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The emission spectrum of a hydrogen atom acted upon by a field H + F + E,, (¢) isinvestigated
analytically (H is a quasistatic magnetic field, F a quasistatic electric field, and E, (#) = E, cos
ot a high-frequency quasi-monochromatic electric field) . It is shown that the most radical
changes take place in the hydrogen-atom emission spectrum when the quasistatic field H + F
splits the energy levels of the atom into sets of equidistant sublevels (this corresponds to the
condition H*F = 0), and the frequency of the field E,,, is at resonance with this splitting. In this
case the hydrogen spectral lines undergo additional splitting. The additional resonant splitting of
an arbitrary hydrogen spectral line is calculated in two cases: 1) F = 0,2) H1F, E, (¢) LH,

E,, (2)LF. Also analyzed is the spectrum of the La line if the frequency of the field E, (),
arbitrarily oriented relative to the vectors Hand F (HLF), is at resonance to the splitting of the
upper atomic level. It is shown that if the field H + F shapes the quasistatic profile of the
hydrogen spectral line in the plasma, characteristic reliefs can appear under the influence of the
field E, (¢) in definite places on the quasistatic profile of the hydrogen line. Experimental plots of
such reliefs would make it possible to determine the amplitude of the field E, (¢) in the plasma.

1.INTRODUCTION

Spectroscopic methods are widely used at present for
diagnostics of high-frequency (hf) quasi-monchromatic
electric fields (QEF)

E, (t)=E, cos ot (1)

in a plasma.'~® Strong fields (1) can exist in a plasma in
which strong currents flow, the magnetic fields are reccon-
nected, or the plasma is acted upon by electromagnetic radi-
ation. A method of measuring hf QEF in a plasma, envel-
oped in Ref. 4, is based on recording the “reliefs” on the
quasistatic Stark profiles of the spectral lines (SL) of hydro-
gen. These reliefs are due to the onset of resonance between
the hf QEF frequency and the Stark splitting of the upper (or
lower) atomic level under the influence of a quasistatic plas-
ma electric field F,. (The field F, can consist of individual
microfields of the ions or low-frequency plasma-turbulence
fields.) The relief procedure was used for the diagnostics of
hf plasma turbulence in various experiments (see Refs. 4-7).
In many experimental situations, however, the plasma isin a
strong field that can radically transform the profiles of the
hydrogen spectral lines (see, e.g., Ref. 8). A static magnetic
field H can influence the radiation spectrum in two ways:
first, via the Zeeman effect and second, via the Stark effect in
the Lorentz electric field F, = ¢~ 'v)XH(v is the atom ve-
locity).

The aim of the present paper is an examination of the
resonant effects in the emission spectra of hydrogen atoms
with participation of an hf QEF (1) and of two quasistatic
fields, magnetic H and electric F=F, + F,. In Sec. 2 we
examine the physical meaning of the resonance effects.
These effects are quantitatively investigated for different ori-
entations of the vectors H, F, and E,,. Analysis of the validity
limits of the obtained solutions is the subject of Sec. 4. In Sec.
5 we discuss the results.
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2. ESSENCE OF RESONANCE EFFECTS

Let a hydrogen atom moving with velocity vin a plasma
be acted upon jointly by an hf QEF (1) and quasistatic fields:
a magnetic field H and an electric plasma field F,. The
Schrodinger equation for the hydrogen atom can then be
represented in the form (we use here and below the atomic
unitsi=m, =e=1)

i0®/9t=(F.+rE, cos ot+Vy+V,+V,) D, 2)

Va=wLH, V.=rF,=c 'r[vH], V,=1F,,

where 5, is the unperturbed Hamiltonian, L the orbital
momentum of the electron, r the radius vector of the elec-
tron, and u, the Bohr magneton. We assume that the fre-
quency of the field (1) and the characteristic matrix ele-
ments of the interactions with the fields H, E,, F, and F,, are
small compared with the distance between the considered
level n(n is the principal quantum number) and the neigh-
boring level # + 1, but is on the other hand much larger than
the spin-orbit splitting of the level n.

