Spin currentin a superfluid Fermi-liquid in an electric field

V.P. MineevandY.G. Makhlin

Landau Institute for Theoretical Physics, Russian Academy of Sciences

(Submitted 2 April 1992)
Zh. Eksp. Teor. Fiz. 102, 876-883 (September 1992)

The interaction of magnetic moments of moving Fermi-particles with an external electric field
creates a dissipation-free spin current in the superfluid state. In the superfluid *He-B the influence
of the electric field can be revealed by experiments with spin supercurrent between two vessels

with homogeneously precessing magnetization.

1.INTRODUCTION

It is well known'+ that the anisotropic interaction of an
electric field E,

Ug "—bAm-A;jE.'Ej, (1.1)

with the order parameter A,; in superfluid phases of *He
originates from the interaction between dipole moments of
helium atoms induced by an external electric field. So, the
value of the interaction strength

b a? (Rp\?

~ 5 ()
is determined by the value g, of the dipole-dipole or the
spin-orbital coupling. Here « is the polarizability of helium
atoms, u is the magnetic moment of helium nucleus, (Rg/
R)? is some renormalization factor.

Another type of interaction with the electric field was
recently proposed® in connection with experiments** on the
spin superfluidity in *He-B. It was suggested that in a super-
fluid, neutral but magnetic (pairing with § = 1) Fermi lig-
uid there is a spin supercurrent depending linearly on the
electric field:

Je ~ (Va—l%]-).

Here a is the precession angle in NMR experiments, [ is
oriented in the z-direction. So, in experiments with the fixed
spin supercurrent in a channel of length / between the two
vessels with the homogeneously precessing magnetization,?
the switching on the electric field gives the shift of the differ-
ence of precession angles

ba =~ Ml ~ 10~ *rad,
he

(1.2)

for E~3-10* V/cm. This value is of the order of the mea-
surement accuracy.

In this paper we shall demonstrate that such spin cur-
rent does exist due to the spin orbital interaction of usual
type [pZ]JE/mc. The expression for this current does not
coincide with (1.2) but is of the same order.

2.HOMOGENEOUSLY PRECESSING MAGNETIZATION IN AN
ELECTRICFIELD
Using the gradient expansion of the Gor’kov equations
we obtain an expression for the spin current in *He-B in an
electric field [Appendix, (A16)]:
Novih? 2u
Joi = 035 (1 = Y(T))Paipi(wps — 5 epirEk)-
Here N, = k.m* /27 is the density of states, v is the Fermi
velocity, ky is the Fermi momentum, Y(7) is the Yosida

(2.1)
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function, P, 5 = —46,36; + R, Ry + R,;Ry, R, is the
3-dimensional rotation matrix determining the order param-
eter in B-phase, o,; =} e,5,R5 VR ; is the angular velocity
of the rotation of the spin space.

This expression determines the dissipation-free spin
current in the superfluid *He-B caused by the electric field.
The appearance of the spin supercurrent under the electric
field will be compensated for by a much stronger spin super-
current due to gradients of the order parameter. So there will
be created a complex distribution of the spin supercurrent in
the vessel, depending on the distribution of an applied elec-
tric field, boundary conditions etc.

Let us obtain now the expression for the spin supercur-
rent due to an electric field in conditions of the homogen-
eously precessing magnetization.?

The spin current can be obtained from the free energy F
by o, variation:

OF

Owai '

(2.2)

jcn' =

So we get from (2.1) the expression for the gradient free
energy (which, of course, can be obtained using the gradient
expansion of Gor’kov equations up to the second order, see
Refs. 6 and 7):

X
Fo = i_g7 [cﬁ&,p&j — (cﬁ - Cﬁ_)(Ru,‘Rﬁj + RajRp.')]

2u 2u
X(Wai — Tem‘kEk)(wﬁj - Tepijl)- (2.3)

(see Ref. 8). Here ¢2 and ¢? are the squares of spin-wave
I L
velocities:

2 o 4 2 - 4 : Xn 23

o =zcL= 51— Y(T));”F-

X and y are the magnetic susceptibilities of normal and
superfluid *He respectively, and g is the gyromagnetic ratio
for *He-nuclei. Later we shall use units such that y = g = 1.

