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A semiclassical approach is used to investigate theoretically superradiance (SR ) and continuous
(cw) lasing by nuclear magnetic moments. We calculate the measurable lasing parameters—the

SR delay time and duration, the voltage at the terminals of the coil, the threshold and final values
of the nuclear polarization for pulsed and cw lasing in the case of homogeneous broadening of the
NMR line and inexact tuning of the circuit to the NMR frequency. The results are in qualitative

and quantitative agreement with experiment.

Resonator effects in systems of nuclear magnetic mo-
ments are diligently investigated of late. It has become possi-
ble, in particular, to amplify nuclear spin echo signals in
magnets,' and to observe radiofrequency (rf) cw lasing” and
superradiance (SR) pulses.?~® Note that the latter draws at-
tention in view of the promise of developing sources of ultra-
short and very intense coherent rf pulses.

It is known that cavity (resonator) effects are based on
the reaction of the field magnetization induced in the cavity
to its motion. The quantity indicative of the cavity is the
radiation-damping time 7 (Refs. 7, 8). The first descrip-
tion of one of the cavity effects is contained in Ref. 9. Its
authors investigated the influence of the rf circuit on the
decrease of the free induction following deflection of the nu-
clear magnetization by pulses of an external alternating
field. As shown in Ref. 1, this influence can be substantial
also on spin-echo signals in magnets, either amplifying or
attenuating them depending on the parameters of the speci-
men, of the exciting pulses, and of the cavity. Radiofre-
quency emission from preliminarily inverted nuclear mo-
ments was observed in Ref. 2. Different lasing types were
obtained: SR was observed in the form of a single delayed
high-intensity pulse, as well as cw lasing of considerably low-
er intensity. Similar phenomena were investigated also in
Refs. 3-6, in which the output emission parameters were
plotted as functions of the initial polarization of the nuclei.

Radiofrequency SR was theoretically investigated in
Refs. 10-12. The calculations there, however, did not agree
well enough with the experimental data. The purpose of the
present paper is to describe various rf lasing processes and to
calculate the output parameters of the radiation observed in
experiment. We shall consider the case of homogeneous
broadening of NMR and take account of inexact tuning of
the rf circuit to the NMR frequency (SR in the case of inho-
mogeneous NMR broadening and exact tuning was investi-
gated in Ref. 13).

1.BASIC EQUATIONS

To solve our problem we write the Bloch equations for
the components of nuclear magnetization precessing in a
constant field H,, parallel to the z axis, supplemented by an
equation for the magnetic field H produced by the motion of
the nuclear magnetization of a sample in a coil whose axis is
the x axis:
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mz=(.l)~,.my"‘mx/T2v
my=_mnmx+YnmzH_my/T2v

(D

my=—(m,—m.)|T.—y.m,H,
H+(0/Q) B+ H=—nqlis,

wherew, = v, H,, 7, is the gyromagnetic ratio of the nuclei,
7, is the filling factor of the coil by the sample, Q the quality
factor of the rf tank circuit, e, its natural frequency, T, the
spin-spin relaxation time, and 7, the time to establish the
effective value of the nuclear magnetization m,. The term
— (m, —m,)/T, describes the action of the relaxation and
of the external pumping producing the negative nuclear po-
larization.

To solve these equations we assume hereafter that the
period of oscillations of the magnetization (~w, ') is much
shorter than the relaxation times that enter in the magnetiza-
tion + tank circuit system. It is known'? that in this case it
is possible to separate by the averaging method the slow var-
iations of the amplitude and phases from the main high-fre-
quency oscillations. We shall seek hence the solutions of the
system (1) in the form

m.(t)=1 A(t)exp{ilont+q(t)]} +c.c., 2
H(t)="/,ih(t)exp{i[w.t+O(¢)]} +c.c.,

where A(t) and A(t) are slowly varying amplitudes, while
@(¢) and J(¢) are slowly varying phases.

