Temperature dependence of the upper critical field of type Il superconductors with

fluctuation effects
G. P. Mikitik

Physicotechnical Institute of Low Temperatures, Academy of Sciences of the Ukrainian SSR

(Submitted 14 August 1991)
Zh. Eksp. Teor. Fiz. 101, 1042-1055 (March 1992)

Fluctuations of the order parameter are taken into consideration in an analysis of the temperature
dependence of the upper critical field of a type II superconductor with a three-dimensional
superconductivity. This temperature dependence is of universal applicability, to all type I1
superconductors, if the magnetic fields and temperatures are expressed in appropriate units. This
dependence s derived explicitly for the regions of strong and weak magnetic fields. The results are
applied to high T, superconductors, for which fluctuation effects are important. For these
superconductors, the H_, (T') dependence is quite different from the linear dependence
characteristic of the mean-field theory, over a broad range of magnetic fields.

INTRODUCTION

According to the mean-field theory (the Ginzburg-
Landau theory), the upper critical field H_, of a type II su-
perconductor is a linear function of the temperature near T..
One would expect that the corrections to this dependence for
fluctuations would be very small in the case of conventional
superconductors, because of their extremely small Ginzburg
numbers (Gi~ 10~ ''-10~'*). In the high T superconduc-
tors, in contrast, fluctuation effects are far larger (Gi o« £ 5%,
where & is the correlation length at 7= 0). For YBaCuO,
for example, the Ginzburg number is' Gi~ 10 ~3.! Accord-
ingly, the H_, (T) dependence for the new superconductors
may be very nonlinear even near 7. This circumstance may
be responsible for the curvature observed on plots of H,, (T)
for the high T, superconductors in many studies (e.g., Ref.
2).

Golubov and Dorin® included fluctuations in the order
parameter in a study of the effect on H_, (T) of an electron-
electron interaction at the microscopic level (in the BCS
model). That study was restricted to dirty superconductors
in first-order perturbation theory in this interaction. Sha-
piro* and Bulaevskii ef al.’ have studied H_, (T) theoreti-
cally in the fluctuation region [|7|<Gi, where
7=(T— T,)/T,] by a microscopic approach, without spe-
cifying the superconductivity mechanism. Through the use
of the W theory,® they found the result H,, « |7|*>. Thereisa
point to be noted about that result. In the functional of the ¥
theory which determines the free energy, only the simplest of
the terms containing powers of the gradient, specifically
|( — AV — 2eA/c)y|?, was retained in Refs. 4 and 5; here A
is the vector potential, and ¢ the order parameter. This ap-
proach of ignoring terms with higher powers of the gradient
is justified in the W theory only for describing situations in
which the variations in the order parameter occur over
length scales much larger than the correlation length £(7) at
the given temperature.’ [The functional of the W theory is
essentially a block Hamiltonian, in which a smoothing is
carried out to scales on the order of £(7).] This requirement
is not satisfied, however, near the line H,, (7). The nucleat-
ing regions of the superconducting phase which appear have
a length scale on the order of £(7), as in the Ginzburg-Lan-
dau theory (Ref. 4). The result derived for H,, (7) in Refs. 4
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and 5 thus cannot be regarded as having a solid foundation.
Nevertheless, we would expect it to correctly convey the
functional dependence of H_, on 7in weak magnetic fields.

Below we show that the H_, (7) dependence is notice-
ably nonlinear not only inside the critical region (|7| < Gi)
but also outside it. Accordingly, in the present study'’ we
analyze this dependence for the case in which there are fluc-
tuation effects over the entire temperature range with |7| €1.
We use the results and methods of the phase-transition theo-
ry of Ref. 8. In Sec. 1 we state the problem. In Sec. 2 we
analyze the overall H_, (T) dependence and show that it is
universal for all type II superconductors, if the magnetic
fields and temperatures are expressed in appropriate units.
In the next two sections of the paper we derive explicit ex-
pressions for the functional dependence of H,, on T in the
limiting cases of strong and weak magnetic fields. The re-
sults of this study are stated in the Conclusion.