We solve the Schrodinger equation (2) using as the ba-
sis the states obtained by diagonalizing the static magnetic
and electric interactions.® According to Ref. 9, the splitting
of level n of a hydrogen atom in a field H + F is given by

Eanrnr= 24|+ [%a| ", (3)
I’L’, n”='—j7 _]+11 coen s ]=(n—1)/2’
where the vectors %, and %, are of the form
%= H—"/,nF, n,=p H+*/;nF. (4)

The wave functions (WF) corresponding to the frequencies
(3) can be written in the form

i
(Pn'n'n"(r>= Z Di'il(oyaho)D""h(Ov _a210)cpnl'|iz(r)1 (5)

iy, ip=m=]
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where a and @, are the angles between the vector H and the
vectors x, and %,, D/, ., are Wigner functions, ¢, , (r) are
WF in parabolic coordinates with quantization axis along H
and coinciding with those defined in Ref. 10 (the choice of
the signs of the arguments of the functions D’,,;, and D/,
accords with the choice of phases @,,; ,; , of the WF), and the
quantum numbers i, and 7, are uniquely related with the
parabolic quantum numbers 7, and n, i
=2"'m+n,—n),i,=2""(m—n,+n,).

It is easy to show that the only nonzero coordinate ma-
trix elements are

<q)nn’n”|rlcpnn’n">y <(Pnn'n"|rlcpn,n'il,n”>1

<(Pnn'n”]r|q)n,n',n"::1>-

Therefore one-photon resonance transitions can be induced
by the field (1) between the sublevels ¢,,,,, (3) only if the
frequency w is close to either %, or x,. Resonance effects will
be most noticeable under the condition x, = x%,. In this case
the sublevels (3) (which are, generally speaking, degener-
ate) are equidistant and all the sublevels become involved
simultaneously in the resonance w~x,. The equality
%, = %, corresponsds to the situation H-F = 0, of which the
particular case H = 0 was considered in Refs. 11-15. The
present paper is devoted to resonance effects as functions of
the relation between the intensities of the fields H and F that
satisfy the condition HF (F = F, + F,) acting on different
hydrogen atoms in the plasma can be made orthogonal, for
example in the case when F, > F, or in the case when intense
low-frequency eletrostatic noise develops in a plane perpen-
dicular to the magnetic field (see, e.g., Ref. 16).

3.CALCULATION OF HYDROGEN SPECTRAL-LINE
SPLITTING UNDER RESONANCE CONDITIONS

Let the vectors H, F, and E, have in an xyz coordinate
frame the form

H=He,, F=Fe, E,=E.e.tE,e,+E,e,

(e, e,, and e, ) are unit vectors along the axes x, y, and z).
We seek the solution of Eq. (2) for the level 7 in the basis of
the WF ¢nmmrlr] (5) :

(D (ry t) = th (t) (Ph<r) exp[—ignt_iann’n"t
R

—i(ruEo/o)sin ot],
(6)
Trakp = <(Pl\'a l r I@kﬂ)?

where k= (n, n’, n"), &, is the energy of the unperturbed
level n, and ¢,,,,,- are, by virtue of (3) and (14), equal to

Eanne=(n"+n" )%, x=(W H*+9In*F?/4)",

(7N

n’v n”=_jv _j+1v-"1j7 ]=(n—1)/2

Substituting (6) in (2) we get
5

br,=—1 cos mtzl Ton Bobs expliuas sin ot+i(—1)?xt], (8)
p=2

where
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k'E(nv n’v n”)v kzm(nv n,'—iv n”)v
ky=(n,n'+4, n"’), k=(n,n',n"—1),
ks=(n,n',n" + 1), ug,pa="0ry g Eo/0,

5l'kakﬁ = Thgke, — Tkpkp-

We assume satisfaction of the multiphoton resonance condi-
tion

%=qﬁ)+A» q=11 2,..., |A|<<(07 9)

where A is the detuning. Using the resonance approxima-
tion, we neglect in (8) the terms containing rapidly oscillat-
ing coefficients (with frequency ~rw, r#0). As a result we
get

by, =1

5
p=

(— 172 e Bobi g g (nye,)
2

X u;?},,pexp[i(— 1)? tA], (10)

where J, (u) is a Bessel function.