We take into account one more simplifying circum-
stance: since the quantity Q /w. =7, is the smallest time scale
in most experiments, we can neglect 4 in the equation for h
compared with 4 /7_. After substituting (2) in (1) and aver-
aging over the fast motion (spin precession with frequency
®, ) we obtain the following system of equations for the slow
variables:

P LI
_—Tz— "z'*mz cos 0, (3a)
mo=— 21" Apcosd
= T. 5 cos 6, (3b)
. m.h
=—7, sin § —— (3¢)
Q@ Y» S10 o4

where
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h=—n,0,7.4 cos d, (3d)
B(t) =g(t) -9, (3e)
2__ 2
tgo=—n_% o (4)
00,

The quantity § takes it into account that if the circuit is not
exactly tuned to the NMR frequency (w, #w, ) the field H is
shifted in phase relative to m, by an angle not equal to 7/2.
The detuning should be then much smaller than the pass
band of the oscillating circuit, i.e., |@, — .| <€®./Q. In this
case expression (4) can be approximately replaced by
00
o Q. (5)
On the basis of these equations we shall investigate
henceforth in Sec. 2 the case of nonstationary evolution of
nuclear magnetization under the action of an rf circuit in the
absence of a mechanism that establishes m,. In Sec. 3 we
investigate stationary rf lasing with the pump constantly on.
In Sec. 4 the theoretical results are quantitatively compared
with the experimental data.

tgd=

2.NONSTATIONARY rf EMISSION

a. Assume that the pump produces an initial negative
nuclear magnetization and is then switched off. When cer-
tain threshold conditions are satisfied, a single delayed rf
emission pulse is observed.? Consider first the case when the
nuclear spins have equal spin-spin and spin-lattice relaxa-
tion times, i.e., T, = T,. This situation is known® to be real-
ized in liquids, so that in this case we are considering the
feasibility of SR in liquid samples. A high polarization of
nuclei can be achieved in liquids with the aid of the Over-
hauser effect,® optical excitation,” or chemical polarization
of the nuclei.'* Note that the influence of a cavity on the
decrease of the free induction of protons in water was ob-
served way back in Ref. 9, while in Refs. 15 and 16 lasing was
observed from protons of an aqueous solution of peroxyla-
mine disulfonate. The proton maser operated both in a field
on the order of 3000 Oe (Ref. 15) and in the earth’s magnetic
field, where it was used as a magnetometer.'® We denote
T, =T, = T," and take it also into account that when the
“pump” is turned off we have m, = m,,, where m,, is the
equilibrium value of the nuclear magnetization (in this case,
naturally, 7, = T). Since we have at the initial instant of
time |m, (0)| >m,,, we can neglect m,, in the equation for
m, and assume that m, decreases to zero.

We seek the solution of the system (3) in the form

m,=—|mg|exp(—¢/T)cos ,

A=|m,|exp(—t/T)sin p,
where |m,| is the modulus of the initial inverted magnetiza-
tion, and # is the angle between m and the direction of the z
axis. Note that the possibility of representing the solutions in
this form means that the presence of a magnetization-vector
rotation due to the influence of the rf circuit. It is easily seen
that the quantity i satisfies the equation

t
exp( - —7—,—) sin 1§,

whose solution is

dp cosd
dt  Ts
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sin Y=ch™*[ (v—7p)/Tx],

where

1=T|1-exp(—¢/T)],
- (6)
Tr=("/:meYnQ| Mo cos* §) '

is the time of radiative damping of the resonant circuit with
allowance for w, #w,, since we have from (5)
©/2Q
[mc2/402+ (mn_mc) 2]”’ '

cosd =

The values of the slow variables are finally given by the
expressions

A=|mn|e‘”’ ch—i(l—;i) s (7a)

R
I ——— th(f_‘_“_) , (7b)

