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We examine an alternative approach to the spectroscopy of hyperfine interactions in molecules
with C;, symmetry, namely field spectroscopy of the disruption of hyperfine coupling.

We describe the field dependence of a nonlinear resonance in components of an IR spectrum in
which the axial projection of the rotational angular momentum K=1; this dependence

stems from hyperfine parity doubling. In addition, we consider spin-modification conversion in
these molecules. Explicit expressions are derived for all varieties of the hyperfine

contribution to conversion, enabling one under certain conditions to determine which tensor
spin—rotation constants do not contribute to the spectrum. We point out the need to allow for K-
doubling in the parity of rotational levels with K=3 when describing conversion. We

discuss the corresponding field structure of the nonlinear optical spectrum. © 1995 American

Institute of Physics.

1. INTRODUCTION

The appearance of the present paper has been facilitated
by at least two circumstances. The first is the existence of a
body of anticipatory work geared to a description of the hy-
perfine structure of field spectra of a nonlinear optical reso-
nance in spherical top molecules.!” One would naturally like
to extend the types of molecules treated to symmetric tops.
The second is the availability of experimental data® on spin-
modification conversion in molecules with C;, symmetry
and subsequent attempts to calculate those modifications
theoretically,* which still await further development. One
novel aspect of the calculation was that tensor spin—rotation
interactions were taken into consideration.

We know that in symmetric top molecules, tensor inter-
actions of off-axis nuclear spins with rotational angular mo-
mentum and with on-axis directed nuclear spins result in
parity doubling of levels for which the axial projection of the
rotational angular momentum is K=1. Hyperfine doubling
is manifested is a specific fashion in the magnetic field spec-
trum of a nonlinear optical resonance in radiative absorption,
which can be used to determine the pertinent interaction con-
stants. It has turned out that not all newly considered inter-
actions contribute to the spectrum, and there are certain cases
in which the analysis of spin-modification conversion can
help fill the gap.

On the other hand, it has turned out to be necessary in
considering conversion to allow for the doubling of levels
with K=3 due to centrifugal distortions of initially “rigid”
molecules (Ref. 6, Section 8.3). Information on the magni-
tude of K doubling is not always available (see, for example,
the recent work on fluoroform”®), but we will show that it
can be obtained from the electric-field absorption spectrum
of a nonlinear optical resonance.

Rather than occupy ourselves with the foregoing appli-
cations, we give here the general characteristics of hyperfine
interactions in molecules with C3, symmetry, starting with
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the assignment of basis elements in irreducible representa-
tion spaces, and concluding with a calculation of the reduced
matrix elements of the hyperfine Hamiltonian.

2. SYMMETRY BASIS ELEMENTS

The symmetry group for the Hamiltonian of a molecule
that contains identical nuclei is a direct product O; ® G,
where O; = SO; ® C; is the group of arbitrary molecular
rotations and inversions in the laboratory frame of reference,
and G is the permutation group of the spatial and spin coor-
dinates of identical nuclei, which is isomorphic to the spatial
symmetry group G of the core of the “rigid”” molecule.” The
group elements of the latter are finite rotations and inversions
relative to a coordinate system attached to the molecule”
(GCOy).

" In the present paper we consider molecules with Cs,
symmetry (G = C3, and G = S3), particularly the haloge-
nated methanes—halomethane CH;—Hal (methyl halide) and
trihalomethane CH-Hal; (haloform), where Hal e (F,C1,Br,I).
These molecules can all be represented by the chemical for-
mula XY3Z.

It is convenient to take the spatial configuration of the
XY3Z to be that of a right-handed screw. The numbering of
the Y molecules is then taken to be such that a right-handed
rotation C;, which leaves the molecule unchanged (C;
e G), corresponds to a permutation of the Y molecular co-
ordinates (123)123=321, where (123)eG.

Let the origin of the molecule-fixed coordinate system
(right-handed reference frame) be at the molecule’s center of
mass. The u, axis points along the X—Z bond in the Z direc-
tion. The orientation of the remaining axes is given by the x
and y components of the vectors r*”, extended from the 4
nuclei (4 € (X,Z)) toward the Y? nuclei:
rij= el
2)

l'hp: thnhp= “rOhllz+r0an,

with (n”-u*)=0,(;) the other components™ are
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c+is=exp(im/3)=(1+i\/3)/2.

The point O is at the center of the base of the XY; pyramid
with vertex at X.

To describe the structure of the Hamiltonian for spin-
dependent interactions we use the two-sided tensor coupling
operators Tf‘(p , which are referred to a particular basis of the

irreproducible representations of the group O; ® S5:

rn

As §'s
A)\:®A)\u AS
Sk;’®TK"} - :' <

" . K,q
p kpq qlqrr P

A’S, >\"S" A)\r:gr A)\nyr

! yn ”n ’r . "oy

Kyq Ko Kd K
2)

The upper pair of indices A; corresponds to the group S,
= C3,, and the lower, «,g, to O; (the subscript p corre-
sponds to its subgroup C;). In these pairs, the first entry is the
index of the irreducible space, and the second in the index of
the basis element in that space.” For coupling we use the
two-sided Wigner coefficients, which are products of the cus-
tomary ones:

As
Koq

The Wigner coefficients for the groups C3, and C; are de-
scribed in Appendix A. -

Since the symmetry properties of the Wigner coefficients
depend on the choice of basis for the representations of O,
and C,,, it is convenient to make this choice consistently,
for example on a set of spherical basis functions.'®'! An
explicit realization of basis elements can be obtained by pro-
jecting polar (n) or axial (J=—inXV,) vectors (vector op-
erators) onto the spaces of the various irreducible represen-
tations:

xlsl k"sll

Py oy
prq Kpnq

> =(kq|x'q"'k"q"){plp'p")

X(As|\'s"N"s"). 3

1) C,—the space inversion group,

v(p): ’Zj, P=u(Au),
/ JJ’ ng(Ag)

The parity is p=(—1)%j e (x,y,2).

4)

2) O;—the rotation—inversion group,
|k1,q)=1,g=(=i)*Z v{PDj;=2 viPDjg. (5)
J )
Here the standard transformation matrices are
[ 0 so L1
(sDji;)_ 0 1/)° s "—\/? L il
The ordering of the indices of (D is

X

jel Y|,
z

ge(+1,-1,0).

3) C;,—the molecular symmetry group,
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s)=(=i)*
v, |\s)=]4,0)=|00),
x{ v®, |As)=]a,0)=|10),
(l;,’,’+isv§"’)/\/5, \s)=|E,+1)=]2,+1).
(6)

Besides the letter designators of the irreducible represen-
tations we have used numerical designators here that prop-
erly reflect the parity of the representation.'>'* The power to
which the phase factor (—i) is raised is chosen such that the

two-sided tensor operators remain hermitian under
coupling:'*
FAS \t—( _ 1 \A+k+q, TN FA
(Tep'=(=1) Tl g - (7)

Similarly, for the basis vectors ui‘:»q =u g ® u* of the
representation of the group O;®S3;,

(u}s)* = (~ DM =up ®)
We call this the alternative (a) basis, lacking as it does the
phase factors (—i)** of the standard (s) basis. The type of
basis (a or s) is indicated, as required, to the left of the
corresponding term at the appropriate sub- or superscript
level.

