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1. INTRODUCTION

An inhomogeneous weakly rarefied gas, which corre-
sponds to the condition A<L (X is the mean free path of the
particles, and L is the characteristic length of the problem), is
an example of a nonequilibrium system for which the well-
developed methods of solving the Boltzmann equation make
it possible to establish the limits of applicability of phenom-
enological nonequilibrium thermodynamics. On the basis of
the well-known studies of Prigogine,"? it was assumed for a
long time that the applicability of nonequilibrium thermody-
namics is limited in this case to the results corresponding to
the first approximation of Chapman—Enskog theory,> which
gives rise to linear relationships between the fluxes and gra-
dients of the fundamental thermodynamic variables (thermo-
dynamic forces). However, Kagan4 noted that in the general
case one can include among the independent thermodynamic
forces quantities having the necessary tensor dimension and
obtained by differentiating with respect to the coordinates
the corresponding fluxes. This conclusion followed, in par-
ticular, from an analysis of the contribution of viscous mo-
mentum transport to the diffusion of a mixture, which was
calculated in Ref. 4 wusing the Grad 13-moment
approximation.” The need to take into account the corre-
sponding terms proportional to the second derivatives of the
velocity and the temperature in the expressions for the fluxes
also followed from the results of the second (Burnett) ap-
proximation in Chapman—Enskog theory.>S

The compatibility of the principles of nonequilibrium
thermodynamics with the higher approximations of the
Chapman—-Enskog method at the level of the linearized Bur-
nett approximation was proved in Refs. 7-9. At this level,
the expression for the entropy production on the right-hand
side of the entropy balance equation acquires additional
terms containing higher than first-order derivatives of the
fundamental thermodynamic variables with respect to the
cordinates. The system of phenomenological equations for
the fluxes and forces is correspondingly extended. The need
to take into account new terms in the analysis of flows of
weakly rarefied gases and in the flow of gas past convex
bodies was clearly demonstrated in the solution of a large
number of problems.*'%-!7

No less important effects due to rarefaction of the gas
occur near an interface (for example, at the boundary of the
gas and a wall'®'%). It is well known that for inhomogeneous
low-density gases the values of their macroscopic
parameters—yvelocity, temperature, composition, etc.—
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directly at the surface of a body around which flow is occur-
ring differ from the corresponding parameters that character-
ize the state of the surface. This difference is due to the
nonzero mean free path of the molecules and can be de-
scribed by the introduction of some effective boundary con-
ditions that take the form of various apparent discontinuities
of the macroscopic parameters at the boundaries of the con-
densed phase.'®

As was shown by Waldmann,”° a fairly general approach
in the formulation of the boundary conditions can be devel-
oped using the methods of nonequilibrium thermodynamics.
The approach is based on the notion of boundary entropy
production, which is defined as the integral over unit section
of the surface of the difference of the entropy fluxes in the
gas and in the condensed phase. Unfortunately, the purely
phenomenological approach to the derivation of the expres-
sion for the entropy production and also the neglect of the
thickness of the Knudsen layer at the wall caused Waldmann
and Vestner'?*2! to omit several boundary effects of the
same order of magnitude as the effects taken into account in
the method.!®!” However, the idea advanced in Ref. 20 is
very fruitful if instead of the phenomenological expression
one uses the kinetic expression for the entropyl) and takes
into account consistently the finite thickness of the Knudsen
layer.2+26

In this paper, we develop a general scheme for applying
nonequilibrium thermodynamics to the investigation of
transport processes in an inhomogeneous multicomponent
gas mixture in the presence of surfaces that confine the gas.
We consider slow steady flows of weakly rarefied gas mix-
tures, for which the use of the methods of nonequilibrium
thermodynamics is the most obvious. Systematic develop-
ment of the Burnett approximation in the Chapman—Enskog
method for the linearized kinetic equation and the use of the
kinetic expression for the entropy in this approximation
make it possible to write down a system of linear phenom-
enological equations for the fluxes that contain a dependence
on not only the first but also the second derivatives of the
velocity, temperature, and concentrations of the components
of the mixture. In each subsystem of vector and tensor equa-
tions, in addition to the ordinary fluxes, ‘‘unphysical’’ fluxes
arise, which automatically ensure that the Onsager symmetry
relations hold for the crossed transport coefficients.

