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The formation by diffusion of a nonlinear resonance in a three-level system with a large Doppler
broadening is studied. An asymptotic expansion of the work performed by a test field is derived in
the limit of intense diffusion. The profile of the resonance is found to consist of three components:
anarrow peak, a broad part of diffusion origin, and Lorentzian wings. It is not possible to separate
the narrow and broad components by varying the polarization of the fields.

1.INTRODUCTION

The diffusive motion of an atom in velocity space is
known to result in a broadening of nonlinear spectral reson-
ances.' Spectroscopic manifestations of particle diffusion in
the field of an intense light wave have recently been studied
in detail in the particular case of two-level systems.>> A top-
ic of special interest is the diffusion caused by Coulomb ijon-
ion scattering through small angles,* because of a possible
application of nonlinear spectroscopy in plasma diagnostics.

To determine the physical nature of the diffusive broad-
ening we consider the distribution of the difference between
the populations of two atomic levels in the projection of the
velocity v onto the wave vector of the light wave, k. A reso-
nant wave “burns out” a Bennett dip or peak width I'/k (I
is the homogeneous linewidth) against the background of a
Maxwellian distribution. The diffusion in velocity space
witha coefficient D tends to smooth over the nonequilibrium
structure. This structure spreads out, and the particles move
out of resonance with the wave. The typical change in the
velocity of an atom over the lifetime ;' in level j is
(D /T;)""2 Since we have D = v%*/2, where v is the trans-
port collision rate, and v is the average thermal velocity, the
ratio of the diffusion width to the homogeneous width,
(v/T;)"?kv/T", contains an “amplifying factor” ko/T'> 1
and can be large even under the condition v/T" ; <1. In addi-
tion to acting on the velocity distribution, the diffusion
causes a frequency modulation of the dipole moment; the
parameter p = v(k0)?/T"® = k 2D /T serves as a measure of
the role which it plays.

Several experiments have been carried out to measure
the width of the Lamb dip in the frequency dependence of
the output power of argon-ion lasers at various charged-par-
ticle densities.>* The results of these measurements agree
with the qualitative picture drawn here; the diffusion width
of the dip due to ion-ion collisions has exceeded the homoge-
neous width by a factor of three to five.

The test-field method differs from the Lamb-dip meth-
od in that it allows one to observe ultranarrow resonances
caused by two-photon transitions or, according to ideas cor-
responding to resonant conditions, caused by nonlinear in-
terference effects stemming from a mixing of states by a
strong field. In these processes, there may be a complete or
nearly complete cancellation of the Doppler shifts of the
strong and test waves, with the result that the resonances in
the spectrum of the test field are particularly narrow. It
might seem that such resonances should undergo a giant
broadening due to velocity diffusion, but experiments by Le-
bedeva ez al.® (A = 4880 and 5145 A, Arll) did not reveal

2018 Sov. Phys. JETP 67 (10), October 1988

0038-5646/88/102018-09$04.00

this broadening. Furthermore, when the line used as the test
line was changed, the width of the resonance changed. Such
unexpected experimental results force us to acknowledge
that we do not have a clear picture of the basic theory of the
test-field method.

Our purpose in the present study was to calculate the
diffusion lineshape of a nonlinear resonance in a three-level
system with a large Doppler broadening. In Sec. 2 we present
a system of kinetic equations for a density matrix. We find
Green’s functions for these equations. In Sec. 3 we derive
equations for the lineshape of a narrow nonlinear resonance
in a Raman-scattering arrangement. We derive an asympto-
tic expansion for the limiting case of intense diffusion. The
results show that the lineshape of the resonance is made up of
three parts: a narrow peak, with a profile which is the square
root of a Lorentzian profile; a broad diffusion part; and Lor-
entzian wings. Section 4 incorporates the degeneracy of the
states in angular-momentum projections. It is found that—
in contrast with the case of a two-level system—the narrow
and broad components cannot be separated by varying the
polarizations of the saturating and test fields. In Sec. 5 we
compare this new theory with experimental data.®

2.KINETIC EQUATION AND GREEN’S FUNCTIONS

We consider a gas of particles which are interacting re-
sonantly with an external electromagnetic field. In the
Wigner representation, which is convenient for a classical
description of the translational motion of atoms, the equa-
tion for the density matrix p(a,a’,r,v,t) takes the form'°

a
(+ 9ot atsx,v,0=R(@ @)+ (@)

—iZ [V(e, o1, t)p(ay, a1, v, 2)

%y

—p(a,a;r,v, ) Vi, a';r,t)], (2.1)

where @ = aJM is the set of quantum numbers, J is the total
angular momentum, and M is its projection. The matrix R
describes a radiative relaxation, and S is a collision integral.
The operator V is the Hamiltonian of the interaction of the
atom with the electromagnetic field. In Eq. (2.1) we are
ignoring the effect of the external field on the translational
degrees of freedom of the atom.