We can obtain a useful realization of the basis for the
group C;, using the previously introduced vectors n?,

P P
“Fb___(_i)rz np_sUpl"'a=2 np_aUpl'iy, )

or the spin operators, if we replace n” with I7. For the sake
of convenience, as with (D, we take the transformation ma-
trices *U to be unitary:

1 1 1
. 1
CUPTHY=— | €, € 1

V3

The indices of this matrix are ordered as follows:

€. €, 1

1
pe| 2|,
3

Toe(E+1,E—1,4,0).

The matrix elements are e€,=exp(io2w/3)=c+ios where
o=*1.
The vectors

nP1P2= (P2 — )/ \3=m"3,

SR I A W

provide an alternative construction if we associate the side
(p1p,) of a right triangle with vertices at the Y nuclei with
the vertex p; according to the rule ps3(pip2)
€{1(23),2(31),3(12)}.

Other concepts will be introduced as needed.
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TABLE I. E Representation Matrices for C, .

g | Sy |AF(@eare| AE(9) U, Uy |7 1)
13| E [(', ‘1’ [(‘) ?] i |
(123) | Gy {‘; ‘Z [5(; 0 R(E.0,0) |eg ¢ lhin
(132) |c;! ‘; ‘27 [0 EO,‘ R(-3.0,0) |ex
(1)(23) | o} -(1) (i)w [? (1)] I.,0R0.7,0) |1
@6y | o | €] LO« e R (m =) ek )
3)12) | o? L‘; i {g 5(;: foo R(-Z,7, %) ek

3. HYPERFINE INTERACTION HAMILTONIAN

Hyperfine interaction components, in a general discus-
sion, are transformed to an invariant coupling form in two-
sided tensor operators. The required expansion in irreducible
components of the second-rank tensors of the groups SO;
and S; is described in Appendix B. We further propose a
perfectly well-defined ordering of the spin subsystems, J
elol"=F.

3.1. Spin-rotation Hamiltonian

3.1.1. Since the angular velocity £} of a molecule with
C3, symmetry may not point in the same direction as its
angular momentum AJ = | - € (I is the inertia tensor in the
center of mass system), the spin—rotation interaction can be
written out in two ways:

p p
—-H,=2, M:JIP=> R:QJ7,

W=B.R’, B=2B=#-1"!, B, <2B,. (11)

A colon denotes contraction over corresponding (Cartesian)
indices of the O; tensors, yielding a scalar. The tensor R®) is
dimensionless.

In_the first case, the tensor M? is not symmetric (M?

# MPT), but to make up for that, Jis diagonal in J. In the
second case, R is symmetric, but the matrix elements of the
operator Q are not diagonal in J. The asymmetry of M is
due in general to the fact that J is tied to the center of mass,
which lies outside the nuclei p, while Q is coordinate-free
and can be translated to any of the nuclei unaltered.

C,, symmetry yields the following:

RY'-1o+RE-ofR: -0

sz RE’in RA!
z Zz

=R+ R”. (12)
Here the Cartesian components of the two-dimensional col-
umn vector n” are defined in Eq. (1). The matrices o) in
Cartesian (A, ) and spherical (A”) bases are given in Table
L. The right-hand side of (12) is given in terms of the con-
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ventional nuclear (n) and electronic (¢) components of this
tensor, with

P2¥#P1

(mRPi=— R, (13— 0P1P2,0P1P2),

’u'qupz
ficr

Ry p,= (13)

P1p2
The electronic component depends on rotational excitation of
the valence electrons.!® Using the two-sided tensor operators
introduced above, we can write the same Hamiltonian in
invariant-coupling form:

A
Hsr 2 [M(ll)K® ®I)\]O +0

—2 [R(ll)K® 1;9‘81}\]0 0° (14)

The sngmﬁcance of the tilde over a tensor is that, for ex-
ample, M = J[N][«] M}‘ Hereafter, symbols in brackets
(e.g., [)\]) correspond to the dimension of their respective
representations.“) The spherical components of tensors (a is
the alternative basis) can be expressed in terms of Cartesian
components:

aysA10 A4 Al _ p pAi
aM(ll)oo Mz +2M M; —BAR; s
M}'=B R apt’ =0
17 (11)10 ’
- _ Ay _
M, 0=~ V2]

E _p E
(ll)lu ‘/7M( )z M(t);—B(t)R;’

B(t)=(B;_r1§£)/2, M(m2 .= V3aM{,,,,

(11)2 20 \/_M Mizél_Ri’ (15)
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A A A _ph
aR(n)oo_R;]"'zR;l’ a (11)20__‘/—(R = ;1)’
(11)2 \/_‘TR aR(Elal)z 26 \/ERi (16)

Four constants are required for a description of spin—rotation
interaction; only the scalar constants (A )are usually known.
example, in '>)CH,F (Ref. 16),

Al_

0.8+1.5 kHz, M;_‘I:14.66x0.7 kHz.

3.1.2. For on-axis spins, the corresponding structure of
the spin-rotation interaction has only scalar (A;) compo-
nents:

—HL=M':JP =2 (M), d16111515 (17)

K

_ RhAl i‘ O
Mth'Rh, Rh [ O 2RhAl:|:(n)Bh+(e)Bh' (18)

For example, in 12CH,F (Ref. 16),

FA,_

M "'=4.0x1.9 kHz,

FA,

Z

M —51.1+1.3 kHz.

3.2. Spin-spin Hamiltonian

We assume here that spin—spin interaction are mostly
direct (nuclear). Interactions mediated by electron spins are
cited for completeness, but are not taken into consideration:

(e)SPIP2=O‘
3.2.1. Spin-spin interactions between off-axis spins
(p€(1,2,3)) and on-axis spins (h € (C,Z)).
p A
*h% h 0
=2 svPP=2 [SPEREn T, (19)
K
h
gt S"M1 1,4+ SHE. g SIE P
=l - T hA
SgE . in Si 1
= m 8"+ (8" (20)

This tensor has structure similar to Bf’ , and

8" =Shp(13— 30" gn"), ﬁSij=ﬂ'i:u'j/r?j; (21)

hA |0

S(n)oo 0,
ahAl0 3 5
as(mz,Qz_Tz‘shﬂ[l—3(r0h/rhn) 1,
S o3 V3Shuronr on !
achEo _ 3 \/— 2 22
aS(n)z,@‘_E 3Suu(ron/rhn)” (22)

3.2.2. Interactions among off-axis spins
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(P1p2)
H,= 2 SP1p2). IP1TP2

(AAA
_ M A)AR TN @ TN 29410
=2 [Sine oli'el) ]010' (23)

K

Here we have employed the alternative structure (10) in the
vectors mP3 = pP1P2;

Ay 3 E E
o | S A, +SE. gP3SE . mP3
¢ [4 T e[S oS,

o= T Sg‘EP3T S,:l
(24)

wSPP2=S, , (13—30P1P2,pP1P2); (25)
ag(AiADA0_ _ \ﬁs
a (1])2'9 3 HH >
tzS(EE)Aloz_L‘as(l“l"‘l)/hO
a=(11)2,0 \/5 aan2o
a (A]E)Ecr _

S(11)2 20 4 SHH’

(EE)Eo _ ~ ag(AE)Eo
aS(ll)Z 20 2. aS(11)2 20" (26)

3.2.3. Interactions among on-axis spins (h,# h,) and quad-
rupole interactions (h;=h,):’

‘yhh ohh Th1 Fha4A,0
A!M=ghha, 1"11"2—2 S A (5 A e)

4. WAVE FUNCTIONS

Rotational and spin wave functions can be transformed
to symmetry-adapted form using the projection operators for
finite groups (C3;, and S, respectively).