1.STATEMENT OF THE PROBLEM

The field H_, (T) is generally understood as the mag-
netic field below which the superconducting phase appears
at the given temperature. This definition requires some re-
finement when fluctuations of the order parameter are taken
into consideration. We define the line H,, (7T) in the (H, T)
plane as the line of second-order phase transitions from the
normal phase to the mixed state. We start from the assump-
tion that such a line exists, without proving it. Let us exam-
ine the shape of this line.

In a study of the superconducting phase transition one
must in general consider fluctuations of the vector potential
along with fluctuations of the order parameter. We know,
however, that the contribution of the fluctuations of the vec-
tor potential to the thermodynamic properties of a type 11
superconductor is comparatively small, provided that the
Ginzburg-Landau parameter is sufficient large (Ref. 9, for
example). The size of the critical region with respect to fluc-
tuations of the electromagnetic field was estimated in Ref.
10. It was found that these fluctuations become important
only under the condition |7| < Gi, ~Gix ~?, where x is the
value of the Ginzburg-Landau parameter far from the tran-
sition point (|7| > Gi). Since Gi, is small even for the high
T, superconductors (x ~ 10% Gi, ~ 10 ~?), fluctuations of
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the electromagnetic field can be ignored in a study of the
H_, (T) dependence. Below we accordingly assume that the
magnetic field is spatially uniform and equal to the given
value H.

To describe the fluctuating field of the order parameter
¥ we use the methods of Ref. 8. To determine H ,, it is suffi-
cient to consider the fluctuations in the order parameter only
in the normal phase, i.e., above the line H,, (7). This ap-
proach is to be understood everywhere below. The part of the
partition function in which we are interested and the binary
correlation function are given by path integrals:

Zﬁjexp (——%g—)Dtlep‘, (1)

W (pr)>=2- | w’(r)w(r')exp(—%%) Dy Dy’
2)

where 77 is the Ginzburg-Landau Hamiltonian. We will be
using dimensionless variables everywhere below. Lengths
are expressed in units of §0 (c/a)'?, and magnetic fields
in units of h = H/HS"(0), where HS"(0) = ®,/27€3,
and @, is the flux quantum. The d1mensnonless order param-
eter ¢ is related to the dimensional order parameter used
everywhere in Ref. 8 by ¢ = ¢, [a&3/(2T)]">. The
quantities ¢ and « are the coefficients of the Ginzburg-Lan-
dau Hamiltonian, in the standard notation.® In dimension-
less variables, this Hamiltonian is

= Jar() ovraypl el gl 2maitlply. )

The reason for the numerical factor in front of Gi'/?in the
last term in (3) is that the Ginzburg number is defined here
as in Ref. 1. For the dimensionless vector potential 4 we
choose the gauge 4 = ( — hy, 0, 0).

Below we use a representation for ¢ in addition to the
coordinate representation. We expand the order parameter
in the eigenfunctions ¢, of the operator
HKo=(—IV+A)>+7 y=3,c,9:, Zoty =E ¥,
The index A represents the set of wave-vector projections &,
k, and the nonnegative integer n: A ={k,, k,, n}. The
eigenvalues are E;, =7+ k2 4+ h(2n + 1); the ¢, are nor-
malized by 8,,,6(k, — k. )8(k, — k }) and are the same as
the eigenfunctions of a charged particle in a magnetic field.
In this representation, Hamiltonian (3) is

Gih)"
):.5 dasleul*+ o Y, § da, dayda d,
X 8 (qu+Goa—qs— i) T (Ay, Az, As, Al) €a,"Coy"CasCasy
(4)
where q= (k,, k,) is a two-dimensional vector, and the co-

efficient I(4,, 4,, 4;, A4,) is given by

eX}){"‘l/z[ (%4—%.)*+ ('Ks_’h)z]}
(CARARAE A

I(}Vly My A!y A'b)=

min(n+n,nyt+ny)

! r—mny,r—ng r=ny,r—n4
x Z 2 P:I|+'n:-r ! (O)Pn(ﬂ-m-" ' (0)

ro=0

XHn.+nz r(xl "2) y 4+ Ny — ,(x3—764) (5)
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Here x;=k,;/(2h) "%, H, (x) are the Hermite polynomials,
and P {*? (0) are the values of the Jacobi polynomials at the
origin of coordinates. Here and below, all the orthogonal
polynomials are defined as in Ref. 11. It can be shown that in
this representation the binary correlation function defined