We consider the solution of the system (10) for differ-
ent relations between the vectors H, F, and E,. To this end,
we note first of all some properties of the matrix elements r;,
contained in (10). The only nonzero diagonal matrix ele-
ments can be x,, and z,,. while y,, =0. In addition, the fol-
lowing relations hold:

lim 2y, = lim 2y, = lim &, = lim 2,,=0 (k+p). (11)
H->0 F0 H-0 F—>0

Consider the case F = 0. In this case, without loss of
generality, we put E,, = 0. Taking (11) into account, it is
easily seen that at F = O the system (10) describes the behav-
ior of the hydrogen atom (in a state with principal quantum
number n) in two effective static fields: a magnetic field
h =g 'e, A and an electric field

f=qE.e.J,(3nE/2w) (3nE./20)"".

Therefore, according to (3) and (4), the additional splitting
of the level n takes the form

D, = (n'+n") [A* *nPE 2T 2 (3nE,./ 20)
(3nE./20)"21",(12)

where n',n" = —j, —j+ 1,..., j,j= (n — 1)/2. In accor-
dance with (5), (6), (9) and (12), we represent the solution
of Eq. (2) in the form of the WF of a quasi-energy state
(QES)

(Drm"n" (l', t) = exp (_ig"t_ikﬁgvﬂy ’t)

+5
X Z Dr{'h(oy BivO)D’n"iz(Ov_BhO)

iy, ig=—]

x(_1)'g(n.,n,,m)
X exp{—-immt—i[3n (4—n2) Eo/20 ]8I0 08} Qi (1), (13)

where @, , ., (r) is the WF in parabolic coordinates with
quantization axis z [ =2"'(m+n,—n), i
=2"Ym — n, + n,); B, B, are the angles between the z
axis and the vectors w, = 3/2nf + ¢,A. In Eq. (13) at
qg=2p+ 1(p =0,1,2,...) all the F(n,,n,,m) are zero, and at
qg=2p (p=1,2,..) we have F(nn,m =0) for the states
|nn,m) for which
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(nz_nh m)z(i_n1 0)7 (2-”, 1)1 ceey (OQ n—_1)?
(3—n, =2), (4—n, —1),..., (2, n—-3); ...,

and F(n,,n,,m) = 1 for the states |n,n,m) for which

(ne—ny, m)=(2—n, —1), (3—n,0),..., (1, n—2);
(4—n, =3), (5—n, =2),...,(3,n—4);...,

where n is the principal quantum number. We reduce the
expression for the spectrum of radiation L, with polariza-
tions x, y, and z(g =1 in (9) in the case 3E,/w<1), ob-
tained with the aid of the WF (13):

1

L(Aw)=I,(Ae) =4“‘Z,{ 271 (3E /)8 [Ao—(—1) ‘0]

§=0

+Z [1—(=1)*A/Q:]%8[Ao— (1) (Qu—(~1)"0) ]},

I.(Aw) =286 (Aw). (14)

Here and below the frequency Aw is reckoned from the un-
shifted  position of the spectral line, and
Q, = (A2 +9EZ /42 1t follows from (14) that the most
radical changes produced by the field (1) in the emission
specrum occur in the case of exact resonance (A =0). In
this case each Zeeman component in the spectra
I, (Aw) and I, (Aw) undergoes a splitting that is linear in
E, . Atlargeoffsets, |A|> 3|E,, | /2, the spectrum (14) goes
over into the spectrum for the Zeeman effect, on which are
superimposed two satellites of intensity o EZ, at the fre-
quencies Aw = + w.