4.1. Rotational wave functions

The rotational wave functions of a symmetric top can be
defined in terms of the elements of the orthogonal matrix
C €03, as described in Ref. 10:

NS+ v VA4 [J]
(Clyyda= (=Y H(Clp )= (=) \/8—;

J vk

X (= MD)%(C),

)M+M|MM,,, [J]=2J+1. (28)

J

e =p(—

. J
In these equations, DM”M(C)— (det C)"- D{WM(C)

The results of operating on these functions with the an-
gular momentum operators ,,J 14, and ,,J 14 have the same
form, and the inversion operator /,, is diagonal:

Y R
a"lOIMA_.f)a_(“l)MlMM)a,
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Jlilli}/ﬁ)az(—i)

X(+75)\/7+M)J+M+1)IM+1M)‘,,

(29)
drolyp)a= (=DM Ve
Jmlf,,”mf(—i)(: ’ )
2
XNTFM)TEMAD L Do (30)

vy v
nvl[p;/M>a=(_1)J+ IMM>a_p|A,’;M>,

and p=(—1)"=(—1)’""is the parity. The representation of
O in symmetric-top function can be written in terms of the
D functions of Ref. 9:

V(Cli) =(S T Clin) =2 (Clyy y)D7 (S)- B
M,
When there is no inversion, /7 reduces to
A, B,y)=Fo(@)- 2y (B)- 2 7),
#(@)=exp(—ig])),
Similarly for O,
Clungy =(CSIa) =(8 ™' Cligar)

je(x,y,2).

=2 (Cliiy YDyf u(S)- (32)
M,

Here C=C"'. With no inversions, /A/g reduces to
Aa,B,y)=R(a) R (B) 2:(7),
ﬁ,—(<p)=exr>(—i¢fl-), je(x,y,z).
Symmetry-adapted functions can be obtained using the rota-

tional projection operators)

P =55 2 B (8) g

geG

E -representation matrices Af(g) for ge S; and the corre-
sponding action of 77, on the rotational wave functions are
given in Table I (where dots denote vanishing matrix ele-
ments):

(K}

= 1 —_— p— r ']l’
u)a 2(2+5K,0—5r,0){(1 7=l
r +v+K|T v
+(1+a(=DN(=DTE )

ve(g,u). (33)

Here and elsewhere K=|M|, and the subscript r=r;
= Rest(K/3) is the remainder after division. The transforma-
tion from the standard to the alternative basis is

(CIKD] G)a= (=D H(CI(K)] ) -
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Complex conjugation of the wave functions is consistent
with hermitian conjugation of the two-sided operators de-
fined in (7):

I(K,)

It is assumed here that |p)* =|p).

>*_( 1)F+J+MI(K )JMa (34)

4.2. Spin wave functions

We employ the alternative choice of phase for the spin
wave functions and spin operators of the nuclei p:

|1, MP) = (—i)'P|IP,MP),,
Aol 1P, MPY = (— ) MP|IP, MP),,

R 1
a1€tlIIP’Mp>a=(_i)( IE)

XJUPFMP)(IPEMP+1)|IP,MP*+1),.
35)
Here M? is the projection of I on the u, axis, which is fixed
in space.
Let IP=1/2 and MP=¢/2, where o= *1. For the non-

symmetric wave functions of the three equivalent nuclei we
use the shorthand notation

(MI,M27M3|M1’M29M3>

=(M'|1/2,M" )& (M?|1/2,M*) & (M>|1/2,M°).

The spin-projection operator acting on these wave functions
yields the symmetry-adapted functions

Pl =lL S AT (g,

geCG

[G]

Here the g are the spin arguments of M” ,'8 50 the action of
the spin projection operator is consistent with that of the
rotation operator. As a result, we obtain the symmetrized
combinations of wave functions

A 0
= =+
3/2 3M>a |M’M’M>a7 (M —1/2), (36)
A 0 1 — _ .
= MM+ MMM), +
32 M . \/§{|M, My, + MM M)+ MM M),
(37)
Bro ) oM MMM), +&. MMM
1/2Ma_\/§{| M)+ elMM M),
+ &M, M,M),}. (38)

The phase factor 2M =1 is required in the last equation for
the total spin operator, SI P I” to act in standard fashion:

E o
1/2 -1/2

A

E o
1/2 1/2 d

st +

> =1, l.=I*il,.

Symmetrized spin operators can be obtained similarly, in ac-
cordance with (9).
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4.3. Total wave functions satisfying the Pauli exclusion
principle

The Pauli exclusion principle requires that

a0
(T, A0 T oy \(Tpo
I(Kr)(,i,)fujfw) 2 (A0T,05T 10)|(K,), % pRIITIR

(39)
Using Appendix A, we obtain

(A20]A,04,0)=1, (A0|EGEd)=a/ 2.

The total wave functions behave as before under the opera-
tors a-’1q , allq, and Im, , but not ,,qu and 1 . The possible
rotational states with various K for the electromc and vibra-
tional ground states of XY3Z molecules are analogous to
those of NH; discussed by Landau and Lifshitz.!” On ac-
count of the Pauli principle, XY3Z molecules have no states
corresponding to those of atoms. Indeed, atomic states must
have parity p=(—1)’, and are obtained with K = 0, but in
the present case we have v=1, ie., p=(—1)"*1.

5. MATRIX ELEMENTS OF HYPERFINE INTERACTIONS

Below we make use of the following factorization of
matrix elements of two-sided tensor operators (the Wigner—

Eckart theorem):'*
! ’ . I-‘,o-l AS FO-
WI'o ANS e \_
{(a ),;,MrlTx”b’(a)Jﬂ>_<J;,M' K ,q JM>
[(a’ ) ||T)\ ”(a),

\/[F 1-']
(40)

If the operator is hermitian, then its reduced matrix element
satisfies

(@)} [T (@) = (= 1) ewea-T oner

x[(a'),, [T J(@f 1%, @D

All required applications of the Wigner—Eckart theorem can
be found in Ref. 10. One need only note that the reduced
matrix element defined in the latter is

(_ ) -J' +k+J

V']

[(a’ )J'”Tx”(a)J]
(42)

((a"),IT(a),)=
It is straightforward to adapt the discussion to C3, .