> (e ar>=2Z"" j €1,"Cay exp( - a—g—) II dey dey’,
1Y

is diagonal with respect all its indices, is independent of &,
satisfies

er*erd=08p, uO(ke—k.)8(k.—k.)Go(K.), (6)

and is related to the correlation function in the coordinate
representation by

G, (k)= jdr exp (ik.z)exp [ - %(x”’yz) ]Ln(—g—(zbry’))
x exp(ih-’%) W (1)$(0),

(7

where L,(x) are Laguerre polynomials. The quantity
exp(thxy/2) X {¥*(r)¥(0)) in (7) is simply {(¢*(r)¥(0))
for the case in which the vector potential is chosen in the
cylindrical gauge: A = [hr]/2. It is clear from symmetry
considerations that this quantity depends on only x* + »*
and |z|. This circumstance was utilized in the derivation of
(6) and (7).

In a given magnetic field, we find the temperature of the
phase transition from a normal phase to the mixed state in
the standard way,® as the point at which a condensate ap-
pears:

[Go(k.=0, b, T.)]~*=0. (8)

We have a few words of explanation regarding Eq. (8). First,
by virtue of its meaning, Eq. (8) should contain that correla-
tion function which leads to the maximum value of 7. In the
normal phase, it determines the occupation numbers of the
least stable mode of the order parameter; it is this mode
which leads to the appearance of a condensate at 7. It can be
shown that, for a binary correlation function in any repre-
sentation found by expanding # in any system of functions
other than ¢,, the corresponding 7. is no greater than that
found with the help of G,. This assertion follows from the
diagonal nature of {c¥c} ) with respect to all its indices [see
(6) ]. This diagonal nature is in turn a consequence of simply
the symmetry properties of the system. Second, in the Gaus-
sian approximation (Gi—0), the quantities G, (k,) can be
calculated easily:

1 1

Gn(o) (kz) == Tl 2170 LAy "
E, 1tk +h(2nt1)

9

In this case, condition (8) leads to a result which has also
been found in the mean-field theory: 7. = — h. The quantity
(G &) ~! vanishes earlier—i.e., at a higher temperature—
than the other quantities (G () ~'. It is natural to assume
that this assertion remains in force in the general case Gi#0.
It is for this reason that we selected n =0 in (8). We will
have some further comments regarding this assumption at
the end of the fourth section of this paper.
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Condition (8) means that as the phase-transition point
is approached the correlation length along the magnetic
field, £,, goes off to infinity. This conclusion follows from
the equation which is the inverse of (7):

exp( ih ilci) @ () Pp(0)>= — exp[ —(z’+y’)]

(2n)*

X Z (__(xz-l—y’) )5 dk, exp (—ik.z)G.(k.).

n=0

It follows from this equation that the correlation lengths
perpendicular to the magnetic field remain finite even at
7= 7,. They are on the order of the magnetic length 1/A /2.
There is thus no reason to believe that the hypothesis of scale
invariance would be valid for describing a phase transition in
the case 2 #0. These aspects of the behavior of the correla-
tion lengths in the Gaussian approximation were analyzed in
Ref. 12.

2.UNIVERSAL NATURE OF THE H_,(T) DEPENDENCE

Hamiltonian (3) and thus all the correlation functions
depend on the three parameters 7, 4, and Gi. We set 7<0,
since the line A, (7) lies in this region in the (4, 7) plane. We
introduce the new coordinates 7' and the new order param-
eter ¢’ by means of

=lT7"r, e=|t|"y".