The methods of nonequilibrium thermodynamics are fur-
ther used to analyze the state of a nonequilibrium gas mix-
ture near an interphase surface. By means of the boundary
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condition for the distribution function and the kinetic equa-
tion for the Knudsen correction to it, we establish balance
equations for the mass, momentum, and energy at the inter-
face. The missing boundary conditions are found from the
kinetic expression for the boundary entropy production. This
last is used to obtain some phenomenological relationships
between the fluxes and forces on the interface, and these
make it possible to determine the contribution of the fluxes
localized in the Knudsen layer to the total mass, momentum,
and energy transport in the gas mixture. In the conclusions,
we consider some actual examples of the use of the relations
obtained here and discuss the possibilities of using them in
fairly general situations.

2. THE BURNETT APPROXIMATION FOR THE LINEARIZED
KINETIC EQUATION

We consider the steady state of an inhomogeneous gas
mixture described by means of the distribution functions
SalVa, 1), where v, is the velocity of the particles of species
a, and r is their position vector. In the case of weak devia-
tion of the gas from equilibrium, we assume that

fa=fD(1+2,), )
where £ is the local Maxwell distribution
& =ng(Be/m)* exp(—Back), 0)

and @, are small corrections that satisfy the system of lin-
earized Boltzmann equations®'

(VaV)In fO+ (v, V)@= Lop(®),
B
Vin A=V In p,+(Beci—5/2)V In T+2B,co(Vu).
3)

Here L,g is the linearized collision operator, ¢,=v,—u,
Doa=nqkT, B,=m,/2kT, where n, is the number density of
the particles of species a, m,, is their mass, T is the tempera-
ture, u is the mass-average velocity of the mixture, and & is
Boltzmann’s constant.

When the standard Chapman—Enskog method is used,3
the solution of Egs. (3) is sought in the form

®,=2, ®W=0V+0P+...,
n=1

where ®{" are found by successive approximations from the
chain of integral equations

n—1

2 DPOTTF V== (v, V)P4 X Lag(@). (4)
= B

Here the structure of the operator D® is determined by
transforming the left-hand side of (3) with allowance for the
level of the approximations that is used in writing down the
conservation equations (Euler, Navier-Stokes, etc., equa-
tions).
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The results of the first approximation (n=1) of the
Chapman-Enskog method are well known>?’ and are given
here making the treatment general and as a necessary stage
for obtaining the corrections of the next approximation (n
=2). The transformation of the left-hand side of (3) by
means of the Euler equations gives

DO =(B,c2—5/2)(ca VI)In T+28, €,¢,:Vu

n
o Carde=2) Lag(@ ), (s)

where
d,=V(ng,/n)+(ny/n—ps/p)V Inp. ©)

Here p,=m o, , P=2 4P, ¢¢ denotes the irreducible second-
rank tensor with components ¢;c;— ( 1/3)c2 8, , and Vu cor-
responds to the tensor
1 ( du;  duy

1
eik='2' 3;; 0—)6,-) 3 Vudy.

The symbol : is used to denote the scalar product of tensors.
The expression for ® has the form

Q&”:@,a(c.ﬂ)ln T+(Dpaé;~éa:5—lll+ ca% ¢5"dﬂ’
™

where @,, ®,, and @, are found by solving the integral
equations

(Bac?—512)¢,= § Log(cd,),

2B, Q':éa=§ Lop(& @),

n Pa

'n—; ( Oay— 7) Co= % Lap(cd>}'). ®
One of the main problems of kinetic theory is to obtain

expressions for the nondiagonal part of the stress tensor, the

heat flux, and the diffusion velocities, which occur in the

system of hydrodynamic equations (conservation equations).

