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A system of truncated Slonczewski equations is derived to analyze the dynamics of a moving
vertical Bloch line in a domain wall. It is shown that for fields parallel to the wall thereis a
threshold strength, below which a vertical Bloch line moves by translation, and above which 27

Bloch lines are generated.

INTRODUCTION

Simple finite-dimensional models for the motion of a
vertical Bloch line (VBL) along a slightly curved domain
wall are often used to analyze the dynamics of VBL’s in
uniaxial ferromagnetic magnetic bubble films with a large
Q=K /2mM?, where K is the uniaxial anisotropy constant
and M is the spontaneous magnetization of the film.'

The purpose of the present paper is to derive a system of
truncated Slonczewski equations to obtain a “point” model,
in which the VBL dynamics can be described by solving a
system of ordinary second-order differential equations. The
complete (untruncated) system of equations treats the de-
magnetizing fields due to the finite film thickness and the
formation of ‘“‘surface magnetic charges,” as well as fields
whose magnitude relative to the Winter field is Q ~'/? (when
a VBL is present) or Q ~' (for a pure Bloch or Néel wall). If
the twisting of the azimuthal angle along the thickness of the
film can be neglected, the initial system of equations can
easily be simplified so that the domain wall and the azi-
muthal angle F depend only on time and a single spatial
coordinate parallel to the wall. This “point” model is valid
for weak external fields < 47M, (2Q) /2

Numerical solution of the truncated Slonczewski equa-
tions shows that in a strong constant external field H ¢ paral-
lel to the wall, the solution undergoes time-periodic bifurca-
tions which can be interpreted as corresponding to the
generation of 27 Bloch lines from an isolated moving 7
Bloch line acted on by the field H9.

1. THE SLONCZEWSKI EQUATIONS WITH FULL
ALLOWANCE FOR THE DEMAGNETIZING FIELDS

Dimensionless variables®* will be used in this paper to
simplify the formulas. The space and time scales are chosen
to be the characteristic length /, of the ferromagnet and
T, =2Q /4myM,, respectively, where y is the gyromagnetic
ratio. For large Q, the maximum dimensionless Walker ve-
locity is equal to 1/2. The magnetic field is measured in units
of 47M,. The dimensionless (Gilbert) damping factor and
the constant and characteristic angle for the orthorhombic
anisotropy are equal to a, €Kk, and @,, respectively. The
dimensionless small parameterise = (2Q) ~'. We introduce
the following notation: y(x;) is the characteristic function
of the region & occupied by the ferromagnetic film:

D={z=R’: z, 2,=R* z,=(0, h]},

1, z€2D
X(xs)={ 0, z&D’°

where 4 is the dimensionless thickness of the film. The easy
axis of the film is parallel to the vector N; = {0,0,1}. The
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isolated, nearly planar domain wall is described by the equa-
tion x, = g(¢) + P(x,,x;,t), where | P| € 1. The spins are as-
sumed to point up for x,—» — « and down for x, — w0, but
can vary freely on the film boundary
I = {xe R *x; = 0}U{xe R *:x; = h}. The boundary con-
ditions for P(x,,x;,¢) and for the azimuthal turning angle
F(x,,x;,t) of the magnetization vector in the domain wall
are

op

Oz,

oF
r N 0z,

=0, (1.1)

r
and the smallness of the wall curvature is expressed by

p 9*P
~ 0(61) ’

~ 1 2 - a9
¢~0() x4 dzy 5

P~O(60) ’

~0(8:),

(1.2)

where 8,, 8,, 8, S £'/2. Throughout the following the symbol
O(&”) will denote a bound with respect to the norm in the
space of continuous functions, i.e., the maximum absolute
value of the function for all values of its arguments.

With these notations the complete Slonczewski equa-
tions are given by

9 oF 1( 5 )
Z z2 ! - 1.3
a g et te 7=\ e T ) =Ry (1)
9 oF a( 9 o )
— 2 (g+P) s - 2L ;
Py (¢+P)+oae FTRCR FPr +6I2:; F
+71~7\‘psin2(F—(pp)=.%_». (1.4)
4

where the right-hand sides 47, and #, characterize the in-
fluence of the complete magnetic field averaged over the wall
thickness. This field consists of a specified external field
H°(x,t) and a demagnetizing field H¢, which in turn is de-
termined by the magnetostatic equations and depends in a
complicated way on Pand F. We will see below that HY has a
decisive influence on the form of the solution of (1.3), (1.4).