It is thus simple to show that the parameters appear only in
the combinations 4 /|7| and (Gi/|7|)"? in transformed
Hamiltonian (3). Going over to the new variables in Egs.
(1), (2), and (7), we find (for example) that the quantity
G, (k,) depends on the parameters in the following way:

k. R Gi)

o' (ki 1, b, Gi) = 1| F, ( )

1™ <l |+
where F, is some function of its arguments. Consequently,
condition (8) leads to the equation

Fo(0, k/| 7|, Gi/|t])=0,

which determines the line of phase transitions in the (A, 7)
plane. The three parameters appear in two combinations in
this equation. Solving this equation, we find
h,/|7| = f(|7]/Gi), where f is a function of one argument.
The temperature dependence of the upper critical field can
thus be written in the form

ha 5l (Il (10)
Gi —Ef(ﬁ)’

It follows that this dependence is of universal applicability in
the sense that it holds for all type II superconductors if
h.,/Gi and |7|/Gi are used as variables. The entire depend-
ence on the constants characterizing the superconducting
material (i.e., the Ginzburg number) is incorporated in the
units in which the magnetic fields and temperatures are ex-
pressed. Explicit expressions for the function f for strong
(h>Gi) and weak (h<Gi) magnetic fields are derived in
the following sections of this paper.
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3.STRONG MAGNETIC FIELDS

As we know,® a Feynman-diagram technique can be
used to write the correlation functions for the order param-
eter as perturbation-theory series. Here we treat the last
term in (3) as the perturbation. To obtain information on
the function f in (10), we analyze the corresponding expan-
sion of the mass operator 3, (S,=7+h+ k2 —Gg ') of
the Green’s function G, givenin (6). Figure 1 shows the first
few diagrams corresponding to this expansion. We use the
representation in which the Hamiltonian is given by (4) and
(5). The Green’s functions in the Gaussian approximation,
(9), then correspond to the solid lines in the diagrams, while
factors proportional to (Gik)'2I(4,, 4,, 45, 4,) corre-
spond to the vertices. An integration is to be carried out over
all the internal two-dimensional wave vectors g; under the
condition that the conservation laws for these vectors hold at
each vertex. A summation is to be carried out over the inter-
nal indices #;.

In analyzing the diagrams, we must bear the following
point in mind: A Hamiltonian of the type in (3) corresponds
to a renormalizable field theory. In this theory, only the first
two diagrams in Fig. 1 are primitively divergent.'>'* Conse-
quently, for a theory of this sort, all the divergences in the
diagrams at large momenta (or their dependence on the cut-
off parameter, which in this case is equal to 1/&, in order of
magnitude) can be eliminated through a renormalization of
the “mass”: the superconducting transition temperature T,.
In other words, this can be done by introducing in Hamilto-
nian (3) a counterterm (87, + 87,) || in which the con-
stants 7, and 67, (which are independent of 7 and /) are
chosen in order to cancel the divergences (the dependence
on the cutoff parameter) in respectively the first and second
diagrams in Fig. 1. Below we assume that we have gone
through this renormalization procedure, so the contribution
of any diagram to X, is finite and independent of the cutoff
parameter.

We consider an arbitrary diagram with / vertices. We
wish to analyze the behavior of the corresponding contribu-
tion to the mass operator 2§ as a function of the parameters
h, 7, and Gi. For such a diagram, there are 2/ — 1 internal
lines. Of the / conservation laws for the two-dimensional
vectors q;, one leads to the equality of the external q’s. Con-
sequently, when we take these laws into account we have
(2] — 1) — (I — 1) = integrations over the internal wave
vectors k,; and k,;. To determine how these integrals depend
on the parameters, we go over to the new integration vari-
ables x, =k /H(2h"?, k, =k, /c"?, where e=7+ h.
From each Green’s function in (9) we single out one factor
of £ ~ . The expression inside the integral and summation
signs will then depend on only the ratio /4 /&, which appears

s

FIG. 1. The composition of the mass operator 3, in powers of Gi'/? of up
to second order inclusively.

+ ..
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in the transformed G {*. We also note that all the integrals
over x; can be calculated easily by taking account of the
orthogonal nature of the Hermite polynomials which are in-
corporated in I(4,, A4,, 4;, 4,), according to (5). As a
result, for an external k, = 0 we find an expression of the
following type for 2" (we are omitting some inconsequen-
tial details associated with the renormalization):

(eh)'* [ h \)
821_1“0’ ( -

20 (k=0)=(Gi k)" (11)

&

Here 0, (h /¢) denotes the result of integrations over the in-
ternal k,; and x, and of all summations of products of trans-
formed G {” and factors I(4,, A,, 45, A,). Using (11), we
easily find the universal functional dependence 4, (7) in
(10) again.