5.1. Auxiliary spin matrix elements
T34 T .
[T 1=i(N58r 4, + 61 6),
1/2“1E“, = 2’(51“,,4 +5r,5)

Note that according to (9), I*1® = I//3, while the ro-
tational angular momentum is J*1° = J.
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[l e g —-\/—{5 Se \ Smrt S o
12 32 3.319T4,9T,EF Or £0T 4,

+26r,£0r,E}

3/2“[I Ilr 'l 3/2]_J(5r5 \/_5rA)

" 3
[N =i NI+ D)1 ey o= \/; ,

(1T o 110,011
VoI (" + 1) (21" + 1)[ 1 - 41" (I" + 1) /3]

T 12020 1) (20" 2) (21" + 3)] 2

5.2. Auxiliary rotational matrix elements
The matrix elements for the D functions are
7' '
<MIMIIqu (C)]MM>a

, [7]
)J +K+J(_1)(XZ -
V']

XM | k,q] MYT M | k,GT M). (43)

The D functions relate irreducible tensors in spatially fixed
(u;) and molecule-fixed (uf) coordinate systems:

=(-)77 (-1

M, ((C)= E DM (OM,,

Here Cji:(“j'“i)’ with Ce O3;.
The matrix elements for rotational angular momentum
are

(K())]J” J l”(I(O)JJ]a V[FJ][J"aJINJ]a ’
[J“aJlll‘l]azi VJ(J+ 1)[‘]]’

5.3. Diagonal matrix elements (JPK,|ﬁ+|J,,K,)

[(K, )“MM(”)AI(K»?]

[J]=2J+1.

=6, (S0t 82 VIT,IIV] Mm)xo(‘] K|« 0J,K

+ 830,201 £ 8k V2[J Ip(— 1)

XM (12 p112427,1). (44)
Here
- 3J(J+1)
(J1]2271)=

2(2J—-1)(2J+3)°

LSy eV
UKRUK) = 02~ N =@ +3)

The discussion of diagonal matrix elements has been or-
ganized in accordance with the foregoing description of the
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hyperfine interaction Hamiltonian. Besides the reduced ma-
trix elements, an equivalent operator form comes into play.

5.3.1. Spin—rotation matrix elements

Off-axis spins:

[(K,) TR F )| (K)o 042
sr

Pl pDF, P pDF,
J F,
=J[F,]<—1>“’+F'[, ; 1] (-D'\TT+D]

01 1
l(\/§513/2+511/2)( ?1?)00[ ]

J J J

+ 811/20k,1P

2 1
+M(”)20){J ; J](JKIZ 0J ,K)

2
X(—1)\2M “,22{ (J 12,27,1)}, 49

1
J J J

- o , [ 3K?
(Hs,)JPK=[J1®11]0 (Moo} )M 20); Jo+1) -1

+ 5, 1P(_1)J<M22)”2J . (46)

On-axis spins:

3K?
(Mg o);+<M'z'o)5(J—(J—+T)—1)}-
47)

<H )JK [J1®I Jo

5.3.2. Spin—-spin matrix elements
Interaction of on- and off-axis spins:

(TyTpPA,

(r,r, )A
W,0F! ,h)FhH sl (K p

(JNF I")F"]

[(K,)

="'+ D)[I"[F"
F; I" F"

X (—1)F1+1"F"
(=1) " F, o1

] VIF[F/]

J I F
x{2 1 1

J I F

hA |0
(11)2o<JpK|2+OJpK)+ 81.120k.1-p(—1)

XSt 2t p112.420,1), (48)

\/f"—]{(\/gl,s/z'*' 51,1/2/\/5)

XS

(H >J K= [11®I Jo-(So 0>J+[[j1®jl]2®il
. 3K?
®1'1']o{<530)5(1—(171—)—1)
+ 8 1p(—1)(Sh, }/2]- (49)

Interaction of off-axis spins with one another:
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r,rpA F )A
LK WK )
[Fi] J
1 J+I1+F; 151J
] (=1 I J 2 V15[J]
c(EE)A 0
X S\EE A0 K200 ,K), (50)

<I:Iss>JpK= [11 ®I1]0(500>5+ [[jl ®jl]2®i1®il]0

x(S >3/2(£—1 (51)
2000 \JJ+1) :

Interaction of on-axis spins with one another (h,# h;)
and quadrupole interaction (hy=h;):

(TyTPA, (FJFI)AZ
LKA ) )

[[F"] opheph]d "
= [—2‘]‘(‘1)11 Fll" J >‘/_S(11)20

X (J K200 KT 110", (52)
<Hh hz)J K= [Ih]®lh2]o<5h h2>1+[[jl®jl]2®i’1”
h h h 3K?

5.4. Off-diagonal matrix elements (J,K;|H ,|J,Ko)
K )J’“ME Il(KO)j Z]a

=(—1)Mib"J(1+ 8¢ [TV K'| k. AKJ K)

- AK
E1l El
X{5|AK|,1' (5K,2M2T K1|AK|M )
AK El
+ 6)ak],20k,2 [AK] M| (54)
Here 7=J+v, p=(—1)", Ar=7—r.
KDyl 2 IMESHIE, (Ko);?
k=1,2

=87 3(1+ 5K,0)[J][Jp||J1+||Jp][ Ojak],1

X

_(d 1 J) AK
Ml |AK|(JK|1 +AKJ K)

L AT
M3, K 12.AKTK)

AK (I 1T
* dlaxl.2 [3KT Mzt 2

x(J,’,K’]2+AKJpK)} . (55)

This matrix element can alternatively be written

K. I. Gus’kov 406



K5 IRESOTTE (K o)52)

=—ib"\3(1+ 6 o)[J]

A
><[J,,]IIJ1+||Jp][5|A1<| Ry| B [ 1
X(J.K'|2+ AKJ K)

K(B -B) (-

\/J(J+ D[]

)1+AJ

N

(J)K'|1.AKT K)

Ak [Ty
+8|AK|,21A—K|‘R22BJ; 1 7 2

x(J,’,K’|2+AKJ,,K>]. (56)
Here
A2 A
LK), 100 (K o))
p
=8k1 k, i T (=DM IV ,]

K-(B,- _L)
U+

and we also make use of the fact that

x[éﬁ,, (JKI1,0J,K)yp,  (57)

JI 2 JII
> \/[J”][ L ](J’K’ |2AKJ"K){(J"K|10JK)
J"

=(—1)2K+8I 1K' |[1AKTK)/\10. (58)

6. SPECTROSCOPY

The field spectrum, discounting hyperfine interactions,
can be constructed in the same way as the frequency spec-
trum for both linear and nonlinear absorption of light.
When linearly polarized radiation propagates in the direction
of the swept magnetic field, the field structure of the nonlin-
ear optical resonance corresponds to the frequency structure
of the resonant interaction between the orthogonal circularly
polarized components of that same radiation in a coordinate
system that tracks the precession of the molecule’s magnetic
moment. One consequence of this analogy is, for example,
that the frequency and field resonances display the same col-
lisional structure. For circularly polarized radiation nad the
same field geometry, only the Doppler structure of the field
spectrum is preserved.

The experimental results reported in Refs. 21 and 22
were obtained under conditions in which hyperfine interac-
tions could not be neglected, inasmuch as in the absence of
collisions they affect the structure of the field spectrum much
more significantly than that of the frequency spectrum. An
analysis of the situation'> shows that for linearly polarized
light, the hyperfine structure of the field spectrum is related
to the crossing of magnetic sublevels with AMy = *2 in
zero field and as the field builds up. The difference between
the field spectra and the frequency spectra in this case is due
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mainly to the nonlinear magnetic field dependence of the
splitting of M levels, rather than the field dependence of the
absorption probability. For a circularly polarized light wave,
it is precisely the field dependence of the absorption prob-
ability amplitudes in hyperfine transitions that leads to the
onset of resonance. The contributors are magnetic sublevels
with AM =0 that undergo anticrossing in an external field.
This resonance owes its very existence entirely to hyperfine
interactions. Whereas hyperfine interactions can couple the
spin and rotational angular momentum vectors, a field inter-
action that is turned on gradually can disrupt it. This then
makes it feasible to carry out spectroscopy of the disruption
of hyperfine coupling by an external field.