The derivation of (1.3) and (1.4) is discussed in Refs.
2-4. It is based on solving the combined Landau-Lifshitz
and magnetostatic equations asymptotically in the small pa-
rameter €. Equations (1.3), (1.4) then appear as a necessary
condition for the asymptotic solution to exist. Before speci-
fying 7, and #, explicitly, we give expressions for the com-
ponents of the demagnetizing field that appear in them. In
the context of the asymptotic expansion, each of these com-
ponents may be regarded as an independent field associated
with a specific magnetic charge distribution on the film and
domain wall.

Using the notation
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x,={z, 0, zs}, k.={k, 0, ks}, k=|k,|,
. apP
sin F— cos FET
(f1 (x1) ! Fu(ky)
- i) dk,dk L
ljz (xi)}—_— X(-?‘s)aa:cos F} = S (21“)23 exp i (k., x,)] {f}( L)] (1.5)
fs(xy) 9P fa(ky)
7 (15) =
(="
o(ek)=—
(eh)= 2‘ +1/+ek/2’
|
we have the following expressions for the various fields: local components of the fields are
0) The Winter field is
1, ,
{0, —sin F sin G, 0}, where G=2 arctg exp[(z.—g—P)e~"']. = T {P’ (2,0, ?)In[ (z,—q) *+z,’]"
(1.6) =P’ (2, k, t)In[ (2,—q) *+ (h—2,)*]"},
This is the principal term in the e-expansion of the local oty 1 (h—z,)*+ (z,—q—P)?
demagnetizing field. H, = ""2;111 Zot (2—q—P)* (1.12)
1) The long-range field H'", collinear with the Winter ’ ’
field, is of the form —q-—P —q—P
H§"’=—1—(arctg . + arctg 5d )
HY={0, H,'", 0}, 11 h—zx, o

dk, dk,

e’*p[l(ku x,)1f(ky)eka(ek)

cexp[—k|z,—q—P|]. (1.7)
It describes the nonlocal part of the field HY due to spatial
variations in the distribution of the 7-charges along the sur-
face of the wall.

2) The local field along the wall is

—e(G—n/2) V_ fi(x)). (1.8)

It also stems from the nonuniform distribution of 7-charges

along the wall.
3) The Coulomb field

dk, dk, k,
Hm=_;‘§ el JUCHEN) f,(k_,_)lk—o(ak)
-exp[—Fk|z,—q—P|] (1.9)

is directed along the wall and is present due to the nonuni-
formity of the o-charge distribution along the domain wall;
4) The field

dd3

GXP[l(k_LXJ_)]fs(k )'—exp[ k|z,—q—P]]

(1.10)

associated with the transverse bending of the domain wall is
also parallel to the wall. It is due to the presence of an effec-
tive charge on the surface of the curved wall.

5) The field associated with the surface charge distribu-
tion is expressible as a sum of local and nonlocal fields,

HE =HGO+HG (1.11)

Its source is the effective magnetic charge on the surface I'.
Outside an e-neighborhood of the intersection of the
domain wall with the film surface, the expressions for the
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Similarly, for the nonlocal field components we have
the expressions

H) =y ) (1.13)

I(Snl) J—

4 j'_d_x e {P(x, h,t)
n " 2n
(Ko (%] [(22—q)*+ (h—25)*]")

+In ((22—q)*+ (h—2,)*) “1—P (%, 0, t)
[Ko(|x] [ (z.—q) +2,11")
+1n ((2,—q)*+2,°) *] } )

where K,(z) is the modified Bessel function of the second
kind:

K.(s)= | dg exp(—zch),

P (xh 13,, t) = SE’_"e‘“;P(K’ Ih t) .
25

Near the intersection of the domain wall with the film sur-
face, the leading term in the asymptotic expansion of (1.11)
is obtained by multiplying (1.12), (1.13) by the function
(2¢) " 'cosh™2[ (x, — x3 ) /€] and integrating over x;}.

Once all the components of the demagnetizing field
(1.6)—(1.11) have been determined, the right-hand sides of
the Slonczewski equations (1.3), (1.4) can be expressed in
the form?™

)
Ry (H+HO+HOHHO | N,) | mrp + -g— ——sin2F+0(),
Ty

(1.14)

1
%2=——2Sin2F
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+ ?1 922 (o4 HO - HO+HO+H®, Ny)sin @
e

oP
+—a——c052F, (1.15)

Zy
where

={—sinF, cosF, 0}.