The general expressions for these quantities have the form

o),

1
Wo=Up—u=-— f ca® o Odv,. 9
a

Here and in what follows, (g|#) denotes the inner scalar
product of the form

. m
w=(m &|®), q=<5- cc?

(glh)= Ea‘, f gahof Vdv,.

In the first Chapman—Enskog approximation
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%(”:—-217?“,
W s 5 M
qV=—x VT—% Drgpdg+5 3 paws,

wil= —§B) D,pdg—Dr,V InT, (10)

where 7, \', D g, Dy, are, respectively, the coefficients of
viscosity, thermal conductivity, multicomponent diffusion,
and thermodiffusion.?’

To find the corrections to the distribution function in the
Burnett approximation (n=2), we have the equations

DIPD == (v, W)L+, Lg(®?), (11)
B
where
2 1
W@ _ Ma s _ (245 21| Load)
D'V, kT (c V)T (3 BacCa l) 5 Vq

1 1
- — Vnow+ =
N n

X(Ba€2—312)VY, n wilh. (12)

For slow gas flows (Ju|<(kT/m ,)"?), we can ignore the term
~(u-V)®, allowance for which goes beyond the linear
approximation. Then, bearing in mind that

vvT
(o VYD =B ooy : ——+ P pulce V)

[
X (€4€a: VW) + Dy o, DB Vdg,
we find after simple manipulations

2 X,T nﬁ
[<I>,,,,c,,c,,+[(§ Baci—l)(—;—-*'% - DTﬁ

(13)

vvr

r
+Dr, 6(2)} : —T—+(¢pacacaca

2m,

+ pkT

7Icar‘s(d)):vvl_"l'*' % {cacaq)ga

+

2 n,
(5 Baci— 1)(D,ﬁ+§1) = D,p)

+D g (14)

6(2)}:Vdﬂ= ; La((q)(z))v

where 82 and &“ are the unit tensors of second and fourth
rank, and

1 1
5(';/31=§‘ (6 bji+ 8y05) — 3 &;i0u -

t
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The solution for ®2 can be represented in the form
vvr —
oP=07 . —T—+q>,,,,:vvu+§ D2Evd,. (15)

In the second term on the left-hand side of (14), it is conve-
nient to separate the tensor ¢c¢, which corresponds to the
third-rank irreducible tensor

1
C'iCjCk"‘ g C2( Jijck+ 5,-ij+ 6jkC,-).

Then
— 2mgn [ — oo
((Dpacacaca+ AT ca6(4)):VVu=d>pacacaca:VVu
+| @ c§’+m"” v?2
P"? ka C VU

As a result, for the total correction to the distribution func-
tion in the Burnett approximation we have

®,=®,,(c,V)In T+ ,,E2,:Vu
vvT —
+e, > 8 dgt+d] —— + P4, VVu
B
+®3,¢,V2u+ Y, DAV,
B

where the functions ®F,, ®%,, ®%,, and &% are found by
solving a system of integral equations of the form

('i' ﬁaci—l) X

«s‘z>=§ Log(®D),

cbtacaca"_

+Dr,

—
q)pacacaca= % Laﬂ(q);) ’

2
c"(q)”" B ka) = Leslea®h).

M
CaCa®) +

(% Baci—l)

&2>=233 Lopg(®5).