We rewrite (2.3) as follows:

1
Fo=3 [Cﬁ5aﬂ5ij = (€l = €1)(baibp; + bajépi )]-

_ 2 ~ 2
(@ai — T”Ra'aea'-'kEk)(ij - %Rﬁ’ﬂeﬁ'ﬂEl), (2.4)

where the components of the ‘angular velocity”
@, = Rp, wp; in the rotating coordinate system are

‘:’zi =- da

. op .
sin B cosy + ﬂsm'y,

31:.‘ az.'
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- O .-, op
L= 22 2F 2.5
Dy 9a; sin Bsiny + oz cos 7y, (2.5)
- da 8y
Wi 8—:. cos 3 + 5;::
a, 3, v are Euler angles determining the matrix R,; of the
order parameter, in B-phase, such that
R(a87) =R, (a)R BR, ().

We want to study the situation in the precessing *He-B
(see Refs. 4, 5, and 8-11). In *He-B the dipole-dipole inter-
action keeps a partial degeneracy: the minimum of its energy
is given by the condition

(14 cos ®)(1 + cos B) = E, (2.6)
where ® = a + 7, and «a is arbitrary. In this case the spin
dynamics is the movement along this two-dimensional mani-
fold with the coordinates @ and S ( — 1/4<cos <1,
0<a<2m). In the case of the precession @ = — w,t, where
, is the frequency of the precession, B, ¢ = const. So when
we study low-frequency dynamics near the pure precession
we can average the physical quantities over a.

In this way we compute the components of .S, -current
(see Ref. 8):

~ 3-7:v
= -, 2.7
Jzk ER

where ¢, =V, ¥=V,(a+w,?), and o =Ju —Jex

=Jau (1 — cos B) —sin B(j cosa +j,, sina). The final
expression for the part of j,, linear in the electric field is:

Jes =_4%(cﬁ — ¢ )E, sin ®sin’ g, (2.8)
2 -3 2 i
Sop=—-1 3 = —cosﬁ)T“eu.El
2 . .
+(Cﬁ —ci)T“E,‘ sin? Bsin &. (2.9)

In (2.9) k=x, y.

3.ELECTRIC FIELD AND CRITICAL SPIN CURRENT

In this section we study the influence of an electric field
on the dependence of the spin current in a channel on the
gradient of @ along this channel.'®!!

Using Fomin’s expression for j,, (see Refs. 10, 11) and
(2.9) we obtain:

2 c —3c?
,,=—(1-u)[((l_u)cﬁ+(1+u)c1)a;_7“ek,,p:. L

2 By (c} - )3 + )],

where u = cos 3.
We study the case when the channel is parallel to y-axis:
a, =a.
One of the equations of low-frequency dynamics of
3He-B (Ref. 11) is
da 1 6F
Ty =—wr + ;E’
where w, is Larmor frequency, and the second one is the
conservation law for S,. Following Fomin we look for sta-
tionary solutions for which @’ = const and u = const. In this
way we obtain an equation for the a'-u dependence:

(3.1)

(3.2)

480 Sov. Phys. JETP 75 (3), September 1992

&l =1 - )(@8)? - (@) 2L [(-3) B

1-6u
+ (- cl)zﬂ_TﬁE] (3.3)
where £ = ¢, /\Jw, (0, —w.), *(u) = uch + (1— u)e?.

In the case E = 0 (Refs. 10, 11) there are two regimes:
oa'gal, and al, <a'<al,, where a, &
,/4cl/(5c” —c?)anda, &= 1. Inthecase E #Othere is
only one regime and a’-u dependence (as well as the j,,—a
dependence) is smooth.

As for the spin current the dependence of j J, ona’is
given by (3.1), where u can be obtained from (3.3). For
a’'é«<1 (and consequently u + 1/4<1) we obtain from
(3.1), (3.3):

= bp S0 - 3oy = 5 75(" L ep,p)a.

(3.4)

We see that spin current exists when there is no gradient of
and the electric field is perpendicular to the magnetic field
and the channel. Moreover the slope dj/da’ (whena' = 0) is
slightly transformed. The small parameter of this problem is
REE /c.
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APPENDIX

Using the gradient expansion of Gor’kov equations
(see, for instance, Refs. 6, 7) we shall compute the Green’s
functions of the system, and then we shall obtain the micro-
scopic expression for the spin current. We consider *He-B
not to be moving, i.e., the velocity of the normal component
v, =0.