The first term in %, describes the effects of the Winter field,
while the local field along the wall (1.8) is accounted for by
the last terms in #, and #,. The origin of the remaining
terms in (1.14), (1.15) is clear from Egs. (1.7), (1.9)-
(1.11).

The self-consistent description of the dynamics of a
nearly planar domain wall containing a Bloch line in a mag-
netic bubble film thus reduces to solving two integro-differ-
ential equations in a region, with the boundary conditions
(1.1), for two scalar functions: ¢(#) + P(x,,x;,¢) and
F(x,,x5,t). The latter determine the position and the struc-
ture of the domain wall, respectively.

Because of the great difficulty in analyzing the full sys-
tem of Slonczewski equations, to obtain specific results we
are forced to make further simplifications. In this paper we
consider the situation when the dependence of Pand Fon the
spatial coordinate x, can be neglected on physical grounds.

2. TRUNCATED SLONCZEWSKI EQUATIONS

We express the external field H°(x,¢) as the sum of a
spatially uniform field H°(¢) and a quadrupole field

He={0, —(zs;—h/2)H’', —z,H'}, H’=const.

The latter is known to stabilize the domain wall,>® and in

addition we can choose H' so as to make the field
H " 4+ H small even in an e-neighborhood of the intersec-
tion of the domain wall with the film boundary I". To first
order, we therefore need not consider the twisting of the
wall.”® If JF /3x,~O0(e) and JP/dx;~O(g), then the
Slonczewski equations (1.3), (1.4), averaged over the thick-
ness of the film, depend only on a single spatial variable x,:

oF 1 ¢
Bt 2 G2
oF

a%<q+P)+e (P HR()—(q+ P’

(2.1)

6 cF e 02 1
(q+P)+as =5 611 f——2—51n2F

1
—_— ko sin2(F — ¢ -
A kpsin2(F — ¢p) + 611 c052F

— (0 + HUPy) sin F — (H,2+ (HP) cos F,

2
(2.2)
where the overbars and angle brackets indicate averages
over the thickness of the film and wall, respectively:

h

T == {2

- ](6:11) (xlvxz—Q1 T3, )

n2h

—o0

=1 S?duei"‘“xlf(x,t)[ Ky(|%|h) —{—lnlulh],
(2.3)
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B(x,t)= j da P (z,, t) e~

where Cz = 0.5772... is Euler’s constant,

o — 8+ Wi~ 2 — ), (2.4)
HPy =5 (S cvnf ey o2 @), (25)

opP
Fi(ky)= 5 dx,e‘”‘""( sin F — —(3——c05 F) .
Xy

The contribution from the component (1.10) of the de-
magnetizing field to %, and %, disappears after averaging
over the thickness of the film.

It can be shown that if H9(x,t) ~O(1) and HS ~H?
~0(e'?),then Eq. (2.1) is correct to within O(&*/2), while
(2.2) holds to within O(¢). If on the other hand we assume
that H{*” + HY ~0(¢'/?), then Egs. (2.1) and (2.2) both
have the same error O(&*/2). The equations (2.1), (2.2) ad-
mit several types of solutions which describe small flexural
oscillations of the Bloch wall as well as complex motions
involving several vertical Bloch lines.

In this paper we will treat only the following two prob-
lems in detail.

1. Find the behavior of an isolated VBL in a nearly
planar domain wall in a ferromagnet with weak rhombic
anisotropy (k, S¢'/?) in fields [H°| S&'/2 for H' ~1.

2. Study the generation of VBL pairs from a single mov-
ing VBL.

3.DYNAMICS OF AN ISOLATED VERTICAL BLOCH LINE

We will henceforth omit the subscript 1 in the spatial
variables and write simply x for x,.

To make the formulas more compact, we first introduce
some auxiliary functions g, (¢), Fy(x;t), Py(x;t), R(x,t), and
X(t). We define F,(x;t) and P,(x;t) by

Fo(z;t) =2 arctg exp{(ei)lh [z—X(t)]}, (3.1)

Py(; t)=2"¢" sin F,— (2H') "¢?