The interaction between light and a medium in the pres-
ence of hyperfine interactions can be described in terms of
transmon probability amplitudes in four-level subsystems.
Popov®® has described a similar situation in a discussion of
polarization-based methods of nonlinear two-level spectros-
copy neglecting hyperfine interactions. Thus, consideration
of other than the degenerate case in the parameters of the
medium or the radiation makes it necessary to distinguish
among interactions of light with two-, three-, and four-level
subsystems. One outstanding feature of field structures asso-
ciated with hyperfine interactions is that they show up solely
in the imaginary part of the susceptibility, which suggests
that the given situation lacks any field analogs of the disper-
sion relations considered in Ref. 23. As a result, similar
structures are usually observed via field-spectroscopy meth-
ods for studying saturation.

In going from frequency spectroscopy to field spectros-
copy, we are still left with the problem of discriminating
among the various hyperfine contributions to the nonlinear
optical resonance amplitude, which corresponds to crossings
and anticrossings in zero field.>* We shall assume that this
problem can be resolved through additional measurements of
the relative amplitude of field resonances in various already

identified (j,;K ’) fine-structure components of molecular in-
frared spectra.

We now continue our analysis of field spectra, examin-
ing external fields oriented perpendicular to the light-travel
direction, in which both the magnetic field B’ and the elec-
tric field E° can be swept. We restrict our attention to the
resonance associated with the anticrossing components of the
hyperfine structure, which arises when the field parallel to
the linear polarization vector of the light is the one being
swept.

The Hamiltonian has the structure

H(r,t)=H+H'+V(r,1). (59)

The zeroth approximation corresponds to a two-level system
whose levels are degenerate in the projection M of the ro-
tational angular momentum in the direction of the constant
field (the quantization axis u, is chosen to point along the
field), as well as in the parity p:
HOl(a)JpMJ)= a)a|(ar)JpMj>,

a=m,n.

The frequency difference w,,,=w,— w, lies in the optical
range. The degeneracy is lifted by taking
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A=+ 1]

out >

which incorporates the internal (hyperfine) and external
(field) interactions. Thus, with no external fields, we would
have

(HO+HL)|(a,) FMp)=(w,+hi?)|(a,)FM ),
MF=MJ+MI N

where F is the total angular momentum. Including a constant
field,

(H+H")(2,)FME)=(w,+hiy |(2,)FME),  (60)

where we will call F the quasimomentum, since F is in fact
not conserved. If we are dealing with an electric field, then

ra . . . .
hi u, 1san operator that is not diagonal in p.

The last term takes into account the electric dipole inter-
action with the light:

V(r,t)=—d-E(r,0)/4, (61)
amn:<m|a|n>=dmn"i‘mn:.vdmn2 Si?;'uq’

q
Sdnmz(—l)M'sd:m'

Here we have used the standard tensor operators
smn _ A gy _ J,—M
sTKq=sT,,“; - 2 (=1)™»
M'M

X{J WM 'J M| k)| (m) .M Y(n)J M|,

Fmnt pmny _
To, (P10 T = 8,

[l T ()] = (— 1) m* ¥ ([[], (62)
T7"(M)=(M+q|T7"|M)

_(I1]
- [7';j<JmM+ql‘]anq>

These are related to the components in the alternative basis
(for entire representations):

aTr:(;lz ( _ i)Jm+K+Jn ST’:; .
The electric component of the traveling light wave is

E(r,t)=Re(E@exp[ —i(wt—kr)]), E“Lk (k=w/c),

E«= 2 Equq:E(“’)e, Q=0 0, <Oy, (63)
q

where e is the unit polarization vector of the light.
We make use of the equation for the density matrix with
relaxation R and pump Q:

(8) +vV,)p(v,r,e)= —i[fi(r,t),ﬁ(v,r,t)] +1§(v,r,t)
+0(v,1,0),

where
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Pom Pn |’ ’

=P

== A,

Ry=[T;8,+T(1=6)1py, Qi(v)=W()8,0;1;,

W(v)=

1 _ x
N exp[(—v/0)?], j dvW(v)=1.
T —x

The molecules have a Maxwellian velocity distribution, and
kv > I'. We assume that the gas medium in question is
inherently isotropic, and that any anisotropy is due to non-
linear interactions with the laser light.

The equation in the interaction picture,

(3,+vV )p ' (v,r,t)=—i[V'(r,6),p" (v,r,) ]+ R’ (v,1,1)
+Q'(V,5,1), (64)

where

p' (1) =explit(HO+H")p exp[ —it(HO+HM)],
can be solved approximately by iterating on
40

0 Vn()exp[ — (€t + k)]
Vi expli(Q+kr)] 0

(65)

Here
V() =exp(itH YV, exp(—itH")

_ A ri\mn E®@
= —2?( (HE™),

z d"’" Smag( )
anz__ﬁ(T E )’

T(t) = exp(itH V)T exp(—itH™D).
We seek a solution in the operator form
p'(t)
Pn(t) Prnlt)expl —i( Qe —kr)]
ot (expli(Qr—kr)] (D) '

We ultimately obtain the polarization of the medium at the
frequency of the light:

P(r,1)=Re(P'“exp[ —i(wt—kr)]),
P)=2 Tr, (d],(Bunbo) = 2 Pyuy, (67)
q

where the contravariant components take the form

K. I. Gus’kov 408



P{'=2 Tr,(d" (ppnn)y)

—Z (w)r y(1) _ (w)]2y(3)
=iy E [Xq;heq1 2|G Iqulqzq;e%e;zeﬂ]'
(68)
Here
g dmE  Nuldw?
2 ¢ # ko
N N Nuw Ny O
" [n] [m]’ [j] T;°
[j1=Tr1;=2[11[J;].
In (68),
) © kvor\? )
X1 = \/_ dT exp| — - +i(Q+i0)7
XTrn(T’l”:T exp[—ih""r]f"l"v{;'1 explih"T])
=6ql-2[1]-w(Qq+iO)kﬁ), Q,=Q+4A;-q.
(69)

The last expression results when we have k0>(};{") and the
normal Zeeman effect (A}=A7).The linear response (sus-
ceptibility) of the medium has been reduced to
w( £+ i0)—the probability integral of a complex argument.”’
In general, the argument contains a linear combination of
frequency and field terms, but in the present (transverse) field
geometry, g=0.