We first consider a three-level system without degener-
acy (we will write @ =, the index of the energy level, as a
subscript). We assume that an atom is interacting with the
electromagnetic radiation in a Raman-scattering arrange-
ment through a lower level n (Fig. 1a). The strong field and
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FIG. 1. Test-field spectroscopy. a—In an arrangement for Raman scat-
tering through a lower level; b—through an upper level. a) V configura-
tion; b) A configuration.

the test field are represented by the traveling waves
E(r, t)=E exp(—iot+ikr), E,(r, t)=E,exp(—int+ik,r),
(2.2)

which are in resonance with the m-n and /-n transitions.
The matrix elements of the dipole interaction of the light
with these transitions are

Vama=—G exp (—iQt+ikr), G=—Edu./2l, Q=0—0ma,

(2.3)

Vin=—G, exp(—iQ,t+ik,r), G,=—E,d,/2h, Q.=0,—0m,

where d;, and w;, are the matrix elements of the dipole-mo-
ment operator and of the Bohr frequencies of the j—n transi-
tions ( j = m,l). The /-m transition is forbidden in the dipole
approximation. We can seek the diagonal elements of the
density matrix in a time-independent form, and the off-diag-
onal elements in an oscillatory form (for the forbidden tran-
sition at the Raman frequency e = Q, — Q, q =k, —k):

05i=Tij, Pmn=T'mn €XP (—iQt+ikr), piwn=rm exp(—iQut+ik,r),
Omi=Tm: €xp (iet—iqr). (2.4)

Substituting (2.4) into (2.1), we find the following steady-
state system of equations for the amplitudes 7;;:

mermm=qm_2Re (iG‘rmn) +Smm,'
Turu=q,—2Re( iG,'Tin) +8Su,

Tralnn=qn+2 Re(iG'TmntiG,'T1n) T Amalmm T Al utSan,
(2.5)
[Cmnti(Q—KkV)] 1 =iG" (Fmm—Tnn) TiG ' T’ +Smn,
[Tin—i (Qu—KuV)] ria=—1G, (ru—Tnn) —iGTmi’+Sin,

[Ti—i(e—qv)] rmi'=—iG T1n+iG mn"+Smi,

where I'; are the relaxation constants of the levels and the
polarizations, which incorporate both radiative processes
and collisions which do not involve a change in velocity (the
relaxation-constant model)," 4 ;. are Einstein coefficients,
and g; are the level excitation functions, which we assume to
be Maxwellian,

qj(V)=(T,Q,,5)—,eXP(—E—:), 17=(2—r:->l )

where T, and m are the temperature and mass of the parti-
cles. Taking the particles to be ions, and assuming that they
scatter according to a Coulomb law, we assume that the rates
v and the kernels 4 of the collision integrals

(2.6)

Sy(v)=—v(v)p,t _yA(vlv’)pi,-(v’)dv’ 2.7)
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do not depend on the states; we assume that the collisions are
elastic; and we assume that the kernels are of a difference
form:

j'S‘,(v)dv=0, A(v|v')=A(v—v'), wv=const. (2.8)

We are ignoring the slowing of the particles caused by the
dynamic friction force.

We can find a solution of system of the integral equa-
tions (2.5) by perturbing in the field amplitudes G and G, .
A perturbation theory is usually constructed with the help of
Green’s functions, which are in turn calculated by means of
Fourier transforms. The calculations can be shortened
slightly by changing the order of operations: by first taking
Fourier transforms of Egs. (2.5),
o= -(.—%? 0@, O@)={aerow, 29
and seeking the Green’s functions in the § representation at
once. Here ® is any of the functions which figure in (2.5).
The variable £, which is the conjugate of the velocity v, has
the meaning of a quantity which is proportional to a differ-
ence between coordinates, and transformation (2.9) is a
transition from a Wigner representation to a coordinate rep-
resentation of the density matrix. The integral equations
(2.5) with a difference kernel reduce to differential equa-
tions after Fourier transforms are taken.

The equations for the diagonal ( f;) and off-diagonal
( f;,i#j) Green’s functions are

Tt o) f5(518)=8C~T), @E)=v-4(F),
(T+e—pVe) f5(E|T) =6 (5T,

and the complex parameter I" and the vector p take on the
following respective values for the functions f,,,, f;., and
St Do +1Q, =k Ty, —iQ,, k,;and I, —ic, q [see
Egs. (2.5)]. The diagonal Green’s function is simply

6(6-¢)
Lyto(®)’
while the off-diagonal Green’s function takes its simplest

form in a coordinate system whose z axis runs parallel to the
vector p:

(2.10)

o (®18) = 2.11)

68, —8,)0 (0 —E)

fu®18) = 2
< exp (_0 QS P+ (5 d;/) _
& Il
(2.12)
=)

Here n is a unit vector along the z axis. In the following
sections of this paper we will be treating the case in which the
vectorsk and k,, are parallel, so that we can select a common
z axis for all of the off-diagonal Green’s functions.