According to (10), strong fields 4> Gi are equivalent to
small values of Gi. Consequently, if 4 is sufficiently large
[Eq. (8)], then a root of equation 4 should lie near the
straight line ¢ = O in the (A, 7) plane. This line corresponds
to the line of phase transitions in the Gaussian approxima-
tion. In this region of parameter values, expression (11) sim-
plifies further. According to (9), under the condition £ <A
the quantity G { is much larger than the other G (*”’s, so we
can restrict the summation over Landau levels to the single
term with #n = 0. In particular, all the sums in ¢, reduce to a
single & /e-independent term in which all the internal vari-
ables satisfy n, = 0. In this single-level approximation, in
which only the lower Landau level is taken into account
from the outset, the quantity o, are constants, and
2, (k, = 0) is the product of £ and some function of a single
argument:

A h
S (k=0)=ea (2 1), (12)
o
We also note that in the case £ ~ Gi'/34 % all the terms in the

series for the mass operator are on the same order of magni-
tude. Consequently, Gi'/4 2”3 is the size of the fluctuation
region at strong magnetic fields (at #> Gi'/*h ?’*). This re-
sult agrees with an estimate of the size of this region found
from an analysis of the specific heat.'’

Expression (12), which was derived through an analy-
sis of a perturbation-theory series, is strictly valid within the
convergence region of this series. Furthermore, in deriving
(12) we used expression (9) for G °, which is valid only for
£> 0. On the other hand, the root of Eq. (8) may lie at £ <0,
and it may apparently lie outside the convergence region of
the perturbation-theory series. However, neither the bound-
ary of this region nor the straight line € = 0 is singled out in
the (A, 7) plane by any physical consideration. The singular
points of the exact Green’s function lie exclusively on the
true line of second-order phase transitions, 2 = A, (7). The
functional form of the mass operator should thus not change
when we go outside the convergence region of the perturba-
tion-theory series and when we go from positive to negative
values of &, provided only that we do not cross the phase-
transition line. Consequently, in sufficiently strong magnet-
ic fields, in the region in which the normal phase exists, and
under  the  condition le|<h,  the  quantity
Gy '(k, =0) =& — 2, (k, = 0) can be written in the form
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Go~* (k,=0) =Gi"h*R (ﬁ) ’ "
1

which agrees with (12). Here R(x) is some function of its
argument. We note that the incorporation of other Landau
levels (other than the zeroth) in the analysis of the mass
operator will lead to a correction on the order of (Gik)/?to
the right side of (13).

Substituting (13) into (8), we find £, = C,Gi'*h??>,
where C, is the largest root of the equation R (x) = 0. Using
the definition € = 7 + A, we find the dependence of the tran-
sition temperature on the magnetic field:

Te=—h+C,Gi"h*, (14)

If we are to avoid a contradiction between (14) and the ap-
proximation 4> |e.|, used in deriving this expression, we
must require that the second term on the right side of (14) be
much smaller than the first. This requirement refines the
condition for a strong field. Solving Eq. (14) by an iterative
method in 4, we find, within quantities to (Gi/|7|)"* inclu-
sive, the following temperature dependence for the upper
critical field (|7|> Gi):

hea(T)=—7+C,Gi" (—1)*. (15)

For the function f(x) which appears in (10) we find the
following expression, for large values of the argument of this
function (x>1):

f(z)=1+C 2", (16)

To determine the functional dependence in (15) more
accurately, we would have to take account of the terms on
the order of (Gik)!/> which we ignored in (13). In this case
the corrections to (14) and (15) will depend on the behavior
of the function R(x) as x— C, . There is yet another circum-
stance to be noted. Since equality (13) is valid only in the
single-level approximation, in deriving (14) we tacitly as-
sumed somewhat more than the existence of a root of (8):
We tacitly assumed that there also exists a root of the equa-
tion R (x) = 0. Otherwise, the functional form of the correc-
tion term in (14) would have been different. Finally, we note
that a method similar to that used in the preceding section of
this paper could be used to derive the result in (13) directly
from a path integral representing G,, if the single-level ap-
proximation were used from the outset in (4).

