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Nonlinear interaction of ion and electron oscillations excited in a plasma by a fast ion beam are 
investigated theoretically and experimentally. It is shown that the low-frequency instability is 
suppressed when the electron oscillation intensity is sufficiently high. 

1. Nonlinear interactions between high-frequency (rf) 
and low-frequency (If) oscillation modes, including strong 
turbulence effects due to modulational instability, were ex- 
tensively investigated in electron-beam-driven plasma sys- 
tems not only theoretically but also experimentally (see, 
e.g., Refs. 1-7). To illustrate the importance of these nonlin- 
ear processes in the relaxation of electron beams we note, for 
example, that transfer of the energy of unstable Langmuir 
oscillations to the short-wave region of the spectrum via 
two-stream instability can increase appreciably, on the one 
hand, the beam relaxation length2 and ensure, on the other 
hand, efficient heating of the 

We report here the first theoretical and experimental 
investigations of the effects of strong linear interactions of 
plasma electron and ion oscillations excited by a fast ion 
beam. Suppression of the If ion-beam instability is observed 
at high rf oscillation excitation levels. This effect can be used 
to improve the transport conditions for fast ion beams, since 
ion oscillations play the dominant role in the radial spread of 
such beams. 

2. We dwell first briefly on the nonlinear properties of lf 
and rf oscillations of an ion-beam plasma. As shown in Ref. 
8, at low frequencies the dispersion equation takes the form 

where R and q are the frequency and wave number of the If 
wave, wpi and a,, are respectively the Langmuiq frequencies 
of the plasma ions and of the beam, and d, is the Debye 
radius of the plasma electrons. In the terms that describe the 
plasma ions, the second term in the parentheses takes into 
account the finite ion lifetime r due to their radial collision- 
less escape from the system." 

Bearing in mind experimental applications, we consider 
the spatial instability of the oscillations. In our case the beam 
velocity satisfies v, 2 v, (u, is the electron thermal velocity), 
so that the If oscillations are almost transverse, q, $ q l l  -a/  
u, ( q l l  and q, are the wave-vector components along and 
across the beam-propagation direction). Introducing the 
quantity 7t = q,, - a/v, ,  we obtain from ( 1 ) 

real positive roots x,,, (this calls for w P i r  > 3,  which is in- 
deed the case under experimental conditions), in the range 
x ,  < ( R / o p i  ) <x2 ion-acoustic oscillations attain the maxi- 
mum growth rate 

when the transverse wave number satisfies 

qLZde2= [ ( w P , / Q ) ? (  1-2/3"'Qr) -I]-'. 

If (SZ/wp, ) > x,, the growth rate continues to increase with 
increase of R all the way to SZzw,,, where it reaches an 
absolute maximum 

while the unstable oscillations are short-wave ion plasma 
oscillations with q : d : )  1. With further increase of SZ the 
growth rate decreases rapidly, and in the region (a/ 
wpi ) < x ,  it drops monotonically to zero as SZ + 0. 

Note that these results are valid if the ion lifetimes are 
not too long: opi r ~ u o o p e / v e w p b .  Otherwise a finite growth 
rate as r+ w is ensured by taking into account qll in the 
denominator of the second term of Eq. ( 1 ). For the experi- 
mental situation described below, however, the above equa- 
tions suffice, since wpi 7- 10 holds and the indicated inequal- 
ity, the right-hand side of which is greater than 2.102, is 
indeed valid. 