The degeneracy of the states in the angular-momentum
projections can be dealt with conveniently by expanding Eq.
(2.1) in irreducible tensor operators (the xg representa-
tion):
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Lu(xg)= 3| (=)' (TMI' — M’ | xq>L (aJM, &'V’ H"),
e (2.13)
L(aIM, VM= 3 (—1)"~% CIMT'—M’ | %> L(xq),

xq

where L(aJM a'J'M') is the matrix element of an arbitrary
operator Lin the basis of eigenfunctions of the angular-mo-
mentum operator J. If the collision integral is diagonal in xgq
and does not depend on x or g, the Green’s functions are
again diagonal:

Fi (g8 %19:81) =8uBaafisn (§E1) .

The diagonal (in x) functions f;, satisfy the same equations
as are satisfied by the functions f}; in the model of nondegen-
erate states.

In the case of interest here, in which the waves are prop-
agating in the same direction and have approximately equal
frequencies (k, 11k, k, ~k), we can ignore the gradient V,
in the equation for f,,,, ; the equation then becomes an alge-
braic equation, like the equations for the diagonal elements
Jijx- Of the six we are left with only two differential equa-
tions, for f,,,, and for f,,, .

(2.14)

3. SHAPE OF THE NONLINEAR RESONANCE

Let us find the profile of a nonlinear resonance in a
model of nondegenerate states. For this purpose we con-
struct a perturbation theory in the strength of the optical
field. In zeroth order, the matrix r, () is diagonal, and we
find the following expressions for the populations:

_ 4% (®) -
’u(c)-—m, j=m,l, o
1 (%) Asn '
o ()= s (C>[q"(w}=,_m o ].

Thereafter, in odd orders in the field, polarizations appear
on the allowed transitions r,,, and 7,,, while in even orders
polarizations appear on the forbidden transition #,,,, along
with corrections to the populations r; for the effect of satu-
ration. The work performed by the field E,, on the /-~ transi-
tion is given in the § representation by
Pi=2h0, Re{ 16, [5©) r @ a8 ). (3-2)
The complete expression for the work performed by the
field, (3.2), reduces, within the first nonvanishing correc-
tions for the strong field, to the sum of four terms. There is a
linear term proportional to the intensity of the test wave,
|G, |, and there are three nonlinear terms which contain the
product of intensities |G, G |*:
3

Pu=Pum_ ZPPU)v

fomg
P,"'= 20, | G, |* Re<8 (6:) fin (64| 6:) Nia (8:),
Pu(i)=2ﬁm,‘ l G.G I 2 Re<8 (£1) fin (Bs I 2) fan (§2| Es)

* [G(CS_CA)_Amnfmm(CG|CA)] [fmn.(ghlcs)+fmu(;AI§5)]Nmn(cs) >v

P,"=2h0,|G,G|*
* Re(a (Cl)flﬂ (;l I;l)fml (;z l ;a)fmn (Ca | ci)Nmn (;A) >9
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PP =2ta,|G,G|*

*Re<6 (C1)fxn(§1|§z)fmz (;:Ic:)fxn(;sICA)an(CL) >,
f‘j(C|§'§ T, p) =j:'i(;|;'; I, —p).

Here N;; =r; — r; is the difference between unperturbed
populations (3.1), and the angle brackets indicate integra-
tion over all of the variables §; inside the angle brackets.

The other terms of the nonlinear part of the work per-
formed by the field correspond to three basic effects of non-
linear spectroscopy: P ““ ), a population term, corresponds to
the effect of saturation; P >’ corresponds to nonlinear inter-
ference; and P . corresponds to field splitting. The last two
effects are manifested only for copropagating waves, as in
the collisionless case; the field splitting disappears at k,, > k.

Relations (3.3) hold for arbitrary kernels of the colli-
sion integrals. In the case of difference kernels, the Green’s
functions f; and f; are given by (2.11) and (2.12). For the
Coulomb scattering in which we are interested here it is nat-
ural to adopt the diffusion approximation, in which we have
(&) = DE?, where D is a diffusion coefficient (we recall
that we are not considering dynamic friction). We also as-
sume that the Doppler width is significantly greater than the
structure in which we are interested here: kv ||, T,
(Dk*/T;)"/?. We can thus replace the Maxwellian distribu-
tion by a §-function:

oxp [— (7)*/2] = (2n) "8 (R) /7.