The line of phase transitions from the normal phase to
the mixed state was studied in Ref. 16 in the single-level
approximation, although it was not assumed there that this
line corresponds to H_, (7) (and the concept of an upper
critical field was not defined physically). The transition
temperature was found in Ref. 16 as the point at which the
coefficient of the quadratic term in a certain effective Hamil-
tonian changed sign. When there are four terms, that ap-
proach is generally incorrect. Nevertheless, the result found
there leads to a functional dependence of /4 on 7 which is the
same as that in (15). This agreement appears to be a conse-
quence of the circumstance that the correction to the result
of the Ginzburg-Landau theory in (14) is proportional to
the width of the fluctuation region, which is the only length
scale which appears in any calculations in the single-level
approximation.'’
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4. WEAK MAGNETICFIELDS

In weak magnetic fields, # € Gi, the fluctuation region
becomes broader than the temperature interval (¢ <h) in
which the single-level approximation could be valid. In this
case, Landau levels in addition to the lowest should be taken
into consideration in determining the very size of the critical
region (this size turns out to be on the order of Gi).
Throughout this region, a large number of these levels must
be taken into account simultaneously in perturbation-theory
calculations, so the single-level approximation is not valid
for weak magnetic fields. In this situation we would not ex-
pect to obtain information on the function f in (10) by using
the series of a perturbation theory in Gi'/*for the analysis, as
was done above. We instead examine the quantity G, at 7> 0
by means of a perturbation theory in the magnetic field, in
which the interaction |¢|* is taken into account exactly.
Then, staying inside the region of the normal phase, we con-
tinue the result to negative values of 7. We assume that
everything which pertains to the case # = 0, 7> 0 is known.
Since weak fields correspond to |7.| €Gi, the values of the
quantities at A = 0 need be known only inside the critical
region. They have been studied well in this region,® since
critical phenomena in superconductors in the absence of a
magnetic field can be described by means of the hypothesis
of gauge invariance.

Working in the k representation, we expand the order
parameter in plane waves:

w(0)=(21) " | dketvrby:

In this representation, the Green’s function g(k), defined by

g(k)= | drcy (r)¢<o>>e~~=5 dK’ by by,

is related to G, (k, ) by an equation which follows from (7):

1
Gy (k)= Ehn—h'j dk, dk,

kl+k,?
2k

xexp - ——;—k,k,,) g (ks by, ). (17)

The part of Hamiltonian (3) which depends on the magnetic
field is

;

§
! 8+u+i®+‘8*

N/
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= 5 dk dk’'by by 6 (k.—k. )8 (k.—k,")

%l‘n[
T

(18)
X [2ikk.8’ (ky—k,') —h*0” (k,—k,")].

Here 8 ' (x) and 8" (x) are the first and second derivatives of
the §-function. We will treat (18) as the perturbation of the
Hamiltonian which we would obtain by setting # = 0in (3).
Figure 2 shows graphical representations of the corrections
to the Green’s function of up to second order in A, inclusive-
ly, at 7> 0. There are vertices of two types (with one and two
wavy lines), which describe the interaction of the order pa-
rameter 1 with the external magnetic field and which corre-
spond to respectively the first and second terms in (18). The
circles represent T'‘™, i.e., the exact vertex parts with n ex-
ternal ends for the |¢|* interaction at 4 = 0, while the lines
are associated with the exact Green’s functions in the ab-
sence of the magnetic field: g, (k) =g(k, # =0). As an ex-
ample, we write the expressions corresponding to the second
and last diagrams in Fig. 2, within numerical factors:

g9 § apngw] 2-atp0 ] (19)
w800 fapew| S atkpn] (20)

Here we have used
A(k, p, t)=go(t) go (k+t—p)T®(k, t: p, k+t—p).

The differentiations with respect to ¢, in (19) and (20) arose
after the integrations by parts which eliminated the deriva-
tives of the 6-functions in (18).