V(SR A

n=0

.{(n+_;)exp[_<zﬂ'>"=|x—xmn

-(F2) esnl-2(n+ ) (2)" to-xen ]},

(3.2)
while g,(¢), R(x,t), and X(#) satisfy the equations

8.‘41+05q'1+HIQA=Ha°(t) ’

9 2
_— e !
(¢ +egm = g+ ) R

—§ g o Eulx I

(3.3)

+1n [y'h ]R(u, t)= X(—z—)‘/z [sinF0 — —g— (Hy
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< (HPY)sin? Fy

+ —i— kpcos @psin Fy 4 —i— 2e)~"2 [x — X (t)] cos @, sin 2F ],

(3.4)
G 4o (130 + CHPY) [emx — Yk c0s §p] + aemg
WO+ (HPY) emx — 2cie’/sX (1 —om (H
+ CHDY) femx
- Yghy008 Gl — Yithy (Hy + CHDY) [o—x sin @,
=+ Y5 (kp/4)2 sin 2¢,
= % cos 28,dF, — 2 { %ﬁisin? FodFy  (3.5)

It can be shown that the functions

q+P=q:(t)+Po(z; t)+eR(z, t)+0(e*), (3.6)
F=F(z; t)+q,(t)+edR/ot+/;n(H+<H,*V>) cos F,
—'[ikpsin @, t!/kp cosp(2/e) [x—X ()] sin Fot+ef (3.7)

satisfy the system (2.1), (2.2) to within terms 0(&*?). The
function ¢, (¢) describes the spatially uniform motion of a
domain wall subject to the bias field H 9 (¢). The functions
P,(x;t) and £R (x,t) respectively characterize the static and
dynamic bending of a domain wall with a VBL, and X(¢)
gives the position of the VBL along the wall.

The static bending of the domain wall in the vicinity of
the VBL is due to the component (1.8) of the demagnetizing
field, which appears in %, and #, locally through the first
spatial derivatives dF /dx, and dP /9x,.

The averaged fields appearing in (3.4) and (3.5) have
the form

<H(1)>—'—”I( ) { "2z — (272)72 [ (i—i—izl)
1
4

oy (__;zl)]}+0(e)
TPy — ( )"'_Smdﬁchz{( )IE—X(t)l1

[h2 4 (v — B — & — €|
h

(3.8)

X(x—=E)7

+ 0 (¢),
where

z=(2/e)" [z—X ()], 2z:=2/2m,

InI'(€)= 2 (€t+n)?,

¥ O

I'(£) is the gamma-function. This result can be proved by
substituting (3.6), (3.7) into (2.1), (2.2) and estimating
the remaining terms. Equation (3.5) is a necessary condition
for the existence of the correction £fin Eq. (3.7).

The region of validity of Egs. (3.4), (3.5) can be found
more precisely by comparing them with Eqgs. (11)-(13) in
Refs. 9, 10. To do this a further simplification is necessary, in
which we neglect all but the leading terms in € in (3.4),
(3.5).
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Webegin with Eq. (3.4). The integral term on the left in
(3.4) is just the field e~' H "7 produced by the dynamic
bending of the domain wall. For small H', it leads to flexural
instability of the wall.> However, for values H'> 0 such
that

(kh)*

+H'k?
2

(3.9)

- 2lecmqm+n i) >o
holds for all ke R ', the field H P can be neglected, as we
will see below that its magnitude is actually ~O(¢). Nu-
merical analysis of the condition (3.9) reveals that for a
fixed 4, itholds for H'>H .. If H' = H |, the left-hand
side of (3.9) vanishes at the single point |k | = x,,;, . Figure 1
shows how H /. and x,,;, depend on the thickness 4 of the
film.
Retaining only the leading termsin ¢ in (3.4), we obtain
a much simpler equation for the dynamic wall bending,
( ] 1 9
agt— 2 oz

. 92 \"
+H’)R=X(t)(—) sin F,. (3.10)
€
Similarly, if we discard all but the leading termsin g in (3.5),
we obtain the following integro-differential equation for the
position of the VBL:

28-[,(2#;&5(___’218_-/.]110 )+mi,

oR oR
+8 wdxa— —a—t2Sln Fo—a——cos2Fo) 0

(3.11)
Equations (3.10) and (3.11) can be obtained from the
initial equations (2.1), (2.2) by keeping only the terms
through order O(¢).'" We will confine ourselves to this ap-
proximation in what follows, so that our starting point is the
system of the three equations (3.3), (3.10), (3.11). Using
(3.3), it is easy to show that the velocity of the domain wall
as a whole is ¢, ~O(g'2a~"). The static bending P (x;t) of
a wall with an isolated VBL is due to the correction (1.8), of
order £'/2, to the local Winter demagnetizing field, and

max P, (z;t) ~0(e*), jPod.t:O, 5|P0|dx~0(ez).
(3.12)

The dynamic twisting of a domain wall with a moving
VBL is given by R (x,t), and we have the estimates

|R(z,t) | < const - max|X(¢) | (H)"",
13
(3.13)

i} 12 16 h
0.1

X

min

FIG. 1. Dependence of H |, and x,,, on film thickness.
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Equations (3.12) and (3.13) show first that the dynam-
ic bending of the wall is roughly £ ~!/2 times greater than the
static bending, and second that Nikiforov and Sonin'® were
correct in suggesting that the spatial scale of the bending
caused by the motion of the VBL is much greater than the
width of the VBL.

Like the orthorhombic anisotropy in the above approxi-
mation, the long-range fields (H () and (H}") do not
contribute to the VBL dynamics, owing to the symmetry in
Egs. (3.8); they significantly affect only the distribution of
the azimuthal angle F along the wall.

We now discuss Eq. (3.11), which describes the dy-
namics of the VBL. It can be simplified substantially for
small and large times by using asymptotic formulas for the
dynamic bending R (x,t). For t Lea,

'

e-x (1}
(3.14)

R(x’t)za"‘(-—ze—)lh [X(t)—X(O)]/ch{( 2 )

e

so that the principal term in the integral in (3.11) is equal to
2%/2¢\/2g=1X, The VBL thus moves without inertia at small
times (we have a first-order equation), and the onset of dy-
namic bending effectively amounts to a renormalization of
the damping factor, with a replaced by @ + a~'. If the func-
tions ¢,(¢) and H (¥’ (¢) are both constant for t»a/H ', then
the velocity X of the VBL is constant and satisfies

QMg X—ne~"H  +me~"¢,+nale/ (2H +a2X?) ] "X*=0,
(3.15)
and the dynamic bending is given by the expression
cos[y (z—X)e~"] y+2eH’
ch(2ny)  (y+2eH’)*+hy*eaX?
j ay sin[y (z—X)e~"] y
ch(2"%ay) (y*+2eH") +4yleaX®
(3.16)

The first two terms in (3.15) have an obvious physical
interpretation; they correspond to inertialess VBL motion in
the field H ¢, which acts to increase the size of an energetical-
ly favorable subdomain. The third term accounts for the gy-
roscopic pressure on the Bloch line exerted by a planar do-
main wall moving as a whole. The fourth term describes the
dissipative nonlinearity caused by the gyroscopic pressure
on the Bloch line (averaged over the width of the line) exert-
ed by the moving curved region of the domain wall, the cur-
vature itself being determined by the VBL dynamics.

It is clear from Eq. (3.16) that for a uniformly moving
VBL, the bending is not symmetric in the variable x — X (¢),
the asymmetry being proportional to the damping constant
a. The stage of nonuniform VBL motion is more complicat-
ed, and the reduction of the integro-differential equation
(3.11) to a second-order dynamic equation, as was done in
Ref. 12, requires further assumptions regarding the orders of
magnitude of the higher time-derivatives of X (¢). If it is legi-
timate to neglect all the derivatives of order higher than two
then the term linear in X, which serves as a correction on the

R(z,t)=¢"X j dy

—2eaX?
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FIG. 2. Steady-state VBL velocity versus field H { in the plane of the wall
for several different damping factors a. The points give values obtained by
solving the Slonczewski equations numerically; the solid curves give the
results of the point model (3.15); the dashed curves show the onset of
generation of 27 Bloch lines.

left-hand side of the steady-state equation (3.15), will have
the form

ate' [ (2H')="+0(a’X*/H")]X. (3.17)

Formally, the term (3.17) appearsin (3.15) because of
the time dependence of the averaged gyroscopic pressure ex-
erted on the Bloch line by a bend in the wall moving with a
nonuniform velocity. The form of the term (3.17) permits us
to introduce an effective VBL mass, for which a physical
interpretation was suggested in Refs. 9, 10.