All of the field structures of interest here are confined to
the nonlinear supplementary term, which after velocity aver-

aging looks like
o) 2
[

(3)

J’drexp[—ZFT]f dr
0 0

0194933 XP
X [expl =T XL g (75 7| 7)
+exp[*F,,7'1] ;311}2(] q4(T|T.j’_ Tl)]’ (70)
or, if 2I'=T,,+T,,

Q)2 >
(e) — I ’
quqzqﬂ4 exp[ (kﬁ) }fo dr

Xexp[—T',,7'] f dr
0

Xexp[—T T]quqz{hq‘t(T |"'r), (71)
where
X;iz,z%%('r |T) Tr (T”'"* exp[—ih'"r']f"l”q’;
><exp[—ih"T]TA"l"-"Jr exp[zh"”r’] q4
X exp[ih"7]). (72)
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Proceeding further, we can individually consider two
types of doubling:

1) K=1—hyperfine doubling [see (46) and (49)],
A =hjy=—(abi,+al6)J-1, je(mn), (73)

2) K=3—K doubling due to centrifugal distortion [see
O],

H( Vi _hspln - %é.z . (74)

Here the Pauli spin matrices ¢ are evaluated in states j p of
opposite parity, p=*1:

a.lp)=plp).

The field interaction is evaluated in these same states:
i, By s -
A=A+ A)=— J’-E(O)&x—(? Ji+= 1) -B91,

=G/0.J5,—(A)-J+A,-D1,, (75)
where the electric and magnetic dipole moments correspond
to J K levels

Py d K
K=JT+1)°
K2
h=miR=pl+ (- #(’))J(JH)

The light couples pairs of levels (m,n_) and (m_,n,):

. d,+ ,-E©

an=— T Oy. (76)

Let us start with the first case, and so as to carry the
calculation through to the end analytically, let us assume that
J>1. The matrix elements of interactions with the orbital
angular momentum simplify in the split basis IJ
- M) ®|IM)):

JZZM'II_IZ, MEMF,

J-Dy=M-I,+70+1)-M? -], (77)

T'”"(M) Tt (M) 1, T”'"(M) I
Tmn(M)
+—-———-§——-—— z. (78)
Here
[1]

T (M)=(M+q| T |M )= dyas(0), (79

] .
cos O=M/J ,(J,+1). (80)

We next consider the situation in which we have a swept
magnetic field aligned with the linear polarization vector of
the light, B|E(“) 1 k. We have

HYI(M)=hI(M)+AIM -1,,

AT=J,—J,,

—hi(M)=(a)l,+ale,)(F D)+ & 1,15,
&=A—A. (81)
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To facilitate the calculation, set
ft'Ew'i=fl”'(+)(M),
h=6h"(M)&,=wl=h""(M),
where
RIE(M)= (o' = A& 1
=—(ah*ald )(J’ I)M—5’ d,1,. (82)

Everything reduces to the calculation of a single component
when all g; = 0:

X§)30)00(T'|T):E Tflp(ﬂo exp(—it'h')Tyo
M

Xexp(—irfl)ﬂo exp(i'r'fl’)f"m exp(iffl)).
(83)
For the calculation we have used the relation'®
Tr,[(mi)exp( - i:,bni)(mi)exp(i;bni]
=[(mn)?+[m] cos ¢]Tr,12,

where Tr,I>=1(I+1)[1]/3, n=w/w, y=wr.
A rotation of B about the u, axis will diagonalize h:

expl — iBIy](wx1x+ wzlz)exp[tﬁly] =ol,,

cos B=n,, w=wi+w:.

Since AB=B'—B<1, we can assume that

sin B=—n,,

AB=sin AB=[n'n],=n;n,—n,n;, n,=n,=0.

For example, when J,=J, (the Q-branch) and w{*’

= w,* Aw;, we have from (82) that
2 a,p 26,0,
Aﬂzm(waw w, Aw )-——O—wr,

_ap [NIU+D)-M

JUI+)+M

mﬁax AB=A4Bls 8,=ag T+~

The result of the calculation is then

2T  [9yT\?
2%+6(L)

Xiooo(7'|7)= 22 |T|“Tr,[ 1,+1?

T
o1’ T ouT 2
—8([n n]; sin’ --2——sm2 > *| 7 )
(1 cos2£ cos? w—T)) }, (84)
2 2
where
T=T(M)= \/; M, X |TP=1
JU+1)[J] »
and

w=(0,,0,0,)=—(ag\J(J+1)—M?,0,a,M +6,).
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The first two terms in square brackets in the resulting expres-
sion are independent of the field and will not be considered
any further. The next two negative terms have exactly the
same form as in the transverse-field geometry of Ref. 2. The
temporal averaging integral reduces to two expressions:

os\2wr 1 ,
Jav st o) 5 =5 = (7))

Here the cosine and sine functions on the left-hand side cor-
respond to the plus and minus signs, respectively. The Lor-
entz function ¥%(x)=%"(x)+i%"(x)=1/(1—ix).

When levels m and n have the same characteristics, we
finally obtain

O\?] 2[1
X0 =exp "(E) ] L ]E |T|4’1——I(1+1)
w 2 z 2 52 . w 2 (9MT 2
e/l

Solples Bl

The first term in square brackets accounts for the symmetry
of the double-peaked structure responsible for hyperfine dou-
bling. The second resonance structure—a linear combination
of the Lorentz function and its square—corresponds to the
scalar part of the hyperfine interaction, and is independent of
the field geometry. We can say that for J>1, the second term
is small compared to the first.

Consider now the second case when kv>(H split)
>(H af)- It is necessary to use the electric field instead of the
magnetic field, and to orient it in the direction of the linear
polarization vector of the light: (E©]E(“)Lk):

—AWi=pi5+GIOF 5,. (86)

Here we assume an interaction that is even somewhat more
general—violating parity conservation—than the one in (74):
7 = (7pr,7p,7.). Once again we put

h'=w'-6/2=h"(M)=—(GTOM+ 57,97, 976,
—(G1OM+ 9}~ ), —7ni_&

o
Trp[exp( —iy'n’ E)
o

. O 0
—iyn E) exp(u,b n -2-) exp(u,bn—z—)

X exp

=2[1—2(n’n]2 sin’ {//7 sin? g]

and integrating over time in (83), we obtain
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(3) _—
X0000=€Xp

o

[w'w]2
2 (T2 + ()T + 2|

X|1-

87)

Now, when levels m and n share the same characteristics,

Ximon| - 2] |23
_1( 2(G(O)M+77x)\/77§+77§

(T/2)*+ 2+ 2+ (GOM+ 7

2(1]

2
)2 ) ]
(88)

In particular, for 7, = 7, = 0, we again obtain the typical
double-peaked structure responsible for K doubling. The
general case is a simple extension of the foregoing deriva-
tion.

7. CONVERSION

In considering spin conversion of a specific type (mol-
ecules with C5, symmetry have only A;—E), it is necessary
to take account of quasidegeneracy of the vibration—rotation
spectrum in cluster structures of the corresponding type
(A, + E in the present case), which shows up at sufficiently
large J.!%% In the present work, cluster quasidegeneracy was
only partially allowed for via centrifugal corrections respon-
sible for a shift (convergence) in the A, and E rotational
levels and (parity) splitting of the A, levels. This was
deemed adequate at low enough temperatures, for which the
population of high-J levels is small.