Tx

2 T—7To
e —4T oh-? (._____)’ (7c)
YnTrcos 8 ¢ T /
om tha gotir th(f_—TE_), (7d)
R R

which describe rapidly developing rf lasing with a peaked
maximum in time. The maximum values of 4 and 4 are
reached at 7 = 7p, i.e., at

t=T,=In[T/(T-Tb)],

where t =0 corresponds to the instant when the lasing
threshold is reached, T, is called the delay time, and the
value of 7, can be estimated from the initial condition

A(0)=|m,|ch~*(to/T5),

whence we have, with allowance for the relation 7,> Ty
that is usually met in experiment,

1p~Tx1In(2|m,|/A(0)). (8)

We assume that the initial nonzero value 4(0) = (42)"?of
the transverse magnetization is the result of fluctuations, in
this case due to Nyquist noise in the resonant circuit. To
calculate (4 2)'/? we use Eq. (3a) in which we replace /4 by
the “priming” magnetic field in the coil
UZ 1/2
h,, = ‘1! _( - ) ’
) R

where

(U2)'? = (2/m)k0,RAw

is the rms voltage due to the Nyquist noise, ®, the noise
temperature, R the active resistance of the circuit, Aw the
NMR line width, and / its width. Solving the obtained equa-
tion in the stationary case and recognizing the noise acts
only during the initial instant of time, when m, =~ — |mg]|, we
get

, 172
kp®, Aa)Q) ’ 9)

In
/2 = —— —_—
40" =3 T'”“"(zﬁwomn

where y, = 471077 H/m is the magnetic constant and r is
the coil radius. Substituting in (8) the known relation
mgy = cP;, where ¢ = fiy,n/2u,, n is the density of the nu-
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clear spins, and P, is their initial polarization, as well as the
explicit expression for T, we obtain the dependence of 7,
on |P;| and on the detuning (via cos’$) in the form

Tp =~
? T MoYac|Pi|Q cos? & l](Af.)”z.

Analysis of the solutions (7) by using the reasoning of
Ref. 17 shows that lasing is possible only if the following
inequality holds

TD<T.

The physical reason is quite clear. Superradiance occurs
only if the deflection time 7, of the magnetization from a
direction opposite to the z axis to a direction perpendicular
to zis shorter than the time 7 of relaxation of the magnetiza-
tion to equilibrium. From the condition 7, = T and expres-
sion (10) we obtain for the threshold value of |P;|

4po c|P|

~ . (11
fineya*nTQ cos* & . (42)'?

[P ] ine

As expected, 7p and | P, |wm: increase with increase of the de-
tuning.

It is evident from (2) and (3e) that (7d) is the lasing-
frequency shift from w,,. The absolute value of the SR fre-
quency shift also increases with the detuning (it is zero for
exact tuning), but at t = T, i.e., at the SR maximum, it is
zero for any detuning.

Since the SR is revealed by the voltage at the terminals
of a coil, we calculate this voltage by equating the electric
and magnetic energies of the circuit. Then,

Ho Vcoil 172
lu)=(2z) n,

where V; is the volume of the coil and the C the capaci-
tance of the circuit. Substituting here the value of 4 from
(7c) and using the relation

Vcoil =u°C(’)¢zS2N27

where S'is the coil cross-section area, we obtain for the enve-
lope of the SR pulse

2poSNw. ur T—1T
env| — .. __ . ______o— h—| L 'p ,
UK YnT'rcos & e e ( r )

which yields readily the maximum voltage in the form
|UTex| =Noo@ SN | m, | Q cos & (1—1o/T). (12)

To calculate the duration Azg, of the SR pulse, we rec-
ognize that in experiment we usually have At < T (Refs. 2—
6), and starting from the condition

U|t=Tn+A!=l/2Ul,=T°,

we obtain

Teln(2-+3*) (13)
1—1/T

Atgg =

Finally, using Egs. (3) we can write the following energy
balance equation

ISR=_

dT(Wcir + Wz) ’
where
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Weoir = toVeoir h 2
is the energy magnetic field in the rf circuit;
We=—pom.H,V,,

is the Zeeman energy of the nuclear spins (V, is the speci-
men volume):
HoVearh® | W,