We now seek the dependence of the corrections to g, on
the parameter 7. From Ref. 8 we have

g0 (k) =E2-"g, (kE),
T (k. .., Ken) =51 (kG - .. kank), 2n
02n=n(2—‘|’|) —3(71—1)7

where £« 7 ~" is the correlation length in the fluctuation
region at 7€ Gi and h =0, and 7 and v are critical expo-
nents. Going over to the variables k¢, p&, t£ in (19) and
(20), and using (21), we find that these expressions reduce
to ih€ 22~ ™ and h2£2 ™ +2 respectively, multiplied by

FIG. 2. Corrections to the Green’s function g, of up to second
order in the magnetic field inclusively.
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certain functions k&. Correspondingly, it is a straightfor-
ward matter to analyze the corrections to g, for all the other
diagrams in Fig. 2. As a result we find that the structure of
the function g (k, A, 7) calculated within terms of order up to
k2, inclusively, is

g(k, h, T)=E""(Z,(kE)+ihE*"a,,,(kE)
+REER Mg, o (KE) +R2E"* g, , (kE) +.. ),
where @, ; (x) are certain functions of one variable, and the
term proportional to /4 2£ 3> =™ describes the contributions
of the third through seventh diagrams.

Let us examine the form of the correction terms to g, in
higher orders in 4. An arbitrary diagram is a set of vertex
parts %", j = 1,...,], all ends of which except the two outer-
most are connected in pairs by internal lines, with the result
that a connected configuration is formed. Each such line
(there is a total of N = =!_, n, — 1 such lines) contains at
least one vertex of Hamiltonian (18) of one sort or another
(see Fig. 3, which shows an example of such a diagram). We
assume that there are s, vertices of the first type (with one
wavy line) and s, of the second type (with two wavy lines),
with s; + 5, >N. Let us examine the contribution of such a
diagram to g(k). Making use of the / conservation laws, one
of which simply gives us the equality of the external wave
vectors k, we have N — (/ — 1) three-dimensional integra-
tions over internal wave vectors p;. Also appearing in this
expression is the product of all the vertex parts and
N+ 2 + 5, + s, functions g,. In addition, each vertex of the
first type introduces a factor of the type iAp,; and one differ-
entiation with respect to the y component of the internal
wave vector. A vertex of the second type contributes 4 >and
two such differentiations. Going over to the new variables as
we did earlier, using (21), and carrying out a simple calcula-
tion of the powers of &, we find that this contribution has the
structure

(g (RERE ) a,, o (KE).

Consequently, g(k, 4, 7) depends on the magnetic field
through the combinations A& >~ " and A& %

g(k, h, T)=8"F(kg, hE?, AE*-").
Finally, a substitution of this expression into (17) gives us
Go(k,=0)=E*""Go(hE? RhE*™). (22)

As in the preceding section of this paper, we continue
G, out of the region in which the result in (22), derived by
perturbation theory, is strictly valid, into the region 7 <0, to
the line of the phase transitions. In addition, making use of
the small value of the critical exponent 7, we use the approxi-

|
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N\ " I\

FIG. 3. Correction to the Green’s function g, of seventh order in the
magnetic field.
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mation 7 = O below.® [ We are justified in using this approx-
imation to determine 4, (7) at least under the condition
In(Gi/|7|) €1/vn, i.e., essentially throughout the fluctu-
ation region, except in a small neighborhood of 7 = 0, since
£ essentially reduces to a constant under this condition. ]
As a result we find

1
Golky = 0,7h) = —-Q (h ,CZ‘,) : (23)
where Q(x) is some function of one argument. Here again

we have made use of £cc 7 ~*. From (8) and (23) we finally
find

T.(h) < h V%, heo (1) < | 7|2 (24)

Using v~2/3 (Ref. 8), we find the final expression for the
function f(x) in (10) for small values of its argument
(x<£1):

f(z) =Caz", (25)

where C, is a numerical coefficient. Note that (24) agrees
qualitatively with the corresponding expressions in Refs. 4
and 5.

In formulating the problem we assumed that for each
value of 4 it is G, among the various G, which leads to the
maximum value of 7.. Actually, this assumption is not im-
portant for deriving the results of the present study, since in
practice we have derived them without making use any-
where of the circumstance that it is G, rather than some
other correlation function G, which appears in (8). Only
the values of the coefficients C;, and C, in (16) and (25)
depend on the particular correlation function which is in
(8), but we have not determined those coefficients in the
present study. In addition, the equivalence of strong fields to
small values of Gi allows us to assert that this assumption is
at any rate valid under the condition 4> Gi. Furthermore,
since the curves corresponding to the functions (16) with
different values of C, do not intersect, and a corresponding
assertion holds for (25), then G, may be replaced by some
G, with n5#0in (8) in the course of the decrease in 4 only at
fields 4 /Gi~ 1. In this case there would be a change in slope
of the 4, (7) line; such a change seems unlikely. However,
even if it does occur, it would have no effect on the results
found in this paper.