Excitation of rf oscillations by an ion beam is described 
by the dispersion equation9 

where k is the longitudinal wave number of an rf wave of 
frequency w ,  and the electron term 6 ~ ,  takes the standard 
kinetic form. Far from resonance (the rf oscillations were 
excited in the experiments at a frequency w z o , , / 2 ) ,  the 
spatial growth rate is 

where 

where 
= I  1 ,  Q=[ ( o , l ~ ~ ) ~ + X . ~ ~ ] " ,  

1 a,," a = l + - - -  o,, 2 
, .=(-) -. 

q:d,Z O2 R o),,.s 
( 3 )  

and k,  is the transverse wave number. The spatial growth 
rate increases with decrease of k, .  Note the longitudinal 

At fixed R ,  the maximum growth rate is reached at a certain scales of the waves vary substantially, k I I  - -w/uo$qll - R/ 
optimal 9, .  If the equation x3 - x + (2 /3 '12wp, 7 )  = 0 has u,,, a fact we shall find important later on. 
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3. We examine now nonlinear interaction of the rfand If 
oscillations. We consider first the case R = wpi, when the 
spatial growth rate is a maximum and q) k. Wave interac- 
tion of this type was considered in weak-turbulence theory 
within the framework of the mechanism of induced scatter- 
ing by electrons (see, e.g., Refs. 10 and 11). In interactions 
between electron and ion plasma waves, however, this mech- 
anism contributes noticeably only to the evolution of the rf 
oscillations, while the If oscillation level does not change 
significantly. In our case, the weak-turbulence approxima- 
tion is inapplicable (in the experiments Ei/47rnoe 
x T, 5 lo-', where E, is the amplitude of the rf-wave elec- 
tric field). In addition, the beats of the rf and If oscillations 
are produced in the region of the natural modes of the sys- 
tem, so that a stronger decay-type interaction mechanism is 
present. 

Indeed, nonlinear interaction of If and rf waves pro- 
duces oscillations with beat frequencies w, 
= R + w z + o a n d w a v e v e c t o r s k *  = q + k . S i n c e k I f  
z + k ,, , the beat waves are in resonance with the beam 
( w , z k * v,,) and are consequently close to the natural os- 
cillations of the system. At R -api ( Ik * Id, zqde  ) 1 ) they 
are beam space-charge waves, k ,f z (w , + wpb )/v,. The 
plasma electrons take practically no part in the ion plasma 
oscillations, so that the main contribution to the interaction 
is made by the nonlinearities in the dynamics of the beam 
ions. Accordingly we describe the electrons by the nonlinear 
Vlasov equation and the plasma ions by the linearized hy- 
drodynamic equations; the nonlinear terms are taken into 
account only in the hydrodynamic equations for the beam 
ions. We close the system of Poisson equations. We represent 
the beam variables as superpositions of oscillations of funda- 
mental and combined frequency, and assume in the equa- 
tions for the plasma components that the plasma ions and 
electrons take part respectively only in the rf or lf oscillations 
at the fundamental frequencies. Next, excluding the vari- 
ables that describe the plasma components and the electric 
field, we introduce dimensionless beam variables: 

4 6nb &V 
, 2= - -  

6n, , N = -  , n,=--, 
k nab 'Lo(, nab 

where anb, 6N, and 6n + are the variations of the beam den- 
sities at the respective frequencies w, R, and w , ; $, \V, and 
$, are the potentials of the beam-velocity perturbations at 
the same frequencies; z is the distance along the beam-propa- 
gation direction. As a result we obtain a set of equations that 
describes the wave interaction at the fundamental and com- 
bined frequencies: 

d n+ -- T O N  ( R e  g&i Im g) =0, 
a x  h i  

(8 

dg* --- + D=n,i0G (Re g&i In1 g) =O. 
d z 

(9)  

Here 0 = kq/kq, A = 1/3 (o = ope /2). In the case consid- 
ered here ( R  = wpi) we must put D ,  = 1 in (8)  and (9),  
and use the coefficient B = 5i for 7 = 10/wpi, in approxi- 
mate agreement with the experimental value. We emphasize 
that the system (6)-(9) describes strong coupling of the 
waves, since two modes participate in the interaction at each 
of the frequencies. For the fundamental frequencies these 
are pairs consisting of a growing and a damped wave, and for 
each of the satellites these are a fast and slow beam space- 
charge wave. 