Let now H = 0. We assume for the sake of argument,
just as in the case F = 0, that the vector E, is in the xz plane.
It is easily seen that at H = O the system (10) describes the
behavior of a hydrogen atom in an effective electric field

f'=q(—1)""E,.e.J (3nE./20) (3nE./20) '+ (2A/3n)e,,
(15)

and the additional splitting of the level n is therefore

Mmrng="/an (ny'=ny") '
=(n,/—n") [A*+@*E2]? (3nEw/20) 0*/E1"  (16)

n; and n; are parabolic quantum numbers), which agrees
(atg = 1 and E,/w < 1) with the results of Refs. 12 and 13.
The quantities 4 1), , (16) correspond to the following so-
lutions of Eq. (2):

O (81 1) = eXp (i al—ihuminst) 3y D'r1(0,6,0)

)(Diz'fz(09 —ev O)
X exp[—3in (n,—n,) E,, sin 0t/20—i(n,—n,) ©t]@ai,:.(r). (17)

Here 6 is the angle between the vector F and the vector f’
(15), j=(n—1)/2, @, are WF in parabolic coordi-
nates with quantization axis along F, and i,, i,, i}, i; are
expressed in terms of the parabolic quantum numbers as fol-
lows:
i,=2"'(m+n,—n,), i,=2"'(m—ny+n,),
i/ =2"'(m'+n,’—n,), i,/=2"'(m'—n,/+n/).

Inthe case H #0and F #0the system has a simple ana-
lytic solution for arbitrary n if Eo||y, ¢ = 1. Since all the ma-
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trix elements y,, = 0, the factors of form J, (ukakB)uk:k],, in

(10) should be replaced by their limiting value, which equals
1/2 (as Up ks —0). In this case the system (10) describes the
behavior of a hydrogen atom in a superposition of two effec-
tive static fields, magnetic (A/x)He, and electric (A/
x)Fe, + (E,/2)e,. The additional splitting of the level
can therefore be represented in the form

D= (K'+E") (A*+9n2E,*/16) ",
—j+1,...,7; j=(n—1)/2.

(18)
k,1 k”=_j9

In the case of arbitrary orientation of the vector E, rela-
tive to the vectors F and H (if F #0and H #0), the solution
of the system (10) for the level n = 2 leads to the following
four QES WF:

D, ,(r,t) = exp(—i&l+iApt) Qsp™"
[ BB, exp(—iz,E,,®~" sin wt)
XL Be (pR.t2-'A)
B,B, exp (—igwt—iz;:Eo,0~" sin ot)

@y

GRF2-A) (PRt 2-A) 7
B
+B—‘_exp (igot—izsExo0~" sin of) @;
1
_ B, exp(—iz,E,;0~" sin ot) (p‘], (19)
sR,+2-'A
wheres = — 1, I; p= — 1, 1; B ¥ is the complex conjugate
a
—ZIlCU | -w 1 7 [ w Ziw
] R,
b
L e
-Zw -w w le Aw
7,77[0

FIG. 1. Spectra of L, line under conditions of one-photon resonance for
the level n = 1'in fields E, cos wt + He,, @ = p1,H (above the abscissa
axis) and E,, cos w? + Fe,, w = 3F (below the abscissa axis). The compo-
nents of the vector E, along the axes x, y, and z are equal to
E,, = E,, = E,, = 37*"?0. The following spectra are shown: a—I, (Aw),
o = poH; I, (Aw), @ = 3F (the intensity of the component at the frequen-
cy Aw = 0 in the 1, (Aw) spectrum is shown reduced by a factor of two:
b—1, (Aw), I, (Aw), = poH (I, (Aw) = 1,(Aw); I,(Aw), I.(Aw),
0 =3F (I,(Aw) = I,(Aw).)
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FIG. 2. Spectra of the L, line in a field E, cos wt + He, + Fe, under
conditions of one-photon resonance @ = (u2H? + 9F2)'/? in the case
poH =3F, E,, = E,, = E;, =37 "?0: a—I,(Aw); b—I,(Aw); c—I,
(Aw).

of B, ; The function @, denotes the WF @,,,,,.,,;) (5):

Pi=Q2~y,y,,y (P2E(P2‘/:'/n (PSE(P%%—'I" q)ksz’I:—'/n

and
Aip=sR+pR,, Ry=(AY4+|B,|*)",
By=(-1) G-t g2 Ep— (—1)* (Y1:E oyt 215E ;) WVo(w)u,™,
uh=(l)_l[211E0;+(_1)kx22E0;], k=1.., 2,

Q:p=2(R\R,)"[ (R,+sA/2) (R;+pA/2) 1", (20)