As aresult, expression (3.3) for the work performed by
the field simplifies substantially. A linear absorption or am-
plification reduces to the familiar Doppler lineshape

(3.3)

i

P20, |Gl N Dexp (-0 /RSP, (34)
The nonlinear terms in the work performed by the field can
be calculated by substituting the Green’s functions (2.11)
and (2.12) into expression (3.3). Here are the expressions
found for the case of copropagating waves (k,11k), in
which the resonance in the ‘“bent” three-level system (Fig.
1) is found to be narrower®:

Amn
P« Rejdg(i—m)
Tia—iQu LmntiQ
-exp[ —( k, + k ) g
D ( 1 1 ) ]
—— =+ . 2)-t
A 8’ | (TantDE?)
o
n mn+.
PR f at Jap expl -2 g TmTE
0 0 k
(3.5)
le ie , Dcls Dclls D clll_cls
- ¢ — - - k>
e R R L
1 ¢ T—iQy | Tm—ie
P(‘) { de [_( in M ml £
. '« Re ik, ; { exp ¥, + p—y ) o

_%(-kiu-+7c:1k—u)f;’]}'9(k—ku).
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The expression for P ?’ in the case k,, <k is found from the
expression given herebyinterchanging variables,{’ <> {”,in
the square brackets. When the waves are propagating in op-
posite directions (k, tik) the nonlinear interference effect
and the field splitting are not manifested (P>’ = P’ =0),
and in the expression for the population effect P." we
should change the sign of the frequency deviation of the
strong field: @ - — Q.

The factor 1 — 4,,,,, /(T + DE?) describes the con-
tribution of spontaneous m-n transitions. If level m decays
exclusively to level # (4,,, =T,,,), then we have P{’ =0
in the absence of diffusion (D = 0); i.e., in level n the exter-
nal field does not produce a nonequilibrium Bennett struc-
ture. This well-known fact is explained on the basis that all
the atoms which are put in state m as a result of absorption
will necessarily return to level n with the same velocity v. If,
however, the atoms undergo a diffusion in velocity space
over the lifetime T, in level m, this compensation will be
disrupted, and a wide nonequilibrium structure of a diffu-
sion nature will arise in level m.

A further simplification occurs in the case k, 11k,
k, =k, A,,, = 0,in which expressions (3.5) reduce to single
integrals, and the term responsible for the field splitting van-
ishes:

exp[— (DintTma—ie) —*/,DE*t]

o)
P, <Rel 1=Be§ T 1Dk

0

d,

(3.6)
exp [ - (rln+rrnn_ie) t_Z/QDkzt’]
Imi—ie+DE*?

P” « Re 12=Ref

L]

The two lines are centered at the same frequency, Q, = Q,
and are symmetric with respect to £ = 0; their shapes, how-
ever, are different. The dependence P "’ (¢) is a monotoni-
cally decreasing dependence at £>0, while the function
P (¥ () has two minima in addition to the maximum at
e=0.

The factor (T,, + Dk??)~" at £ =0 obviously de-
scribes the diffusion during the time spent by the ion in level
n, while the term (2/3) Dk *t* gives the change in the phase
caused by the same factor. It can be seen from the expression
for P[>’ that only the changes in the phase and the frequency
on the A-n, m-n, and m-/ transitions are important in the
term representing the nonlinear interference effect, and
there is no manifestation of the change in the population
distribution due to diffusion. In the case k, =k, the cancel-
lation of the Doppler shifts of the absorption and scattering
of the photons completely eliminates the role played by the
dips in the populations. From expressions (3.5) we see that
in the case k, #k the population dip of width T,,, enters
with a weight of (k, — k), as it does in the absence of diffu-
sion (Ref. 9, for example). For this purpose we need to
change the integration variable: { " - ¢ = ¢ ” — £'. The part
of the argument of the exponential function in P f’ which is
linear in § and &’ takes the form

(1‘,"—;'9u . F,,.,,+i§2)§, ( T tiQ

F'ml—is ) C.
k, k

k ok

In the absence of collisions (D = 0), expressions (3.6)
reduce to combinations of Lorentzian functions:
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1 1
11 = 3 Iz = " " .
an(F1"+an—iS) (I‘m,—-ls) (F1ﬂ+an—lS)
(3.7)
If the condition
an+rml=rln+rmn (3.8)

also holds, e.g., if the relaxation is purely radiative, then the
resultant line I = I, + I, reduces to a single Lorentzian line
of width T",,,. There is an interference extinction of the reso-
nance withawidth T,,,, + ), >T,,,, and we are left with a
resonance with the width of the forbidden transition, T,,,.
We would like to know whether a corresponding extinction
occurs when there is a diffusion in velocity space, under the
assumption that conditions (3.8) hold.