To within the above approximation, Eq. (3.15) with the
inertial term (3.17) coincides with the Zvezdin-Popkov
equation.'> A derivation of this equation for H!~a,
O<a<l,isgivenin Refs. 13 and 14. Note that we have taken
€'/? as the small parameter in Sec. 3, so that we are implicitly
assuming that £'/?<a < 1. The fact that the same equation
for the VBL dynamics was obtained in Refs. 13, 14 with « as
the formal small parameter (for starting equations simpler
than the system (2.1), (2.2)) indicates that the result is also
valid for 0< @ S¢'’? when |H{|Sa. In other words, Egs.
(3.15) and (3.17) correctly describe the VBL dynamics for
arbitrary ratios @/¢'/? and fields |H | Smin(a, £'/?). Nu-
merical calculations'’ show that the steady-state result
(3.15) agrees closely with the solution of the starting system
(2.1), (2.2). Figure 2 shows how the velocity of the vertical
Bloch line depends on the external field HY for £ = 0.1,
H'=1,H} =0,H{ =0,and k, = Ofor several values of a.
In these results we have neglected the fields

HP, (HP)Y,and (H(") in (2.1), (2.2). The solid
curves show the steady-state VBL velocities calculated from
(3.15) as a function of the field H {, and the points show the
results obtained by numerically solving the Cauchy problem
for the system (2.1), (2.2) with the boundary conditions

v ||

and with initial distributions P and F corresponding to an
isolated VBL at rest.
According to Fig. 2, Eq. (3.15) closely approximates

V. P. Maslov and V. M. Chetverikov 1675



FIG. 3. Time evolution of the generation of 27 Bloch lines in a field direct-
ed in the plane of the wall. The solid and dashed curves show F and P,
respectively.

the steady-state velocity of a VBL for a wider range of pa-
rameter values than was assumed in the derivation. Numeri-
cal investigation of the above Cauchy problem is thus neces-
sary in order to determine the range of @ and H values
beyond which Eq. (3.15) for steady VBL motion deviate
substantially from the results found by solving the truncated
system of Slonczewski equations (2.1), (2.2).

We note that for all the values 107?<a<0.5 and
10~ '<H'<2.5investigated, there exist in-plane fields H { > 0
above which the notion of an isolated VBL becomes mean-
ingless due to the onset of generation of 27 Bloch lines. A
typical sequence by which this happens is shown in Fig. 3
(6=0.1,a=05H =1,H) =HS =k, =0). This pro-

£~

| a—

¢

SN

FIG. 4. Schematic diagram showing a quasistatic VBL lattice. The arrows
show the direction of the magnetization in the domain wall.
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cess is repeated at later times, and the newly generated 27
Bloch lines form a quasistatic lattice (Fig. 4), in the sense
that its parameters change too slowly to be detectable within
our numerical accuracy. An isolated 27 Bloch line is a static
solution of the system (2.1), (2.2) when a field H ¢ is pres-
ent; Fig. 3 therefore illustrates how the motion of the VBL is
accompanied by a transition of the distribution F from a
stable state with H9 = 0 to a stable state with nonzero H .
This transition is driven by the gyrotropic force.

We also see from Fig. 2 that the region of validity of Eq.
(3.15) is further restricted by the requirement that the
damping coefficient @ be small ( 0.05) for fields which are
reasonably large (H { >a) but below the threshold for gen-
eration of 27 lines.

Our numerical experiment, starting with an isolated
vertical Bloch line, does not give the characteristic cluster
distribution described in Refs. 13—15, where solutions of the
truncated Slonczewski equations were considered without
damping or an external field. Those solutions were self-simi-
lar, the x and ¢ variables occurring only in the form x — ut.
The velocity u of the VBL was a free parameter, whereas in
our case it is determined by the external field H ¢ and the
dissipation. It is possible, as suggested by A. F. Popkov, that
a stable self-similar cluster with H 90 and a #0 might be
detected numerically by choosing a more complicated initial
angular distribution F. However, this conjecture requires
verification.

We observe in closing that to discuss actual physical
experiments, one must also estimate how the dynamics of a
horizontal Bloch line affects the behavior of a VBL when H ¢
#0. However, this would require that we consider a more
complicated problem involving two spatial dimensions and
no averaging over the thickness of the film, which lies be-
yond the scope of this paper.
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