ISR — coil +

14
27, T (14)

is the SR intensity, with the second term representing the
loss due to the decrease of the length of the vector m via spin-
lattice relaxation. Substituting (7b,7¢c) in (14) we get

I = qochﬁZYﬂZPiZN.n cos® 8 2T ch—-z( T )
8}10 Tx
0V g g 2T, (13)
vaT Tn

where N, is the number of spins.

b. We consider now the case T, € T, which is the situa-
tion in a solid, where a negative nuclear polarization is
achieved by the effect-solide method® or by dynamic cool-
ing.'® The spin-lattice relaxation in the SR formation can
then be neglected. We consider first the initial state of the
onset of SR, when m, = — |m,|. In this case the equation
(3a) for 4 takes the form

A=(1/Tn+1/T2)A1

from which follows the known>'® condition for the growth
of 4 and, correspondingly, 4:
Ta<T,. (16)

When the inequality (16) is satisfied, the system (3) has the
following solution:

A=|mo|(1—TT':)ch“’[ (t—TD)(-;,—:—;'—Z)], (17a)
m,=—|m‘,|—;§-+|mo|(1——§z—)th[ (t—Tp) (;n—_%)]'
(17b)
h=———Y—J—,chm(b—%)ch“[(t—ﬂ,)(;—n—;—z)] ,
of Ta o T | 1 e
‘p=_tTt;T{_ 7, +;(1_ T, )th[ (t_T")( Ts _T%)”
(17d)

and the values of 8, Ty, and (4 2)'/? is determined as before
by expressions (4), (5), (7), and (9), except that (9) con-
tains T, in place of T, in which case (4 2)'/? coincides with
the corresponding expression of Ref. 2. From (16) and (6)
we obtain for the threshold initial value of the nuclear polar-
ization

|P;| e =4o/ BNy *nTQ cos® 6. (18)

Using (17b), we can write for the final value of the nuclear
polarization P, = P|,_

Pf-——"lp," (1.'—2TR/T2)'
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This expression yields a known result,®'? the linear depen-
dence of P, on | P, |, which is observed in experiment,*® with
the polarization reversed at

Ta<T,/2,

whence

|Pi‘r.p. = 2|Pi|thr .

We consider now the lasing frequency shift due to de-
tuning of the rf circuit from the NMR frequency. It follows

from (17d) thatin the general case the SR frequency is given
by

o =0a+2(0r—0) 7 f < o+ (= — )

T, \T, T,
xth[ (t—Tp) (—;—R——%)]} y (19)

from which we see that at various instants of time the SR
frequency shift has different values and even signs. Thus, at
the initial lasing instant

D3R |1=0 zmn+2(ﬁ)n'—mc)rc/T}h
at the maximum of the SR
sk |i= 7, R 02—2(@r~0e) T/ T,

and at the termination of the SR pulse it depends on whether
the reversal condition is satisfied, viz.

Ospli 0 R0~ | 1/Tp—2/T;|2 (0n—6.) T
in the absence of reversal and
Wsr Ila © z(ﬁ,.‘i'l 1/TR"'Z/TZIZ (mn—mc) Te

in the presence of reversal. Note, however, that since we
have assumed the detuning to be small, the frequency shifts
obtained are small. Nonetheless, our allowance for the de-
tuning accounts qualitatively for the small discrepancies be-
tween the experiment and the computer results obtained in
Ref. 2 for exact tuning. Namely, allowance for the detuning
explains the shift of the SR maximum to the right along the
time axis, and also the decrease of the generated voltage on
the SR wings.