For a qualitative study of the line I(¢) we go back to
expressions (3.6). An integration over £ shows that the area
under the line Re 1,(¢) is 7T, ', while that under Re I, (¢)
is zero. The integral I, behaves in the manner of a Bennett
dipin a two-level system."* The linewidth is given in order of
magnitude by

d~max[T,, (Dk*/Ta)", (DE*)"], Te=Tu.=I,,+ ..

The relaxation terms in the argument of the exponential
function thus reach values on the order of unity at t~ ;" ';
the same is true of the diffusion term at ¢~ (Dk ?) ~'/3; and
the same is true of the diffusion term in the denominator at
t~ (T, /Dk?)!"2, Knowing the shortest of these time scales,
we can estimate the linewidth, noting that the integral I, is
the Fourier transform of the integrand at £ = 0.

In the remote wing of the line (8 €& <kv) the integrals
1, and I, are dominated by the region ¢S 1/6<1/8, so the
diffusion is inconsequential there, and an asymptotic expres-
sion can be found from (3.7): Re I~T /&%, where the width
of the forbidden transitionis 'y =T, <T,.

Near the center of the line (¢ ST',) theleading term in /
is I,. The denominator of the integrand changes more sub-
stantially than the exponential function at smaller values of
¢. If, in addition, the diffusion is sufficiently intense, i.e., if
(Dk*/T,)!/?>T,, then we can set =0 in the argu-
ment of the exponential function, and we find Rel
~Re[Dk (T, —ie)] "%

In accordance with the qualitative arguments presented
above, the profile of the nonlinear resonance found by nu-
merical calculations (Fig. 2a) has a three-scale behavior.
This conclusion can also be drawn analytically, by con-
structing an asymptotic expansion of the function I(¢) as
p— . For this purpose we rewrite (3.6) as double Laplace
integrals [we can also find (3.5) from them, by setting
A, =0and k, =k]:

o

I, = j dt 5 dt’ expl— (1+y—iz)t—t'—pS],

o [}

I,= j.dtj‘ dt’ exp[— (1+y—iz)t—(y—iz)t'—pS], (3.9)

S=2/,t*+t%', a=e/T., y=I,/Ta, p=DK*|T..

The standard version of the multidimensional method of
steepest descent cannot be applied directly, however, since
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FIG. 2. Profiles of a nonlinear resonance in the interference direction
(k, 11k, k, =k) for y = 0.1 and (line 1) p = 0, (line 2) 0.1, or (line 3)
1—A,, =0;b—4,,, =T,,.

thecritical point = ¢t ' = O of the phase S(z,¢ ') is degenerate.
The nature of this degeneracy is illustrated by Fig. 3, from
which we see that as we go from positive to negative values of
t ' the point z = O converts from a local minimum into a maxi-
mum.

The asymptotic form of integrals (3.9) is derived in the
Appendix. The results are

o WL(/a) " (/s)"T () Inp
e + ) f3> 11(;)
1 ‘n 1+(1+xz/,12)'l, 'h °
T2Rel, ~— [ ] +0(p~*), p>vy.
ol,~— L TTE ) @), p>y

The expression for Re I, describes the change in the shape of
a narrow peak at the center of the spectrum. Diffusion acts
on only the height of this peak, while the half-width at half-
maximum, x,,, = (3 + 2y/3)'/2=2.542y, depends only on
the width ", of the forbidden transition. The broad diffu-
sion part has a width ~p'/? and a height ~ p~!/2, so the ratio
of the areas under the narrow and wide parts is ~ (y/
p)'?<1. Atlarge values of x> p'?, the line has a Lorentzian
asymptotic behavior I« y/x?, so only at the wings of the
spectrum do we find an interference extinction of the compo-
nent of width I',,,. If spontaneous transitions by the m-n
mechanism occur (4,,, #0), this cancellation at the wings
of the line will be disrupted. The function Re I(¢) then takes
on negative values (Fig. 2b).

Y= 210-1 -2

2 1 097 -4L

FIG. 3. The phase S of integrals (3.9) versus the variable ¢ at fixed values
of ¢’ (the curve labels).
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The field on the /-n transition (Fig. 1) has been as-
sumed to be weak. Experimentally, however, it is sometimes
convenient to observe nonlinear interference effects in the
frequency dependence of the test-field generation power. To
calculate this dependence, we should retain in the expression
for the work performed by the field, (3.2), not only (3.3) but
also terms proportional to the square of the intensity of the
test field, |G, |*. Equating the amplification to the loss, we
find the shape of the resonance in the case in which both
fields are represented by standing waves:

—8lG[—
IGH|2=E—'5_[—;I—~£'1 a=2 <ftn0Nln>1
o==1
B 3 FuuFon (I—Fomlmn) (o= +Frun®) N
o=x=1

t Y o G Nt Frn i), (3.11)

o=x{

r= 2 ol firtfan (A=fudAin) Y(Fia"+F1a™0) ),

o=z

where p is the loss, the angle brackets mean a convolution
over all of the intermediate arguments with a §-function [as
in (3.3) ], and the Green’s functions which correspond to
waves traveling in the positive and negative directions are
found from general expression (2.12):

f*(8I%; T, p)=f4(E|E’; T, %p). (3.12)

In the absence of a strong field, expression (3.11) deter-
mines the shape of the ordinary Lamb dip. The term S intro-
duces an additional dependence on 2, : the resonances at
Q, = + Q which were discussed above.