Let us write the Gor’kov equations bearing in mind the
spin-orbit coupling of the usual type ud[Ep]/m*c:

{iw + p(r) — ~iV)? - BG + L-d(E, k - iV]

~6e(k,r)}G(k, r,w) — A(k — iV, r)F*(k,r,w) =1, (AD)

{-iw + p(r) — (k -iv)? - B&T -

L B,k -iv)
m-c
—6eT(—k, 1)} F*(k,r,w) + A*(k — iV, r)G(k,r,w) =0.

Here

w= (2n + 1)7|'T, B = ——Ingzan

E is the electric field, g is the gyromagnetic ratio, p(r) is the
chemical potential, # = 1, u is the magnetic moment of the
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*He-nucleus which almost exactly coincides with the anom-
alous magnetic moment of a neutron, that is why we take the
spin-orbit coupling u&[Ep]/m*c but not ud[Epl/2m*c
(see Ref. 12).

We use the Green functions

G(k, ) = / exp[—ik(r — r')]G(r, ¥)d(r — '),

FHkn) = [exploik(e - P ) -x)  (A2)
and omit their dependence on frequency.
For the order parameter of the B-phase
A(k,r) = Ao(T)ioaRai(r) :—;aye“, (A3)

where 0, = (0,,0,,0,) are Pauli matrices, the equality

Ak, x) = 3¢ ‘mk L TZ F(K, 1) (A4)

holds.
The Fermi-liquid corrections are

8é(k,r) = b¢ + i,

se=sp'S " f(k+ %[E&'],k' +E "'])TZ&G(k’ r,w),

K (AS5)
V= -—Sp S Ak + —[E&‘] K+ = [E&"])TZ&"&G(k’ r,w),
kl

66 is the deviation of /ghe Green function, Sp’ is the trace
over indices of 3’ and G (k') . Except for the mass renormal-
ization for our purposes only the term with / = 1 in ¥ is nec-
essary (if we neglect higher harmonics Z; with odd />3):

2(k, k') = 21 (k, k') = (2No) =2 23 (k, k). (A6)

We can expand (A1) in powers of V and single out the
terms G, F;©° of this series in the zero field and the terms
GE, F* £ depending linearly on E:

G=Go+G1+..., Gi=09+6E,
where
g= ( FGJ,) . (A7)
Using this expansion we obtain from (Al):
=05+ (5, (ASa)
G?=—D"'E* (R, + C})G3, (A8b)
gE -—D“E”(;::—CS[Ek] +CE)gS, (AS8c)
where
e -—-A
p-(5 ) (A9)
D=EE* =|e|* + AAY, (A10)
kz
2m*
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_kv 14
Ry (a,:.'l"g ”Q')‘ (A12a)
F) $ im*
c 0
S'(o —aT)' (A12b)
- [ —b¢(k,x) 0
¢ ( 0 —65T(—k,r))’ (Al2¢)

and C9, C¢ are the terms of the corresponding series [see
(A14) below].

The spin current density can be expressed in terms of
the Green function:

o) = { dk Kk

@y m TZ 2Sp(0abG(k, 1)) + H.c.

LA m Al3
+2mcea.kEkn} (l + 12) . ( )

Here n is the concentration of particles.
From (A5) and (A13) we obtain:

n kit (BT
Va(k l‘) 2(1 +Z1/12) k2 Jaiy (A14)
and then from (A13):
Zyym o 1 L =Y,y

m (14 ) 2 L sty + L E D Py,
(A15)
where j is the spin current, j° is the spin current without
Fermi-liquid corrections, the tensor P,z = — 46,0,

+ R, Ry + R, R, Y(T) is Yosida function:

400
Y(T) Zfsech 2Tdf,

Y(T) =0 when T=0 and Y(7)=1 when T>T,

(e =JE%+ AAT is the energy of elementary excitations).
For Z, = 0 we obtain from (A8b), (A8c), and (A13)
the expression for the spin current:

2u
os = T2 (1~ Y (7)) Pai (s — LepsuBa).  (A16)

Here N, = k-m*/27* is the density of states (for one spin
component).

It is instructive to point out also the expression for the
spin current in an arbitrary p-pairing superfluid phase in an
electric field near T,:

. 7(3 No'U - *

. - - 2
—bap(8ij ApnApn + ApiAp; + Aﬁ:'Aﬂi)}("’vi - —eviaFa),

if the order parameter is A =io,0,4,,k;/kr and A4,

= emp\l!ww‘A it
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