The expressions for T, Iz, Uk, and At are deter-
mined here as in case a.? Since the results obtained in case b
will be compared with the experimental results of Refs. 5 and
6, where these quantities are represented as functions of P,, it
follows that by introducing the notation

Tr=1/k|P:}cos® 8,

where k = 1,y,0c/2, we express these quantities as func-
tions of | P;|, and also of cos?8, we obtain the dependence on
the detuning:
1 c(k|Pi|cos® 6—T."")
k|P,|cos® 6—T,~" kcos’d (42)'?
M@ QA ,°P*Nont cos® §

Tor= , (20)

[1—(T.k|P:| cos*8)~*]*

Ig =

8,

x ch=2[ (t—T'5) (k| P;|cos® 6—T,") ], 2n
2pSN@.

|U§‘;{|=—u" © (k| Pi|cos® 6—T,1)
Yn cOs &
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x ch™* [ (t—T») (k| P;|cos* 6—T,"")1, (22)
o Trln(2+3") In(2+3%) (23)
SR 1—-T/T, kE|P;lcos* 8—~T,~* ~

As should have been expected, with increase of the de-
tuning (with decrease of cos?5), the values of T, Atz and
of the lasing frequency increase while Ugg and Iz decrease.
Comparing U 5" and Aty in cases a and b, we obtain

(UmEy® _A=TxT, At  A—rp/T
(UgEy® 1 —1p/T A, 1—T&/[T,’

from which it can be seen when account is taken of the in-
equality T €7, usually satisfied in the experiment, that in
caseb, for identical values of | P;| the generated voltage of the
SR pulse will be larger, and its duration shorter (this is phy-
sically understandable, inasmuch as energy is transferred ir-
reversibly to the lattice in case a). The theoretical and ex-
perimental investigations of case a are, however, of interest,
since observation of intense SR signals in liquids yields valu-
able information on its spin dynamics.

Let us ascertain the conditions under which the de-
scribed RF lasing is coherent. Obviously, this occurs when
the motion of the emitting nuclear moments is phase-coher-
ent, i.e., according to Ref. 19, the nutation period of the
nuclear spins in the effective field in coordinate frame rotat-
ing at a frequency @, will be shorter than the phase memory
of the spins:

o ={(Ynhmes/2) *+(sr | r,—@a) } <,

We shall therefore characterize the SR coherence by the
quantity

;=T2/Tn;

which reduces in case b, for exact tuning, to

§~T,/2T.

The larger £, the more phase-coherent is the motion of the
spins and their radiation. The last expression agrees also
with the fact [ which follows from Egs. (20)—(23)] that the
quadratic dependence of the intensity and the inverse pro-
portionality of the SR pulse duration on the number of active
particle, both of which are indicative of the SR phenomenon,
take place if T, cc N, ' is substantially lower than the
threshold value T = T>.

3.STATIONARY rf LASING

Consider now the case when the nuclear spins of a solid
specimen (7, €T,) are continuously pumped in the course
of lasing, for example when they are in contact with an elec-
tron dipole-dipole reservoir (EDDR) whose level inversion
is supported by nonresonant EPR saturation. To investigate
this lasing we turn to the system of equations (1), where T,
# oo. The time T, coincides in this case with the time to
produce nonequilibrium nuclear polarization by the dynam-
ic cooling method. When the condition is satisfied for satura-
tion of an EPR line by a microwave field with detuning A
from the EPR line center, and in the absence of extraneous
nuclear relaxation (not connected with the EDDR), we

have

Fokina et al. 555



G 1
A =T Mo 1 Ta) ,
rotm wnitaaitd) [[(14 57 aorrat],

where C, and C, are, respectively, the specific heats of the
nuclear spins and the EDDR participating in the lasing, re-
spectively; @, is the average EDDR quantum; o' = T, /
T, ; Ts and T,; are the times of the electron spin and di-
pole relaxations to the lattice; T, is the relaxation time of
the nuclei to the EDDR.

We assume as before that 7, is the smallest time scale,
therefore

h=—2A/Y.Tge|m.|cos §,

where T g.' = 1/27,y,|m.|Q cos®5. The equations for 4
and m, can tken be rewritten as

. ( 1 1) A mt|m.|
A= - A -
Tre r, T ge Imcl
motm| A (24)
= Te Tnnlmel.