4.POLARIZATION EFFECTS

In the model of nondegenerate states, the narrow non-
linear-interference peak in the work performed by the test
field and the broad populated resonance coalesce. To obtain
more-detailed information about the medium, we would like
to separate resonances which differ in nature. In the case of a
two-level system this can be done by the methods in polariza-
tion spectroscopy,”'! by choosing the polarizations of the
strong and test waves in such a way that one effect or another
in the spectrum is emphasized. We would like to see whether
it is possible to separate the narrow and broad resonances by
means of polarization effects.

We start with an expression for the work performed by
the field of the test wave in this case in a scheme of Raman
scattering through the upper level (Fig. 1b), ignoring radia-
tive decay by the m~/ and m—n mechanisms®:

P,=—2he, Re{ Nt | Gy|*~N o Z [17(xq) |*Bx
xq

+I,,(uq)1'(xq)Bu]}, (4.1)

Guo=—E 0/ 2R, I G, I P= Z ] G ' ,

Noo— Tii Tij
STl 2041
Bx=aﬁnAﬂm Bx=aﬂﬂ4fm;
Ap=Fm1 (0]81) frnx (81| E2) (frum (§2]0) +Fmns (£2/0) ) >,

A= (0184 farn (84| 82) (frnir (82| 0) F 1 (52]0) ) >
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TABLE I. Polarization coefficients @ and a for various combinations of the angular momenta of the
levels for four polarization states of the strong and test waves.

In| Im | 7 *1tr=at R O =0t i
_ 8 1 91 3 1 31
J|I—t| -2 5 2J —1 10 27 —1 10 20 —1 16 27 —1
slo—1ls= 3 J+1 3 AT =1 3 35-2 _ .3 2-3
5 T2 —1) 10 T @J—1) 10 TEr=1) 0 T —1)
slo=1l s 3 4241 3 (6J—1)(J +1) 3 _6s2—1 3 =1 @I—3)
5J G —1) 10 JTGIE=D 5 T @ —1) 10" J@r—1
s 7 li-s 3_J-1 3 441 3 _27+3 _ 8 _2+3
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Here 3, describes the nonlinear interference, and B, de-
scribes the saturation effect. The functions 4, (€2, ), and
Ap, (Q,) specify the spectral dependence and the depen-
dence on x; the polarization dependences are in the polariza-
and I and in the coefficient az, and a,, .
In the simplest case, in which the spectral functions 4,
and 4, do not depend on x, the nonlinear part of the work

tion tensors J, I,

Y tu

performed by the field is

AP,=2fiw,Num Re(ads(Q,)+ads(Q,)),

“=Z‘Iu(>ﬂ1)1'(xq)apn, a=2 |7 (%q) |*asx.
xg %q

(4.3)

Let us check whether the values of @ and a are the same for
each of these simplest polarization states. For this purpose
we introduce J, = J, and we write all possible combinations
of the angular momenta (J,,,, J;) which are allowed by the
selection rules for the dipole moment in a three-level system:
J-1,J=-2), J-=-1,J-1), (J=1,0), (J,J—-1),
(J,J),and (J + 1, J). There are a total of six such indepen-
dent combinations; other combinations are found through
the interchange n <>/, under which expressions (4.2) are
symmetric. Direct calculations yield equal values for the co-
efficients a and a for all possible combinations of angular
momenta (Table I).

It is natural to suggest that the coefficients o and a are
equal for arbitrary polarizations. To prove this suggestion
we rewrite expression (4.2) for a, , using Eq. (108.9) from

Ref. 12:
u1}
NE

(4.4)

(4.6)

We can write expressions for a and a in the cases of parallel
(11) and orthogonal (1 — ) linear polarizations of the satu-
rating and test fields and also for the cases of the same
(+ +) and the opposite ( + — ) circular polarizations
of these fields:

=-5/2 ~3/2 -1/2

/Tl cmsmm sem—=

12 3/2 §5/2 M==5/7-3/2 -1/2

a
/
n n
M=-3/2 -1/2 12 /2 M=-3/2 -1/ 1/2 3/2
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Now making use of the relation between the 6j and 3j sym-
bols [Eq. (108.4)] and the orthogonality condition for the
3j symbols [Eq. (106.13)], we can show that the relation
a = a holds.

