the second term is half as large, as the
corresponding coefficients in the equation for the unitary
and symplectic ensembles. By means of Eq. (37) we immedi-
ately determine the transition point a_:

(37)

a.=1/4(m—1). (38)

The fact that Eq. (37) coincides in form with the corre-
sponding equation for the unitary and symplectic ensembles
makes it possible to apply all the formulas obtained for these
models to the orthogonal ensemble as well.

In the limit a <€ 1 the solution ¥ also depends only on 7,.
This follows from the fact that in the presently considered
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region 7,, 75 ~ 1, 7, 7{ > 1 all the variables 7, drop out. Per-
forming the integration in (36) over 73, x, p, and 6’, we
obtain in the leading approximation in a

‘I."—‘h,

2

¥ (1,)= 5L(1:,—1:") exp( )‘I’"’(r")

X eXP( - %e) dt/, (39)

where

L(x)=

2 '
e (—;L ) ch-c[Ko(%ch t)+K,(%ch 1:)]

a
%),
X exp( 7 b
For the function L (7) in the leading approximation in
the equality

£

j L(t)exp(—1/2)dt=1

—o0

(39a)

is fulfilled. From (39a), as usual, it follows that for 7, > 1,
for which Eq. (39) is valid, we have for B = 0 the solution
V = 1. This is in agreement with the general form (6a).

Making in (39) the change of variables =7,
+ 1In(5/2), we arrive at Eq. (25), in which, as L(?), we
must take the expression (39). The subsequent scheme of
the calculations is entirely analogous to that followed in the
preceding section. Introducing the function I',:

I.= 5 L(t)cos(et)dr,
where L is defined in (39), we obtain Eq. (26) for the transi-
tion point. Expanding (26), (40), and (39) in explicit form,
we obtain

(40)

1=2m(a—ﬂ°)% 5 Ki(gzc— (1+u?) ) (1+u?) " du

=21'£( 3&)"" -t (41)

n N 2n e

where 7 is a number of order unity.

Comparing (38) and (41) with the corresponding for-
mulas for the unitary ensemble,' we can see that in the pres-
ently considered limits > 1 and a €1 the inequality

a50>a6\1 (42)

is fulfilled. It is entirely natural to assume that the inequality
(42) is also valid for @ ~ 1. The case @ ~1 has not yet been
subjected to analytical investigation. However, it is hard to
see why we should expect a qualitative difference between
the results for @ ~ 1 and those fora <1 and a> 1.

Using the formulas (17) or (17a) and the lack of depen-
dence of ¥ on 7,, we again arrive at the expressions (29)—
(31). Correspondingly, the final formulas (32)-(34) are
valid for the orthogonal ensemble. Only the dependence of /
on «a far from the transition, the critical value ., and the
numerical coefficients a and 5 turn out to be different in
(33). The quantity p_ (0) (29) depends on the model, but
remains nonzero as the transition point is approached.
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4. THE METALLIC REGION

We turn to the calculation of the density-density corre-
lation function K(r) in the metallic region. In Ref. 4 it was
shown that this correlator in the region of low frequencies
and large distances in the unitary model always has the form

K(r)= ﬁw—)ze‘zlip( ——Br—) ,

cm cm
where c is a coefficient that depends on a, and 3 is related to
the physical frequency by the formula (7). The coefficient
ecm 1

D= —_— (43a)
m—1 avV

(43)

was identified with the diffusion coefficient. The expression
(43) corresponds to classical diffusion on a Bethe lattice, the
coefficient D being proportional to the frequency of hopping
to any of the neighboring sites per unit time.* In Ref. 1 the
form of the correlation function K (r) (43) was obtained for
all three types of symmetry in the limit > 1. The derivation
given in Ref. 4 of formula (43) for the unitary ensemble was
based on the use of the equation obtained from Eq. (10) by
integration over ¥ and v. However, even for the unitary en-
semble this derivation required very cumbersome calcula-
tions. For the orthogonal ensemble and symplectic ensemble
this procedure does not seem possible at all. Below we pro-
pose a simpler scheme of calculations.