The evolution of both spin subsystems toward equilib-
rium can be described by a single exponential,

pi(t)=pi(®)

pr(0)—py(@) XL vell:

pl(°°)= 'YIIN/'YC’

where [ #1,

7c=2 YI=Y1-2t Y2515

Ie(1{2,342). (89)
I

The total population of spin states, N=2;p,(t), is con-
served. The expression for the conversion rate is similar to
that employed in Ref. 4:

2 ZF[Z//b(J K! )+‘7//B(JPK0)]
Y= 2

: + -

1K I+ (wyrk: wJpKO)
JpKr=0

x 2

(a")(a)

[{(a") K [HE™ (a)] ,Ko)|*. (90)
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Here I'=T";/ g jx=(T'; g+ T jk)/2. Relaxation of possible
disequilibrium spin modifications becomes possible by virtue
of external perturbations that destabilize the system of rota-
tional levels

la)[(a)] K,)=[(a,)IK,).

The emptying of these levels is described by the constants
k.
For the rotational spectrum w; g, we must use an ex-
p

pression that takes account of fourth- and sixth-order cen-
trifugal corrections:

_ r r ihlft spllt
wy k=(HoytHostH ) K

=BJ;J2+ (B;_B_L)Kz_DJJ“_D]KJZKZ_DKK4
+F 30+ F 1 J*K?+ F i JPK* + F KO + 8 sF P

Xp(—1) - J2(J2=2)(J2~6), JP=JJ+1). (91)

The sixth-order correction allows for K doubling of levels
with M= *3(K=|M|). Levels for which K = 3p/2 is an
integer when p is an integer are split, i.e., K=3,6,9,... (Ref.
6).

Level populations are governed by the Boltzmann fac-
tors

ﬁerKr (172)
a7 ! ry _ pr 1
W p(JK])=exp T ol
_ﬁwJPKO Q(s/z)
kpT

where the rotational partition functions incorporate the sta-
tistical weights of all of the nuclei:

‘7//'3(JPK0)=exp(

1/2>—(H [1’”])[1/212 X 2

r;lZ-‘

th'K'
Xexp| — kB;’r ,

hy

Q‘3’2’—(H[1hl])[3/2]2 J1 X (2—3ky0)

K’z—oz

hos kg
Xexp| — kpT

In the present case, Q{}/?) = QU
Making use of the previously calculated off-diagonal hy-
perfine interaction matrix elements, we obtain

K. I. Gus’kov 41



> K@) KIHS™|(a)] Ko)l?
(a')(a)

hy
(EE)A AyA A (EE)A (ArA))A
=(H [m) 12 (K, >(,,);||Hs,|| (Ko)o2pe 2P+ 2 (1K )UH;HHHH(KO),Z,)F P2
F F

(EE)A,
(U "F "I"F

(A JADAS
((J 1FI")

IL(K}) JHI(K

1
+zhm z
(e

"o\ 2

reil
(5 2EeT, 2]E||3,2

1 JUI+1D)[J J
=(H [Ih‘])[J](1+5K,o) {(_—3_'[‘_]{5|AK| AME )2)? [1

+2 W—l[K) Al

thz]

h 1 1
(H [Ih‘]) [_Z_Z |[( K) “[R(11)2 ® Al]i” K0)12]| |[1/2HIE”3/2]|2+_2—_'

rr,
2 LKDI8G Ko

S, II(Ko)Q‘Z]l2 |[1/z||IE||3,2]|2]

!

7 (J,K'|2,AKJ K)?

2
B A B A NN < , SR A
Foaka | MG |y o ak] VoK AR HKYEMEN | 5 o[ UK 124AKTK)
3 L 2
(A E)E1 (B4 2
+5 5 Gari 282 VK 120 AKT K>2+2 ——W]—(JPK |2, AKJ K)

X[5|AK],1(SE'1')IE)211)2+5|AK| 2(S(I1'1E)212) ]] .

Here AK=K'—K=|AK]|(—1)""2X,

Parity doubling of the K levels need only be taken into
account for Ky = 3. In all other cases one can sum over p,
but since the range of p depends on whether K, is zero, it is
convenient first to identify the corresponding term:

> (14 68k ) X...=
p

~5Ky0)]><...=2><.

> [20k0+(1
p

We obtain as a result the single common factor 2, since it
still applies in summing the first term, and it now appears in
the second.

In accordance with Eq. (92), Table II shows the distribu-
tion of hyperfine contributions to conversion transitions.
Nonvanishing contributions are marked with a plus sign.

TABLE II. Hyperfine interaction contributions for conver-
sion transitions.

|aJ| |AK] Ri Rf Suu  Shu
2 2 - - + +
2 1 - — - +
I 2 + - + +
1 1 - + - +
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(92)

8. CONCLUSION

We have carried out a theoretical calculation of hyper-
fine interaction matrix elements both between spin modifica-
tions and for each individually. In contrast to the previous
work of Chapovski,* the expression for spin-modification
conversion contains two additional terms corresponding to
the two hyperfine tensor spin—rotation constants, and it
yields a complete description of conversion. The complete-
ness of that description makes it possible to invert the prob-
lem when information about the tensor spin—rotation con-
stants is lacking. The uniqueness of the information thus
obtained is due to the fact that, as shown by an analysis of
the matrix elements, spectroscopic measurements cannot
provide information about all of the hyperfine constants, as
one of the tensor constants drops out. We have examined an
alternative approach to spectroscopic measurements of the
remaining hyperfine constants—field spectroscopy of the
disruption of spin—rotation coupling. Spectroscopy of the hy-
perfine interaction and the spin-modification conversion phe-
nomenon complement one another. A description of conver-
sion requires that one take account of the splitting of
rotational A, levels, which can be determined from electric
field spectra.

As a possible application of this approach, consider an
example based on the isotopic pair 2CH,F and 3CH,F. The
first step is the experimental determination of K doubling via
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the electric field spectrum. To judge by Ref. 4, this is neces-
sary for '2CH,F, and is not required in practice for *CH,F.
Since the conversion rates are known for these isotopes, the
next step would reduce to deriving and solving a system of
two equations in the two unknowns (Rf)2 and (RE)?, as-
suming both to be independent of the isotopic composition of
the molecules. After calculating the tensor constants |Rf|,
hyperfine doubling can be observed experimentally by means
of the magnetic field spectrum to provide an independent
check and improvement.

I thank A. E. Bakarev for the use of his personal com-
puter in preparing this paper for publication.
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APPENDIX A
WIGNER COEFFICIENTS FOR THE GROUPS C;, AND C;

To construct matrices for irreducible representations, it is
convenient to consider active transformations of the contro-
variant components of a vector by elements of the group
C 3u>

Ty
Sgiaz(ia)gZE Agal(g)'f“,

or transformations of the covariant basis vectors,

T
Spu’=(u")s =2 u”-Ag (g).

These induce transformations of the functions

71
7gxITa)=(S; 'xITa)=2 (xIToy)- Ay ,(g),

and corresponding transformations of the tensor operators

7]
1T = (T8 =2 TT1 AT (8).

The E representation matrices for Cartesian (x,y) and
spherical (+,—) bases are given in Table I. We assume that
e=g,=c+Iis.