FIG. 4. Transition schemes in a two-level system with J,, = 5/2 and
J, = 3/2. The strong field (the solid line) has a right-handed circu-
lar polarization, while the test field (dashed lines) has (a) a right-
handed or (b) left-handed polarization. The quantization axis for the
angular momenta is chosen along the direction of the wave vector
k, 11k,

S. G. Rautian and D. A. Shapiro 2023



M==5/2 -1/2 3/2 M"J/Z -I/Z 47/4

-3/2 __1/2__ 52 3/2 /4
=-9/: % Z_,/ z 12 Iz 5/2 __5/_2‘7/; 1z 17 3/ Zﬁ/z FIG. 5. Scheme of transitions in a three-level system in
- 4— - " ] —— e oy o | the case of a Raman scattering through the lower level
YA, 7, // withJ, = 3/2and J,, = J, = 5/2. The strong field (solid
N/ b 7,0, lines) has a left-handed circular polarization, while the
a // 4 , test field (dashed lines) has (a) a coincident polarization

n n or (b) an orthogonal polarization.
M=-3/7 1/Z M=-3/2 1/2
4 -1/2 / ¥z ~1/2 " 32

The relation between the resultant amplitude of the
population-associated and nonlinear interference terms is
thus independent of the polarization of the radiation and
remains the same as in the model of nondegenerate states.
The particular state of the polarizations of the strong and
test fields influences only the common factor (Table I), in
contrast with the case of a two-level system, in which the
shape of a nonlinear resonance may change radically in the
transition from identically polarized fields to orthogonally
polarized fields (Chapter 5 in Ref. 9).

The physical reason for the difference between the po-
larization effects in two-level and three-level systems can be
explained qualitatively in a simple way. When the polariza-
tions of the fields are the same, a two-level system breaks up
into a set of two-level subsystems (Fig. 4a), but when the
polarizations are orthogonal it breaks up into a set of three-
level subsystems (Fig. 4b). In the three-level subsystems,
other effects may become substantial; in particular, there
may be effects of resonances with the width of the forbidden
transition, whose role in this case is played by a transition
between magnetic sublevels of the same level. In the case of a
three-level system in contrast, there is no qualitative change
in the scheme of transitions when we switch from one state of
the polarizations to another. The example in Fig. 5 illus-
trates that when coincident polarizations of the strong and
test fields are replaced by orthogonal polarizations the only
changes which occur are in the indices of the working sub-
levels.

5.DISCUSSION

Theresults derived above, which determine the shape of
a nonlinear resonance, lead to the conclusion that studying
the broadening of the central peak is not a good way to study
diffusion in velocity space. The half-width at half-maximum

of such a peak is about 2.5 times the relaxation constant of
the forbidden transition, I',,;, and does not depend on the
diffusion coefficient D. Information on diffusion can be ex-
tracted either at the height of the central peak, «<p~'/2 or
from the broad diffusion part of the lineshape.

As an example we consider a low-temperature plasma
in which the Coulomb scattering of excited ions by ground-
state ions is associated with a random walk of the excited

ions in velocity space:
S ONEE

Here N, is the density of perturbing ions, with a charge Z ‘e;
Ze is the charge of the radiating ion; m and v; are the mass
and thermal velocity of the ions; and L is the Coulomb loga-
rithm.

Let us estimate the diffusion parameter p for the plasma
of an ion laser working in the visible part of the spectrum
(Z=Z'=1). For this estimate we will need the relaxation
constants of the levels and the plasma parameters. Table II
lists the eight strongest lines in the output of an argon laser,
which correspond to transitions between the 4p and 4s con-
figurations of the Arll ions. The radiative-relaxation con-
stants were taken from the review in Ref. 13; here I';

=79; +y. We see from this table that the upper levels

4p*D¢,, and 4p°P$,, are common, and the following three-
level systems with a A configuration can be constructed
(Fig. 1b): 4545/4765 and 4727/4965 A. The low-lying
states 4s°P;, and 4s°P, ,, are common to several transitions,
so the lines listed in Table I can be used to construct 13 two-
level systems with a ¥ configuration (Fig. 1a). In particular,
the strong lines 4880/5145 A are coupled through the lower
level. This is the pair of lines which was used in the experi-
ments by Lebedeva, Odintsov, et al.®

160" LetZ?
mz— 3

=2
Vil

2

D=

) Vg =~ (5.1)

TABLEII. Radiative relaxation constants of the levels for the lines in the output of an ArII

ion laser.
| g
A & i Upper level m Lower level n Y X1077s7" | v, X107%s~
4545 4 p2P° 4s2P, /s 6 1.25
4579 4,0251/ 4821’,/’ 7 1,25
4658 4p*Py), 4stP,, 6 1,25
4727 4p*D5, 4s?P, 6 1.25
4765 4p*P3, 4stp,, 6 1.25
4880 4pD3, 4stP,, 6 1.25
4965 4 p2D° 452P, /s 6 1.25
5145 4P‘D?, 4Py, 8 1,25
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The electron density in the plasma of an argon laser is
typically n, ~ 10* cm 3, and the average velocity is 7, ~ 10°
cm/s. From (5.1) we find v; ~3X 10" s~! and D~4 X 10"
cm?/s. Using 7, from Table II, we then find p~1%y
~ 107!, Under these conditions one can thus observe a nar-
row peak against the background of a wide line. Most of the
diffusion effect is in the square-root dependence of the am-
plitude of the sharp resonance on the collision rate.