The system (24) has two stationary solutions. The non-

radiative  stationary  solution of this  system
(4=0,m, = — |m,|) becomes unstable at T, < T,. The
radiative solution (42 =m2(1= — Tx,/T,)Tx./T,, m,

= — |m,|Tg./T5), is valid only if T, < T, and is stable if
1/T, > 1/Tg, — 1/T,. Continuing the analogy of the motion
of a beforehand-inverted nuclear magnetization with the de-
scent of a pendulum from its upper unstable equilibrium
state,'” it can be stated that the stationary lasing regime cor-
responds to the fall of a pendulum in the presence of a
“spring” that maintains the pendulum near the upper equi-
librium state. In the situations of Refs. 2-6 the role of the
spring is performed by thermal contact between the nuclei
and an EDDR which is a continuous-cooling state. Let us
consider the establishment of a stationary lasing regime.
Assume that the following case is realized

1 1 1 1 1
> — <
Tee T, Tpee T, T.
We stipulate also that
LIS S (24a)
Tpe T, T.

The evolution of m, is then faster than the evolution 4, and
accordance to the subordination principle®® we can put 7,
= 0. [Note that if we make in (24) a change of variables
U=4|m, andS= (m, + |m,.|)/|m,|, and use the dimen-
sionless time t' = t /T, the system (24) has the same form
as Egs. (7.1.1-2) in Ref. 20.] To satisfy inequality (24a) itis
necessary that the system be close to the lasing threshold,
i.e., |m,|=|m.|™. As will be shown below, in cw lasing the
value |m, |~ — |m,|™ remains constant in this case.

For m, = 0, the evolution of A4 is described by the equa-

tion
A=—ad—pA?, (25)
where
. ( 1 1 ) N
*= TRE Tz ’ B—.‘Tnezmez '
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Equation (25) has the solution
h A2 +
A= :t(_ i) ( 1— _M
p A%(0)

which describes at @ > 0 a decrease of 4 to zero, and ata <0
(i.e., Tg, <T,) achange of 4 to the value

ew) - (26)

A=i(~%)lh=i|m"(1‘%&)%(TRTZ)%- 27)

This value of 4 produces at the terminals of the coil a station-
ary voltage

Unr

_ 2u8Ne. (1 | T )‘h
- Yn (TreT2)" cos & T. )

Since T, > Ty, the intensity of the stationary lasing will be

much lower than in the SR pulse, where in case b we have

2SN o ( . T,,,)
YnTrcosd T,

max .
USR -

Calculating in the case of stationary lasing the quantity

|'Ynhmu| _ Tz (’1_&)%
A(l) (TﬂeTz)'h Tz ’

where Aw is the NMR width, and recognizing that Tk, < T,
and T, > T,, we find that the generated rf field cannot govern
all the spins over the NMR linewidth, i.e., the motion of the
spins is not coherent. This lasing should be interrupted when
the condition T, < T, is violated but is in force again when
this condition is restored (just as the spring that maintains a
pendulum near its upper equilibrium state is always in ac-
tion). The features listed indicate that the described lasing is
incoherent maser generation (MG). The value of m, that
sets in as a result of MG is equal to

m:=——|me'Tne/T:- (28)

As was assumed above, |m,|~|m,|™, and then Tg, =T,
andm, ~ — |m,|"™, i.e., in the stationary MG system is near
threshold all the time, while the stationary value of the nu-
clear polarization

PG =—2/cnoYaTQ cos® §
is independent of |P;|.

4. QUANTITATIVE COMPARISON WITH THE EXPERIMENTAL
DATA

We carry out a quantitative comparison with the ex-
perimental results of Refs. 2, 5, and 6, where the case T, < T,
was realized. (Note that our calculations cannot be com-
pared with the experiments of Refs. 3 and 4, in which 7, is
not the very shortest time.) We consider first the results of
Ref. 2, where a single delayed pulse of high intensity was
observed after producing an above-threshold negative nu-
clear polarization and tuning the rf circuit to the NMR fre-
quency, followed after some time by stationary rf generation
of much lower intensity. Substituting the experimental data®

Tp=2610"%5T,=310"%s,, =27 122-10°rad/s,
|mo| = 2.8 A/m, 5, = 0.575, Q = 60,

V., =174-10"°m?