The Wigner coefficients depend on the choice of irreduc-
ible representation matrices:

(Ta|l'yo1T y0,)
| ™ Iy I,
_\/m Zgehor(8)8, (8D, (8)
“NT1G1 * T T :
(G112, co80p (9,1 (24,2 ()]

(A1)
We use the E representation matrices in the spherical basis:

(TolA,0To)=(Ea|EcEa)=1, (Eog|A,0Eo)=o0.
(A2)
The rest of the coefficients can be obtained by using the
analog of the symmetry relations for SO;,'° except that o
(the analog of m) need not enter into the phase factors.
The relationship with the 3I" symbols takes the form
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(F0'|F10'1F20'2)=(—1)r1+r2m( 5]

g1 0y

r, T, r)

The Racah coefficients'> do not depend on the choice of
irreducible representation matrices:
E FEF E E FE E A,
=O, — =
E E E A, E E A,

‘5

1
E E| 2’

{F1 r, Fs] (—1)hi*TatTs A (A3)
= . A3

Ar Ty T ([Try) 0

The Wigner coefficients for C; are (p|p'p")

=6p+p/+p//’g-

APPENDIX B

SPHERICAL COMPONENTS OF THE SECOND-RANK
TENSOR FOR S0, ® S,

Consider the expansion of the two-sided tensor operator

(p1P2) (T Tyl '
T= P1P2yP1 P2 ~(T\TTo (T Ty)Te
T 2 Tj]jz uflufz 2 (11)xq (11)kq
J1J2 Kq

The first sum (p;p,) is ordered in accordance with (10) and
(23). Here we have used the two-sided contravariant spheri-
cal basis

71072
rryre_ 1 3 o
(1l)kg  ~ 2 Kq

Iﬂ1CT11ﬂ20'2> Tyo 202

1g, 1q, [ 190 Tla2 °
91492

p
=2 WUPTD;,
J

The “U and ,D matrices are defined in (9) and (5). The
general form of component coupling in the various bases is

[T P1P29102
(IhFy)lo_ P1P2y1p T 101712l 205
T(ll)mi ) E Tf fo u
J1J29192
I'o F101F202
XDf1ZI1D12klz< kq| 1q, 1q, |~ (B1)

Here p,p, are independent, so we have provided the factor
of 1/2. The individual components for SO are*®

Tj i Ty

- Tl]+Tji A A 1 A
T;j—Tj

A,’j= ]2 J zAﬁf),

1 A
aT(11)0,0=$ ; T;j= V3(T),

aT(ll)l,():(_i\/E)Aiy’

o X L4y
-— (Ayz+zo'Azx ,

aT(11)1,0=(_i\/5) N
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3\ .

aT(ll)Z,(')= - 5 b72)
3

Tanze=| =~ V3

p3=(piP2),

ag(EE)AL0 __1_ agAIADALD  ag(EE)AL0 )

AE)Eo_ 1 EE)E
aS( 1E) 0—5“5( ) 0,
1 2) (3)
agEE)ET = L(§23 + ¢, -S31 +8, -S12). (B3)

DFrom this point on, an underscore denotes this coordinate system.

2Here and in some instances further on, an overbar is used instead of a
minus sign.

YA covariant index is signified by a dot above a letter, a contravariant index
by a dot below.

“In the case of SO; we have [k]=2«+1.

S)Square brackets denote either the dimensionality of the representation I or
the number of elements in the group G.

'K. I. Gus’kov and A. G. Rudavets, Preprint No. 339, Inst. Aut. Electrom-
etry, Sib. Branch, USSR Acad. Sci., Novosibirsk (1986).

2K. L. Gus’kov and A. G. Rudavets, Preprint IEPCP, Chernogolovka
(1990).

3P. L. Chapovskil, Zh. éksp. Teor. Fiz. 97, 1585 (1990) [Sov. Phys. JETP
70, 895 (1990)].

‘p L. Chapovskii(Chapovsky), Phys. Rev. A43, 3624 (1991).

5C. H. Townes and A. L. Schawlow, Microwave Spectroscopy, Dover, New
York (1975).

414 JETP 80 (3), March 1995

%Yu. S. Makushkin and V1. G. Tyuterev, Perturbation and Effective Hamil-
tonian Methods in Molecular Spectroscopy [in Russian], Nauka, Novosi-
birsk (1984).

"R. Bocquet, D. Boucher, W. D. Chen et al., J. Mol. Spectrosc. 163, 291
(1994).

8G. Cazzoli, L. Cludi, G. Cotti et al., J. Mol. Spectrosc. 163, 521 (1994).

9W. G. Harter, C. W. Patterson, and F. J. da Paixao, Rev. Mod. Phys. 50, 37
(1978).

10y, C. Biedenharn and J. D. Louck, Angular Momentum in Quantum Phys-
ics, Addison-Wesley, Reading, MA (1981).

], W. Cederberg, Am. J. Phys. 40, 159 (1972).

2D, T. Sviridov and Yu. F. Smirnov, Theory of the Optical Spectra of
Transition-Metal Ions [in Russian], Nauka, Moscow (1977).

3B, L. Zhilinski, V. L. Perevalov, and V1. G. Tyuterev, Irreducible Tensor
Operators in the Theory of Molecular Spectra [in Russian], Nauka, No-
vosibirsk (1987).

M. Danos, Ann. Phys. 63, 319 (1971).

SW. H. Flygare, Molecular Structure and Dynamics, Prentice-Hall, Engle-
wood Cliffs, NJ (1978).

165, C. Wofsy, J. S. Muenter, and W. Klemperer, J. Chem. Phys. 55, 2014
(1971).

17J. A. Magyar and J. L. Hall, in Topics in Applied Physics, Vol. 13: High-
Resolution Laser Spectroscopy, K. Shimoda (ed.), Springer-Verlag, New
York (1976), p. 173.

81, G. Kaplan, Symmetry of Many-Electron Systems, Academic Press, New
York (1975).

L. D. Landau and E. M. Lifshitz, Quantum Mechanics (Nonrelativistic
Theory), 31d ed., Pergamon, New York (1977).

2 A. K. Popov, Introduction to Nonlinear Spectroscopy [in Russian], Nauka,
Novosibirsk (1983), Sec. 4.8.

2l A. M. Badalyan, K. I. Gus’kov, V. I. Kovalevski et al., in Nonlinear
Optics. Proceedings of the Seventh Vavilov Conference, June, 1981 [in
Russian], S. G. Rautian (ed.), Inst. Aut. Electrometry, Sib. Branch, USSR
Acad. Sci., Novosibirsk (1982), Pt. 1, p. 123.

2ZA. M. Badalyan, S. M. Kobtsev, V. I. Kovalevski et al., Pis’ma Zh.
Tekhn. Fiz. 9, 846 (1983) [Sov. Tech. Phys. Lett. 9, 363 (1983)].

3S. A. Al'tshuler, in Problems in Theoretical Physics (in memory of I. E.
Tamm) [in Russian], Nauka, Moscow (1972), p. 381.

24R. G. Brewer, Phys. Rev. Lett. 25, 1639 (1970).

ZW. G. Harter and C. W. Patterson, Phys. Rev. A19, 2277 (1979).

2W. Gordy and R. L. Cook, Microwave Molecular Spectra (Techniques of
Organic Chemistry, Vol. 18, 3rd Ed.), Wiley, New York (1984).

Translated by Marc Damashek

K. I. Gus’kov 414