The system (6)-(9) was solved numerically in a wide 
range of boundary conditions for 0 = 4. The boundary con- 
ditions were set for the quantities 

where v,,, are the amplitudes of the beam-velocity modula- 
tion at frequencies w and R on entering the system. The re- 
maining variables are assumed to be zero on the boundary. 
The calculations were performed for 0.125<g(0)<2. 
10-3<G(0)<0.5. A typical solution for g(0)  =0.5 and 
G(0) = lop2 is shown in Fig. 1. It can be seen that starting 
at x = x . ,  for which n (x. ) 2 1 or 

the If-wave amplitude growth rate decreases substantially 
compared to the linear rate (trace 1 ). The satellites increase 
in space first more rapidly than the If wave, and at x = x, 
their growth rates become equal. More frequent oscillations 
at all amplitudes are observed at the same time. 

The degree of suppression of the If instability depends 
on the rf-wave amplitude at the input to the system. Trace 1 
of Fig. 2 shows the numerically obtained If-wave amplitude 
at a distance z = 5v,/wpb (approximately 150 cm in the ex- 
periment) as a function of the amplitude limit of the rf 
waves. Trace 2 of this figure shows the corresponding depen- 
dence of the satellite amplitude. 

The characteristic features of this process remain the 
same throughout the entire region R-wpi in which 
q2d, > 1. We consider now the singularities of wave interac- 
tion at (R/wpi ) <x,, when q,de 5 1. Since in this we also 
have I k Id, 5 1, the phase velocities of the combined waves, 
which are close as before to the natural waves of the systems, 
are comparable with the electron thermal velocity v,. [The 

FIG. 1. Beam-density oscillation amplitude at the ion (curve 1 ), electron 
(2) ,  and combined ( 3 )  frequencies vs the longitudinal coordinate. The 
dashed curve corresponds to the linear solution [g(O) =0.5, 
G(0) = 0.011. 
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FIG. 2. Oscillation amplitude at the ion (curve 1) and combined (2)  
frequencies vs the initial pump-wave amplitude [R = o,, , G(0) = 0.01 1. 

satellites become unstable or, more accurately, the slow 
space-charge wave grows in space, while the fast ones are 
attenuated. The growth rates of these waves are calculated 
from Eq. (4)  in which a and f l  are replaced by a + and /3+ , 
with the latter obtained by substituting w + and k* in (5)  
for w and k. 

As R decreases the spatial growth rates of the satellites 
increase, their amplitude increase more rapidly, and the 
nonlinear action on the If waves, proportional to these am- 
plitudes, becomes more effective. As R decreases, however, 
q, also decreases, so that the coupling coefficient of the If 
and rf waves becomes smaller; in other words, the threshold 
of the suppression effect ( 10) increases. An optimal depen- 
dence of the degree of suppression of the If instability on is 
therefore to be expected. This is confirmed by numerical cal- 
culations (Fig. 3 )  based on the system (6)-(9) with an ap- 
propriate change of variables: 

It should be noted that If waves of the ion-acoustic type 
are excited if R/w,, < x ,  (q, de 5 1 ). An important role in 
such If oscillations is played by the motion of the electrons, 
and it must therefore be ascertained that the linear descrip- 
tion is applicable to them. Calculations show that nonlinear- 
ities become noticeable in electron dynamics if 

Comparing this inequality with ( l o ) ,  we verify that under 
the experimental conditions (w -- a,, /2) the electron non- 

FIG. 3. Ratio of theamplitudes of thenonlinear oscillations and the linear 
If oscillations vs their frequency [G(O) = 0.01 1 .  

FIG. 4. Diagram of setup: I-duoplasmatron ion source, 2-extracting 
electrode, 3-magnetic lens, 4--ion beam, 5-modulator, 6-probes, 7- 
collector. 8-modulator. 

linearities are important only at low frequencies 
R ~0.2w, ,  (q, 'de *zzO.l). This region, however, is of little 
interest, since the growth rate of the If instability is quite 
insignificant here ( y, ~ 0 . 1  yam ) . 