(A42)"2=1077 A/m,
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we obtain from Eq. (20) T, =3-1072 s, which is close to the
measured 2:1073 s, while from Eq. (23) we obtain Atg,
=0.26-10"% 5, which agrees with the measured value
0.25:1073 5. The data in Ref. 2 are insufficient to calculate

max_and it can only be stated that the experimental value

Tax — 2.5 V agrees with that calculated from Eq. (22) ata
circuit capacitance 55 pF. (The values of Uy, below, calcu-
lated for C = 55 pF, agree with experiment.) Calculations of
the final value of the longitudinal nuclear magnetization in

SR yield
m, () =|my| (1—2T&/T,) =—2,

which agrees with the measured m = — 2.05 (see Fig. 15 of
Ref. 2).

We substitute now in the very same equations the experi-
mental data of Refs. 5 and 6:

®, =2m-54:10°rad/s, N=3,/=8:10"3m,
S=11310"*m? [P, =032,

NMR line width Aw =80 kHz, which corresponds to
T,~6-10"°s for a Gaussian NMR line. The duration of the
SR pulse, calculated using these data in the equation

. T, In(2 +3'?)
Atgg ® ————~

2|P|/|P !
(with |P;| = 0.55 and Atgg =~3-107%s) turns out to be much
lower than the experimental ( ~80-10~°s). Note, however,
that we have calculated the SR duration at constant detuning,
whereas in the experiments™® a linear scan of the constant
magnetic field was used. It seems to us therefore that the mea-
sured SR-pulse duration reflects also the rate of this scan and
the variable detuning, and there should be no agreement here
with experiment.

Calculating the maximum voltage at the terminals of the

coil under SR conditions

4#0SN(DC (; |_| l'|r.p.)
T37a|Pil.y cos 6\ 2 )

max __

SR —

at |P,|,, , we obtain® for U 3" in volts

mcz iy
USR =~ '140 (W‘“}‘(m"—wc)z) /
which yields, with allowance for detuning, a value of the same
order as observed in experiment at the point of value reversal

UsR*(|P;|.p) =900V .

We calculate now the rf lasing voltage in the stationary
regime with the external pump turned on under the experi-
mental conditions of Ref. 2. We obtain first the value of 7,. To

this we substitute in the ratio of the voltages Uyg = 0.06 V
and Ugg*=2.5V,

(O

ﬁs

Uno _ |mel (1—TRE/T2)"'(TR,)"’
max m, A—Tp/T, \T, ’

SR
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the experimental parameters cited above,” as well as our esti-
mates |m, | = |m, | =2.43 A/m. We substitute the resultant
values T, =2.99-107° s and T, =4.47-107> s together
with the capacitance C = 55 pF estimated above for the rf
circuit in the expression for Uy :

‘ Lo ch 1/2 ( ]‘RC )’Iz( Tne )‘l: _
Upie =N6Q | m. | (—C_) 7. 1- T, =005,

which agrees with the measured value Uy = 0.06 V.

In conclusion, the authors are deeply grateful to L. L.
Buishvili and V. A. Atsarkin for valuable remarks in the
course of the discussion of the results.

! Note that numerical calculations’ show that the small difference between
T,and T, (within the order of magnitude) does not influence the qualita-
tive results and alters little the quantitative ones connected with the radia-
tive damping of the resonant circuit.

2Note that the magnetization components and the delay time were calcu-

lated in Ref. 12 for the case T, < T,. They agree with the results of the
present paper for case b, but the nature of 4(0) was not explained in Ref.
12. The reason for the delay time therefore remained unclear. In addition,
the values of Usg and At were not calculated in Ref. 12.

¥Since | P, |, ,, o« 1/cos8, we have in fact U §3™ « cos 6, i.e., it decreases with

increase of the detuning.
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