It turns out that the formula (43) is a consequence of
the invariance of the Lagrangian (1) for ® = 0 under the
replacement

Q:~VQ.V, (44)

where V'is an arbitrary supermatrix satisfying the condition

Vv=1. (44a)

Naturally, with regard to the structure of the matrix V we
should also impose certain conditions, such that the super-
matrix ¥QV has the same structure as Q. These conditions
can be written in the form®
r—xvr, x=(! ).
0 K
The invariance (44) makes it possible to obtain an explicit
expression for the diffusion coefficient D in terms of the solu-
tion (taken for B =0) of Eq. (6). Formally, the metallic
region differs from the dielectric region in that, even for
S -0, the solution ¥, of Eq. (6) differs from unity and var-
ies from 1 to O upon change of the parameters of the matrix
6,, in (2) and (2a) from O to o . The solution that goes over
to ¥, = 1 at S = 0 must be discarded, since it does not give
analyticity of the physical quantities in the upper half-plane
of the frequencies.

To derive (43) we note that if ¥, (Q) is a certain solu-
tion of Eq. (6) for 8 = 0, then ¥ ,( VQV¥) is also a solution of
this equation for any FV satisfying the conditions (44a) and
(44b). This fact is a consequence of (44).

The solution ¥, (Q) in fact depends only on Q, (2).
This implies that ¥, (Q) can be represented in the form

Wo(Q)=F (STr fi(AQ), STrf2(AQ),...,STrfx(AQ)),
(45)

(44b)

where F'is a function of NV variables, and the f; are functions
of matrices. The number /N in (45) depends on the dimen-
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sions of the matrix Q. We represent V (44), (44a), (44b) in
the form
. . 0 &

V=(1+iH) (1—iH)"!, H=(ﬁ 0 ) . (46)
We shall make use of the fact that W, (VQV) is a solution of
Eq. (6) with 8 = Ofor any H, including small H. Expanding
Y( VQ—I7) in (6) in H, equating the terms linear in H, and
using the representations (2), (2a), we obtain

Edend? 8 elond? O o

=m jexp (—Z— STr QQ')‘P‘om_i(Q/) 2{ v’[exp l(éc: g, )

?), ))]21 'k, dQ’, (47)

where F | denotes the derivative with respect to the ith argu-
ment. In the left-hand side F; depends on the elements of the
matrix 6, and in the right-hand side F; depends on the ele-
ments of the matrix 6.

We introduce the function @, (Q):

0¥/a8,, 0
0 0¥/00,,

X}‘f’( exp i (?
el

) uZ"(Q).
(48)

04(Q) = v-2m 72"(Q) = v
00

The functions ¥ (Q) and Z(Q) (4) in (48) are taken for
arbitrary 3. In the unitary model,

oW 00, =0¥ /30, 0¥ [00,,=0¥ /00, (48a)
in the orthogonal model,
0‘1’/59“50‘1’/09, 0‘1’/692,50‘1"/6914"[,0‘]’/092, (48b)

and in the symplectic model,

oY 0¥ L 0¥
90, 00, 00,

Tyy

oO¥ _ oY _(0 1)
90, 90° T \q ol

Calculating the derivatives with respect to the elements of
the matrix 6 in (48) and comparing with (47), we can re-
write Eq. (47) in the form

0,(Q)= [ exp (-2 57 00" )12(0) (@) 140.(@) a0,

(49)

where

o(Q)=[Ds(Q) Jo—s.

We turn now to the calculation of the correlator K(r),
using the expression (17). In theA metallic region the eigen-
value spectrum of the operator M (11) is discrete, and, at
least, the difference between the zeroth and the first value
does not tend to zero at 3 = 0. This is a consequence of the
fact that the solution ¥ of Eq. (6) decreases to zero as 8 — oo
in the symplectic model and as 7, - « in the orthogonal
model. In the unitary model, ¥ decreases to zero as 6, — .
This case was discussed in more detail in Refs. 3 and 4. The
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decrease of the solution W leads to the result that the kernel
of M that arises after the integration of M over U differs
substantially from zero in a finite range of variation of the
elements of the matrix 6. From this follows the discreteness
of the eigenvalues of the operator M (11).