CONCLUSION

We have analyzed the temperature dependence of the
upper critical field of a type II superconductor with fluctu-
ations in the order parameter at temperatures |7| < 1. In the
(H, T) plane, theline H, (T) is defined as the line of second-
order phase transitions from the normal phase to the mixed
state. We have shown that the H,, (T) dependence, written
in terms of the variables H,,/H, and (T, — T)/ Ty, is the
same for all type II superconductors:

H, T.-T (TT;T) (26)

H i T 1l
Here f(x) is a universal function which does not depend on
the constants characterizing the superconducting material;
T,=T.Gi; H,=H 3"(0)Gi; and H ;"(0) is the value of the
upper critical field at 7= 0 according to the Ginzburg-Lan-
dau theory. In strong fields H> H; and weak fields H < Hj
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FIG. 4. Approximate overall behavior H, (T). 1—C, <0; 2—C, >0.
The dashed line show the resuits of the Ginzburg-Landau theory.

(or, equivalently, at temperatures T, —T>T, and
T, — T<Ty), the function f(x) is given by (16) and (25),
respectively, in which C; and C, are numerical coefficients
which have not been determined. Corresponding to these
two limiting cases are different sizes of the fluctuation region
along the temperature scale: T, for weak magnetic fields and
T, (H /Hg)?” for strong fields. In sufficiently strong mag-
netic fields, the experimental temperature dependence of the
specific heat and that of the electrical resistance of a super-
conductor clearly exhibit an H *? scaling (Refs. 18-20).
Figure 4 shows two possible versions of the overall depend-
ence H, (T) corresponding to the different signs of C,. We
are apparently dealing with the case C; <0.

For conventional superconductors, Tz and H, are ex-
tremely small, and only the case of strong magnetic fields

can be implemented experimentally. The ratio (H /H,)"?is -

quite high in this case. According to (16), the approxima-
tion f(x) = 1 is then quite accurate, so the result of the Ginz-
burg-Landau theory is always a good approximation for
H_, (T) in these superconductors. In YBaCuO we have®
H G-(0) ~ 10° kOe. Making use of the value of the Ginzburg
number for this superconductor,' we find H; ~ 1kOe. Con-
sequently, the deviations from a linear dependence H,, (T)
should be seen experimentally over a broad range of magnet-
ic fields. The field region H< 10° kOe has been studied in
most detail experimentally. In this region, we could expect
the Ginzburg-Landau theory and the result derived above to
be applicable. The correction term in (16) is significant in
this region, amounting to at least 20% of the leading term
with C; ~ 1. In the new superconductors, there is apparently
no region in which the result H,, « |7| holds well.

Asthe phase-transition line is approached in a magnetic
field, only the correlation length which is longitudinal with
respect to H diverges; the transverse lengths remain finite
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(they are proportional to H ~'/?). We would accordingly
expect that the nature of the singularities in the physical
quantities upon a phase transition of this sort would be quite
different than at H = 0 (the singularities would apparently
be weaker and would be seen only in the derivatives of phys-
ical properties with respect to the temperature or the mag-
netic field). A study of this question would clearly be of
interest, and it would permit a correct experimental deter-
mination of the H, (T) line.

The dependence H,, (T) was studied above under the
assumption that the superconductivity is three-dimensional.
In many of the new superconductors, however, there is ap-
parently a transition from a three-dimensional behavior of
the order parameter near T, to a quasi-two-dimensional be-
havior far from T.. This transition occurs at a certain tem-
perature T, . The results found here apply to the region of
the three-dimensional behavior and are apparently valid
only under the condition |7| €| 7, |. Superconductors with a
quasi-two-dimensional superconductivity, with low values
of |7, |, require a special study.*'

U The basic results of this study were published in Ref. 7.
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