4. The experiments were performed with the setup 
shown schematically in Fig. 4. A helium-ion beam was ex- 
tracted from duoplasmatron source 1 by the field of extrac- 
tor 2, was focused by magnetic lens 3, and passed through a 
chamber - 500 cm long and - 35 cm in diameter to collector 
7. The beam current was 10-20 mA, the energy eU, = 25 
keV, and the ion density (2-3). lo7 cmP3. The plasma was 
produced by ionizing air whose pressure in the principal ex- 
periments was -2. lop4 torr, with the plasma density 5-10 
times higher than the beam density. The plasma electron 
temperature T, was measured with a three-electrode probe- 
analyzer whose plane was parallel to the ion-velocity direc- 
tion. With the collector grounded, T, =:3 eV, and when the 
collector potential was raised or when electron oscillations 
of sufficiently high amplitude were excited, the value of Te 
could reach 8 eV. The fluctuations of the potential were in- 
vestigated with probes 6. The beam velocity was modulated 
at the electron frequencies by a three-grid modulator 5 con- 
nected to an rf oscillator, and at the ion frequency by modu- 
lator 8 consisting of two plates connected to a low-frequency 
oscillator. The plates were placed in the ion beam in such a 
way that the sinusoidal electric field in the resultant capaci- 
tor was perpendicular to the beam-ion velocity; the distance 
between the plates was of the order of the electron Debye 
radius ( 3  mm). 

In the absence of modulation, both electron and ion 
oscillations were spontaneously excited in the system, with 
amplitudes that increased in space. The linear characteris- 
tics of these oscillations were investigated in detail in Refs. 8, 
12 and 13. It was shown that at low frequencies (f2-w,, ) 
the maximum growth rate is possessed by ion Langmuir os- 
cillations (qfd 3 3 1 ), the oscillation damping is due mainly 
to the finite lifetime of the ions in the system, and the disper- 
sion and growth rate agree well with the theory expounded 
above. Beam modulation excited in the system quasi-plane 
waves with a wave vector almost perpendicular to the beam. 
At high frequencies (w -w,, ), axisymmetric modes are ex- 
cited with a transverse wave number k ,  -2.4/rb (r, ~ 2 - 3  
cm is the beam radius). Since we have k r, 2 5 under the 
experimental conditions, the radial confinement of the sys- 
tem did not affect the excitation of the oscillations, '' and the 
spatial growth rate in the frequency region w < w,, agreed 
well with the hydrodynamic value assumed in the calcula- 
tions above. Note that in the experiment the rf wave had a 
cylindrical structure, whereas in the theory it was assumed 
to be planar. This difference, however, has little effect on the 
nonlinear interaction, since the transverse dimensions of 
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FIG. 5. Spectra of low-frequency (left) and high-frequency (right) oscil- 
lations at various modulating voltages ( fi = 1 MHz, f, = 38 MHz, air 
pressurep = 2 .  10W4 torr, z = 150 cm).  

both the ion wave the satellites are considerably smaller than 
therfwave (q,)k,, k: Bk, ). 

To observe the nonlinear interaction of the wave, the 
beam was modulated at a frequency w z w , ,  /2. The use of 
modulation permitted a substantial increase of the pump- 
wave amplitude. The rf effect on the If instability is most 
clearly demonstrated in Fig. 5, which shows the spectra of 
the ion (left) and electron (right) oscillations at different 
modulation amplitudes U, . It can be seen that for sufficient- 
ly large U, the high-frequency part of the spectrum con- 
tained, besides the signal at the modulation frequency, satel- 
lites of frequency o , a. According to the theory above, the 
amplitudes of the two satellites are equal. Likewise in accord 
with the calculations, the appearance of satellites is accom- 
panied by a decrease of the If-oscillation amplitude. The 
quantitative features of the observed effects are demonstrat- 
ed in Fig. 6,  which shows the rf (curve 3) and If (curve 2)  
oscillation amplitudes and the satellite amplitudes (curve 1 ) 
as functions of the rf oscillator voltage. The measured depen- 
dences are seen to be similar to the analogous ones derived in 
the theory (cf. Fig. 3). The parameter that characterizes the 
pump-wave level at which the If instability is suppressed 
ranges here from 0.01 to 0.1, which agrees in order of magni- 
tude with condition ( 10). 