In Ref. 8 the measured width of the resonance in the
output, extrapolated to zero values of the density #, and the
saturating field G, was 67 + 5 MHz, in the case in which the
test field interacted with the 4p°’D ¢, — 45°P;, transition; it
was 130 + 10 MHz when the 4p°D $,, — 45°P;,, transition
was probed. The calculated width of the forbidden transition
is Av,,, =40 MHz; it varies by less than 10% if we use the
data in Table II (calculations by Tang et al.; cited in the
review in Ref. 13) and the measurements by Bennett et a/.'*
or the calculations by Loginov and Gruzdev.'> The mea-
sured width is two or three times Av,,;; this result can be
explained in terms of a distortion of the Lorentzian shape of
the resonance by Coulomb diffusion. The observed depen-
dence of the width on the electron density may be related to
either Stark broadening or decay of the m and / levels as a
result of inelastic collisions of the ion with electrons. Resolv-
ing these questions will require measurements of the depen-
dence of the shape of the resonance on the plasma param-
eters. .

The abundance of possible pairs of convenient adjacent
transitions, the difference of more than an order of magni-
tude in the relaxation constants of the upper and lower lev-
els, the combination of measurements in interference and
noninterference directions, and the combining of A- and V-
shaped schemes—all these favorable circumstances qualify
the plasma of an argon laser as a convenient system for the
development of methods of nonlinear spectroscopy and their
application to plasma diagnostics.

We wish to thank S. A. Babin and A. M. Shalagin for
useful discussions.

APPENDIX

The mathematical theory of the asymptotic form of the
Laplace integral with a degenerate critical point is set forth
in detail in Chapter II of the book by Arnol’d e al.'® To
calculate the expansion coefficients, we borrow a method
from that book: We assume that the phase Sis one of the new
variables. The integral then transforms into a Laplace trans-
form of the integral over the remaining variable (the inte-
grand in the last integral is called a “Gel’fand-Leray form™).
The asymptotic form of the Laplace transform is found from

d* T'(et+1
}.e“‘“sa(lns)"ds szc’“———;“H ) , Do, (Al)
A difficulty arises in the switch from the variables (z,¢") to
the variables (s,£): A single-valued transformation cannot
be made because of the degenerate nature of the critical
point. It is necessary to construct a resolution of the singu-
larity. For this purpose we use the o-process (see Sec. 2 in
Ref. 17), which reduces in the case at hand to a preliminary
replacement of (z,¢) by (t,v) wherev=1"/t + 2/3.
In terms of the new variables we have
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Ii= j dse?J,(s),
0

and the integrals J; of the Gel’fand-Leray forms reduce to

Ji(8)= -%— s-"':j: dg g exp[ - S'/-( t+ i a;"/l'{—iz)]

: (A2)
he)= s [z
1 1)
1++/3—iz/3
g‘l’ ) ] ]

where £ = v?/? and £, = (2/3)%. Expanding (A2) in a se-
ries of incomplete I functions,

-exp[ —s (E (y—iz)+

i ]

1= -

h=0

(0 [tk
J, = =4 -F(—z—,gos"(“{—ix)>
k=0

k!

_. .'
o2 (yiz) #0721 +13—’f—) :

T'(a,z) =5 go-te—t dE,

and using power series for the " functions'® and relation
(A1l),wefind (3.10): the leading terms of the real part of the
asymptotic behavior. The degenerate nature of the critical
point of the phase is seen in the circumstance that in addition
to the powers p ~"? (n = 1,2,...) the expansion contains
terms «p~ %’ (k =2,3,...) and also In p. For this reason,
the terms of the series decrease extremely slowly. Compar-
ing the first term of the expansion with the second, we see
that the condition under which we can approximate the ex-
pansion by the leading termis p» 1 for 7, and p» ¥ for I,. In
the case ¥ €1, it is sufficient to restrict the expansion for 7, to
the first term, even at p~1 (line 3 in Fig. 2).

The collisional shifts A; of the resonant transition frequency canbe dealt
with in Egs. (2.5) and below through the replacement I';; - T';; + iA,;.
2The expression for P is the same as that derived by Berman,'® who

examined that expression alone.
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