At large distances the main contribution in the sum in
(17) is made by just the state with the largest eigenvalue E,,
(B). For 3 = 0 the largest eigenvalue and the eigenfunction
@, (Q) corresponding to it can be found exactly. Comparing
Eqgs. (12) and (11) with the identity (49), we obtain

$o(Q)=c,D,(Q),

where ¢, is a normalization factor, equal to

e=| [ sTeR0.4 (@) 0,(0) 0] ™

To calculate the largest eigenvalue E,, (/3) for finite values of
[3 we take the scalar product of both sides of Eq. (12) with
the function @, (Q) (48). We have in mind the scalar prod-
uct defined by the formula (14). The result of the multiplica-
tion is written in the form

(@s, Mpz)=E(B) (s, 9x). (51)

Ihe function @, in (51) c/(\)ntains derivatives with respect to
6 (48). Integrating over 8 by parts in the left-hand side of
(51), we bring (51) to the form

Ey(0)=1/m, (50)

(50a)

E(p) (Dp, 9z) = — % B 5 STrlkQ"kes(Q") 12" (Q") ¥ (Q)
Xexp[ % STrAQ + % STr QQ’ ] dQ’ dQ
1
—=f exp( &1 20) @)

XZ"(Q’) STr[ku %mpE(Q’) ] exp( -i:— STr OO’) dQ’ dQ.
(52)

The second term in the right-hand side of (52) contains the
matrix d /96, which is in fact defined in (48a). It is assumed
that the operator of derivatives with respect to the elements
of the matrix € acts on all the factors standing to the right of
d/d6 (including the Jacobian that arises in the integration
over 6, u, and v). Comparing Eq. (49) with the derivative
with respect to 6 of both sides of Eq. (6) taken for 8 = 0, we
obtain

j U;é i exp (% STr QQ') ¥, (Q)dQ’

— m ()Y _0 =/ (i \ /) ’
Jwe@w Zwen(Lsuoe)ae. gy
However, the equality (53) is valid not only for the solution
V¥, of Eq. (6). It is fulfilled for all functions ¥, that depend
only on Q, (2). This statement can be verified by substitut-
ing an arbitrary function V¥, in place of ¥, in the left-hand
side of Eq. (6) taken for 3 = 0. Repeating the transforma-
tions (45)—(42), in the left-handgide of (49) we obtain the
matrix ¥, /360 in place of d¥,/d6. After this we can derive
(53), but now ¥, in (53) is not necessarily a solution of Eq.
(6). Varying with respect to ¥, in (53), substituting the
result into (52), and using (6), (48) for B = 0, we obtain
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B

m

[20) -] @ 00=—i

_ pE(p) ,
- ZQY@Q%0: @) (s4

The equation (54), which is valid for all 3, is simplified
greatly for values of B that are small in comparison with the
difference between the eigenvalues. Retaining only terms
linear in 3, and using (50) and (50a), we find

ic,’p

m

(Z*(Q) ¥ () 0", M=(Q))

mE(§)=1-

§ STr( kQ'*kv % a) W,"(Q)dQ.
(55)

The subsequent calculations are rather simple. First it is nec-
essary to integrate over u and vin (55). The resulting expres-
sion must be integrated over the elements of the matrix 6.
The integrand then turns out to be an exact divergence in the
space of the elements of the matrix € and the integral is trans-
formed to a surface integral over an infinitesimal surface
about the coordinate origin 8 = 6, = 6, = 0. At this point
¥, = 1, and this makes it possible to calculate the integral in
explicit form. For the unitary model more-detailed calcula-
tions are given in Ref. 4.

Calculating next theintegralsin (17a) and (50a) over u
and v, retaining in (17), at large distances, only the largest
eigenvalue, and going over to the physical frequencies (7),

we obtain
_ 4nv [ i(otid)r ]
B =30np ™ (monp I
The diffusion coefficient D in (56) is equal to

DM m+1 [( a,qfo)z-i-( 6‘F0)2+( r)‘{fo\)z]
2avy,V m—1 20 70, 00,

M-y —

Xy "™ 7 de do, de,.