For a more detailed comparison with the theory, we 
investigated the dispersion properties of the satellite waves. 

q, arb. un 

k 

FIG. 6 .  Amplitudes of potential oscillations at the combined (curve 1 ) ion 
( 2 )  and electron ( 3 )  frequencies vs the modulation voltage (p = 2 .  lop4 
torr, z = 150 cm). 

I 
0.5, 1.0 , 1.5 f, MHz 

FIG. 7. Satellite-wave transverse phase velocity vs wave number (fre- 
quency) of the ion oscillations. 

The transverse wavelength was measured by microwave in- 
terferometry using two probes, one fixed and the other radi- 
ally movable. The resulting dependence of the transverse 
phase velocity up, of the satellites on the wave number or 
frequency of the ion oscillations is shown in Fig. 7. As ex- 
pected, the phase velocities are in the region up, 5: v, with up, 
decreasing with decrease of the ion-oscillating frequency. 
The extent to which the lf instability is suppressed as a func- 
tion of the ion-oscillation frequency agrees with the mea- 
sured dispersion characteristics, hence also with the theory 
(Fig. 8) .  As the frequency is lowered, the suppression first 
increases as a result of the increase of the phase velocity, and 
hence of the growth rate of the satellite waves. Subsequently, 
as the interaction of the ion and electron waves weakens, the 
suppression decreases again. At an electron temperature 3 
eV, the stabilization is strongest for oscillation of frequency 
f = 0.75 MHz (curve 1 ), corresponding to up, =:7. lo7 cm/ 
s ~ 0 . 7 ~ ~ .  Raising T, by applying to the collector a positive 
potential shifts the resonance towards lower frequencies 
(curve 2).  

To prove that the observed suppression of the If instabil- 
ity is due to nonlinearities in the beam-particle dynamics, we 
performed calibration experiments which demonstrated 
that nonlinearities in the plasma-particle dynamics did not 

0- 
0.5 1. 0 1.5 f ,  MHz 

FIG. 8. Ratio of the amplitude of the low-frequency oscillations in the 
presence and absence of pumping ( p  = 2.  lop4  torr, z = 150 cm). 
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play a decisive role. The experiment consisted of measuring 
the characteristic damping times of the ion oscillations, us- 
ing the procedure developed in Ref. 14. A signal from a 
square-wave generator was applied to a low-frequency mod- 
ulator. At sufficiently long pulse durations, the perturba- 
tions produced by the leading and trailing edges are trans- 
ported independently of one another and spread in space. 
Solution of the corresponding problem with the initial and 
boundary conditions yields the following dependence of the 
If-wave potential on position and time14: 

cF ( t ' ,  X )  = (5,) '" exP ( t l ~  sin rl - 
( 6 x x g )  " 2 

x s in( t l t  cos 11 + E) 
2 '  

where 

It can be seen from ( 11 ) that the potential at a fixed point in 
space first increases with time and then decreases. The char- 
acteristic fall-off time is equal to the plasma-ion lifetime R / 
Ei (Ei is the characteristic ion escape velocity in the trans- 
verse direction). Experiments performed in the absence of a 
pump wave led to good agreement between the signal wave- 
form and the expression of Ref. 14. Typical potential oscillo- 
grams obtained in such experiments are shown in Fig. 9a. If 
the suppression of the instability were due mainly to nonlin- 
ear effects in the plasma-particle dynamics, a pump wave of 
sufficient amplitude would shorten the oscillation damping 
time substantially. Yet it is seen from Fig. 9b that the nonlin- 
ear wave interaction does not change the oscillation damp- 
ing time much, so that the stabilization of the ion oscillation 
is due mainly to nonlinear effects in the beam-particle dy- 
namics. 