Figures 1 and 2 show the spectra of L, under conditions of
one-photon resonance (q = 1) between the field frequency
(1) and the splitting of the level =2 in a field H + F,
calculated with the aid of the WF (19) for three values of F
and H that satisfy the conditions

HF=0, o= (uH*+9F?*)",
We emphasize that if F #0 and H #0 the inequality

|B,| #|B,| is satisfied for most possible orientations of the
vector E, relative to the vectors F and H (except for certain

l 1.18E,
1

-

0 i "Mzw = Ae

|
1.18E,

I
!
!
|
1

FIG. 3. Spectra of the L, line in a field E, cos wt + F,e, + (F, + H)e,
under one-photon resonance conditions = |x,| in the case
poH =3F, =3F,E, =E, =E, =3"*0. The I, (Aw) spectrum is
shown above the abscissa axis, and below the abscissa axis are shown the
blue half of the spectrum I, (Aw) (for Aw>0) and the red half of the
spectrum I, (Aw) (for Aw <0). Thespectra I, (Aw), I, (Aw), I, (Aw) are
symmetric about the vertical axis Aw = 0. The dash-dot lines show the
positions of the spectral components at E, = 0.
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particular cases, for example E,, =0or E, = E,, ). When
the inequality |B,|# |B,| is satisfied, the components at the
frequencies Aw =rw (r=0, £ 1, £2,...) in the L, spec-
trum undergo complete splitting, since there is no emission
in the spectral intervals

0<|Ao—ro|<]||Bi|—|B:|| (r=0,£1,£2...).

For comparison with Figs. 1 and 2, Fig. 3 shows the L,
spectrum under conditions of one-photon resonance » = |x|
for the level n = 2 in the case of non-orthogonal fields F and
H, which is calculated in the Appendix.

4.VALIDITY LIMITS

The quasi-energies and the hydrogen-atom QES WF
corresponding to them were determined in the present paper
by solving the system (8) in the resonance approximation. If
follows hence, first, that the quasienergies obtained as a re-
sult of the solution of the system (4 {2, in (12),4{2,,
in (16), A4 z,x,, in (18),and A, in (20)) should be substan-
tially smaller in absolute value than the frequency w. Second,
the terms neglected on going from (8) to (10) should makea
small contribution to the quasi-energy (e.g., contribution of
the Bloch-Siegert type, see Ref. 17, §3.1) compared with the
contributions from the terms containing J,, (4, k) One of

the sufficient conditions for this is the requirement

Vara(mans) | S| o(wany) |, p=2,3, 4, 5, s%0.

Third, the contribution from terms neglected on going from
(8) to (10) to the resulting QES WF should be small com-
pared with the contribution from the terms containing
Jo (p,)- To this end it is necessary to stipulate

I(suhlhpm)_irkxhpEo(q+s)]q+l(uhnkp)|<<17 p=21 31 41 51 87&0'

5.CONCLUSION

It follows from our results that the problem of a hydro-
gen atom in a field H+ F + E; cos wt (H'F =0) under
conditions of resonance between the field E, cos ot and the
splitting of the level 7 in the field H + F, reduces in many
cases to the known problem of a hydrogen atom in a superpo-
sition of effective static electric and magnetic fields. The on-
set of resonance for the upper (n,) or lower (n,) levels of
the hydrogen atom leads to an additional splitting of the
spectral lines (SL) corresponding to the n, —n, transition.
(Such an SL splitting is similar to the component splitting in
spectra of two-level systems interacting with a resonant elec-
tric field, see Ref. 18, and also Ref. 17, Chap. 9 and Ref. 19,
Chap. 3.) As a result, resonance reliefs can appear in certain
places on the resultant quasistatic profiles of the SL emitted
by an ensemble of hydrogen atoms from a plasma. Let us
analyze the locations of these reliefs in the case of one-pho-
ton resonance (¢ = 1), assuming that most hydrogen atoms
in a plasma are located in a field H + F satisfying the condi-
tion

*finpe |HF | <max (p 2 H?, 9n*F*/4), n=nq, n.
The components of the emission spectrum of the hydrogen
atoms that enter into resonance with the upper level n, are

then located in the vicinities of the following frequencies
away from the line center:
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A(.)q(,:) =n,"'0 {n.(n"+n") o— [ (WH/0)?(n—n,) +n,?]"