(56)

(56a)

The formulas (56) and (56a) are applicable both for the

orthogonal and for the symplectic ensemble. The limits of

integration over 6, 6, and 6, are indicated in (20) and (35).

The quantity J is proportional to the Jacobians J (Ref. 5):
J=2°].

The corresponding expression for the diffusion coeffi-
cient of the unitary model is written out in Ref. 4. It differs
from (56a) by the absence of the third term in the integrand.
Naturally, we have taken the Jacobian of the unitary model
here.

In the derivation of (56) and (56a) we used only the
assumptions that Bis small and that 7 is large. For the calcu-
lation of the coefficient D for arbitrary a it is necessary to use
numerical methods. An analytical investigation can be car-
ried out only in the limits > 1 and @ — a. < 1. In the limit
a> 1 the coefficient ¢ in (43) and the diffusion coefficient D
(43a) are the same for all three types of symmetry and are
equal to'

c=a(m—1)/m, D=oa/avV. (57)

It is possible to arrive at the expressions (57) both by means
of the direct calculation proposed in Ref. 1 and by using
(56).

As in the localized region, large values of the elements
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of the matrix 6,, in Q (2), (2a) become important near the
transition point . This makes it possible to make use of the
equations (24), (36), and (39) obtained in this limit, in
which we must set 8 = 0. A scheme for finding the solution
Y for the unitary ensemble was developed in Refs. 1, 3, and 4.
Similar arguments can be carried through for the symplectic
and orthogonal ensembles as well. As a result, for the sym-
plectic and orthogonal ensembles we obtain

__p(mtt)m  expl—g(a—ac)~"]
12nv Vo (m—1) (a—o)™ '
g=n[b""(a.)oT (a.) /0] ", (58)

where p is a numerical factor. The quantity b(a) is defined in
(32). The formula (58) coincides with the corresponding
formula of Ref. 4, obtained for the unitary ensemble. Only
the coefficients p and ¢ and the critical value a. itself depend
on the model under consideration.

5.CONCLUSION

The investigation carried out above, and also the results
of Refs. 1, 3, and 4, show that the kinetics of disordered
metals on a Bethe lattice is the same for all physical types of
symmetry. Neither a magnetic field nor magnetic or spin-
orbit impurities alter the critical behavior near the metal-
dielectric transition point. In all cases the density-density
correlator has the form (33) in the localized region and the
form (56) in the conducting region. The dependence of the
localization length / on « in the critical regiona, — a <€a. is
described by the formula (34), and the dependence of the
diffusion coefficient for @ — @, <€a. is described by the for-
mula (58). The form of the density-density correlator (56)
is a consequence of the invariance of the Lagrangian (1) for
@ = 0 under the rotation (44).

The dependence of the localization length / (34) on the
distance from the transition point coincides with the corre-
sponding dependence obtained in the Anderson model on a
Bethe lattice in Ref. 8. The sharp dependence (58) of the
diffusion coefficient on @ — a, agrees with the sharp depen-
dence obtained in Ref. 9, although it is difficult to carry out a
detailed comparison because of the small number of points
calculated near the transition in Ref. 9. The formulas ob-
tained for the localized region for m = 1 agree completely
with the corresponding formulas obtained in one-dimen-
sional models differing from those considered above.'® The
only discrepancy is a discrepancy with the result of Ref. 11,
in which a linear decrease of the diffusion coefficient near the
transition point was obtained. In Ref. 4 a possible reason for
this discrepancy was discussed in detail.

The results obtained above have made it possible to de-
termine the direction of the shift of the transition point a,
under different physical perturbations. For example, an ap-
plied magnetic field, according to (42), expands the metallic
region. In the absence of a magnetic field the critical value .
for a system with spin-orbit impurities is higher thana_ ina
system with magnetic impurities [see (28) ]. It is necessary
to recall that a magnetic field and magnetic impurities in-
duce different shifts of the transition point because of the
difference of the coefficient 7, in (1). Combining the formu-
las (28) and (42) with the formula (7), we can consider the
remaining cases.
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