5. These experimental data agree on the whole with the 
results of the theory, but no account was taken in the latter of 
the possibility of a nonlines: interaction between the satel- 
lites and the electrons. Interest attaches to the question of 

FIG. 9. Oscillograms of probe signal (lower trace) and of the modulating 
signal (upper): a-U, = 0, b--U, = 1000 V ( r  = 150 cm, p = 2. 
torr). 

FIG. 10. Analyzer probe delay curves in the absence of modulation at the 
low frequency (curve 1 )  and in the presence of modulation (2)  
( U, = 1000 V, p = 2.  torr). 

the validity of such a theory. It is natural to assume that 
when not only the electron but also the ion oscillations have 
large amplitudes, the satellite-wave amplitudes can become 
so large the oscillation time of the resonant electrons in the 
potential of these waves becomes comparable with the time 
they take to travel across the beam (2ek : q, /m) - ' 1 2 ( ~  / 
v,, ) i.e., the satellite waves become capable of capturing 
these electrons. In our experiments this condition is met al- 
ready at p > 0.02 V for satellites with k , -- 3 produced by 
interaction of the pump wave with the ion Langmuir oscilla- 
tions. It is also natural to expect, in the case of nonlinear 
interaction of the waves with the particles, a change in the 
character of the nonlinear interaction of the waves with one 
another. In particular, this can be manifested by a loss of 
wave-vector resonance as a result of the nonlinear shift of the 
wave number, and consequently by a weaker suppression of 
the If instability. That electrons are trapped by satellite-wave 
fields was revealed in experiment by the change of the elec- 
tron distribution function at low energies, i.e., in the region 
of the resonance with the waves in question. These experi- 
ments were performed with allowance for the fact that rais- 
ing the pump-wave level does not by itself cause electron 
heating or an increase of the static potential p,, of the 
space." The  experiments were therefore performed at a 
fixed pump-wave level and with variable level of the If oscil- 
lations that influenced neither T, nor p,, . Figure 10 shows 
plasma-electron delay curves measured with an analyzer 
probe. Curve 1 was obtained in the absence of modulation 
and curve 2 in the presence of lf modulation of relatively high 
amplitude. It can be seen from the figure that the curves 
overlap at high delay potentials, but that at low U the plot 
obtained under nonlinear wave interaction conditions lies 
much higher, and the saturation current is correspondingly 
larger in this case. At constant electron density and tempera- 
ture, the increase of the saturation current can be attributed 
only to the appearance of a directed velocity, i.e., to electron 
trapping. This increase of the transverse electron flux was 
accompanied by a decrease of the longitudinal flux (i.e., a 
decrease of the electron current to the collector). The char- 
acter of the nonlinear interaction of the waves is fundamen- 
tally changed when electrons are captured by satellite ions- 
there is no suppression of the If instability in this case. The 
satellite amplitudes reach a rather high level, up to 30% of 
the pump-wave level. 
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instability. Good agreement was found between the theoreti- mizdat, 1982, p. 190. 
cal and experimental dependence of the If-instability sup- 
pression on the rf-oscillation amplitude and on the frequen- 
cy of the ion oscillations. Experimental confirmation was 
obtained for the theoretically deduced dominant contribu- 
tion to the interaction by the nonlinearities in the beam-ion 
dynamics. It was established that if the ion oscillations are 
large enough the resonant electrons are trapped by satellite 
waves, and in this case there is no suppression of the If insta- 
bility. 
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