X (n'+n")s},
(21)
na'y e =—jo, —jat 4, o ja M, e =], =5, ... Ty
jv=(ny—1)/2, wv=a, b.

We take into account here, besides the resonance condition
%x® = @, the fact that in the field H + F the positions of the
spectral components are determined by the frequencies

(n'+n7")an'®—(n'+n")x®,  x"=[(pH)*+(3n,F/2)*]",

v=a, b.

Similarly, in the case of resonance for the lower level n, the
components are located in the vicinities of the following fre-
quencies away from the line center:

Boas =1y~ of [ (3oH/0)* (ni—ny?) |
X (n'+n")o—ny (n'+n")}. (22)

For resonance reliefs to appear on the resultant quasi-
static profiles of the SL it is necessary that the value of the
frequency Aw;; be one and the same for most emitting hy-
drogen atoms for which the resonance condition
% = (v =a,b) is met. This is possible, for example, in
the case when an ensemble of radiating hydrogen atoms is in
a uniform magnetic field H = const or when the magnetic
field is not uniform, but on the average uH
»3n,F/2, v=a,b (inthiscaseu,H /w~=1).Inaddition, in
any case the resonance reliefs will exist at frequencies Aw(?
V=w(n'+n"), [ie, at (n'+n");=0 in (21)] and
Ao} = —w(n' +n") B [ie,at (n'+n",=0in (22)].
Note that the resonance relief at the frequency Aw(y
(v = a,b) will be more strongly pronounced the higher the
probability of the corresponding dipole transition o —/f at
E, = 0. Since the resonance reliefs on the resultant SL pro-
files are due to additional splitting of the spectral compo-
nents of a definite group of hydrogen atoms, they should
take, generally speaking, the form of dips on the profiles. In
those cases when the additional splitting of the spectral com-
ponents is not complete (e.g., if F=0 or H=0), a sharp
peak should be located at the center of the dip. (The struc-
ture of the dips and on the resultant hydrogen-line profile at
H = Owas investigated in detail in Refs. 12 and 13). Experi-
mental recording of the dips on the resultant hydrogen SL
profiles would yield the amplitude of the hf oscillating elec-
tric field in the plasma.

The author is deeply grateful to E. A. Oks for helpful
discussions.

APPENDIX

L, spectrum under conditions of resonance with
participation of non-orthogonal fields Hand F

Let the vectors H, F, and E, in an xyz frame be of the
form

H=He,, F=F.,+F.e., E,=E e +E,e,TE.e..

According to (3), the field H + F splits the n = 2 level into
four sublevels:
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ei=_sk=2_‘('—%1+”2), 82=—Es=2_1(%1+xz),

(A.1)
=[ (R H+3(—1)*F.)*+9F.2 1", k=1, 2.

Two types of resonance, %, ~gw and x%,~qw, can be pro-
duced when the field E, cos w?interacts with the sublevels €,
(A.1). Entering into resonance are the two sublevel pairs
€,€, and €;+>€, separately in the first case, and the two
sublevel pairs €,<>€; and €,«>€, in the second. We assume
for the sake of argument that the following resonance condi-
tion is met:

wi=qot+A (¢=1,2,..,|A|<w).

The spectrum L, can then be represented in the form
I®(Aw) =S (Aw)+S®(-Aw),

S (80) =2 X Y\ [ruel+ (—1)*A/p,]*, (ruEr/o)

Pmu—00 guml

—(—1)'(|V§§’ I/Va(zq))rzoe“'—("'“'A/Pq]‘h
X Jp..q(rzon/(l)) IZG[A(D
—po—e,—A/2+(—1)p./21,

where e is the unit vector of the polarization of the emitted
photons, while the values of p, and V'{, are

0= (A 4|V |, V" =r,Eoq], (u)u-,

u=0"" (ry;—1;) E,.

(A.2)

(A.3)

The coordinate matrix elements in (A.2) and (A.3) are cal-
culated in (A.2) and (2.3) for the following states [see (5):

Po=Pr000 P1=P2-1/21/20 P2 = P21/21/2°
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