4
D,,+§£‘, " D;.,)

+D,, a”n

3. NONEQUILIBRIUM THERMODYNAMICS IN THE BURNETT
APPROXIMATION

To establish the structure of the macroscopic fluxes that
follows from the representation (16), we turn to the basic
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propositions of nonequilibrium thermodynamics. As is well
known, this is based on the entropy balance equation, which
in the steady case can be written as

V.J,=o, (18)
where J; is the density of the total entropy flux:

1=-k3 [ vafon v, (19)

and ¢ is the entropy production due to particle collisions:

o=—k2 2 f f In foLop(®)dv,. (20)

In what follows, we shall be mainly interested in the
entropy production o. It is well known that the phenomeno-
logical expression for ¢ obtained in nonequilibrium thermo-
dynamics is a bilinear combination of the corresponding
fluxes and thermodynamic forces.? It is easy to shown that if
the linearized Burnett approximation is used the bilinear
structure of the expression for ¢ remains, but with not only
the first derivatives of u, T, and n, but also the second de-
rivatives of these quantities playing the role of thermody-
namic forces; the number of fluxes associated by linear rela-
tion with thermodynamic forces is increased accordingly.

The expression (20) for o corresponding to the linear
approximatior can be represented in the form

o=—k(®|L(D)), L(cb)=§ Lop(®). (21)

With allowance for (4), we rewrite (21) as

o=—k, <<I)(")
n=1

n—1
[kzo D<k><1><"—k-l)+(c.V)<1>"-'D .
(22)

Using the expression for @ and the terms in the square

brackets (22) for n=1,2 that we obtained above, we can
write the entropy production in the form

1 LM N-1
o=—= (h-V)In T+#:Vu+p X, (Wg—wy)dg
B=1

ar VVT | —
+JT: +J4VVu+J'Viu

N—-1
+ﬁ§=‘,l (32—3,3)Vd,3]. (23)

Here h=q—(5/2)3.,p ,W,, is the reduced heat flux in the mix-
ture, and

JT=kT(® cc|®), J*=kT(D,Ccc|D),

V=kT\| D ¢ + il ()
JU= v 5t kT c®),
3B =kT(cc®b|®). (24)

The tensor dimensions for these fluxes are obvious. In writ-
ing down the first, third, and last term in (23), we have used
the fact that 3¥_,d,=0 and that in the stationary case
V2T=0 and (V-dp)=0.
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The system of linear phenomenological equations corre-
sponding to the entropy production (23) decomposes into
three subsystems of the form

N-1
W~ W= —321 Aa Pdﬂ_Aan In T“Aa,N.}.]VZu,

N-1
h=- 2 ANﬂpdﬂ—ANNV InT- AN,N+1V2u, (25)
B=1

N-1
J"=—ﬂ§l Ayi1gpdg—= ANV In T

—AN+1,N+1VZU,
gl —(n — V'—‘VT
D_3 g
Jg_Jg= —ﬂzl XQBVV(T) _)\aNVll_xa'N.;.] T,
N-1 ~—
n calng - vvr
7T=—B21 )\Nﬂvv(—;l—)_xNNvu—xN,N'i'l 'T‘,
gk —(n — (26)
JT=—-pZl RN*_LﬂVV(_nE)—)\N.{.]‘NVU
—
\ vvr
TAN+IN+L T
~ —
J"=-—L“VVU. (27)

In writing down (26), we have ignored the terms ~\r7—\‘7p,
allowance for which goes beyond the linear approximation.
In the case of a single-component gas (N=1), the system
(25)—-(27) goes over into the results obtained in a somewhat

different manner in Ref. 9.
An important difference between the system of Egs.

(25)-(27) and the well-known phenomenological equations
of nonequilibrium thermodynamics is that it includes some
‘‘unphysical’’ fluxes: J”, J7, 32, and J*. Their appearance in
subsystems of one and the same tensor dimension is abso-
lutely necessary to ensure the correct Onsager symmetry re-
lations, which hold for the crossed coefficients in the sub-
systems (25) and (26). In particular, from this point of view
one must regard as inconsistent the earlier attempt in Ref. 28
to establish symmetry relations between the coefficients oc-
curring in the equations for fluxes of different tensor dimen-
sion, in contradiction with the well-known Curie principle
for isotropic systems.?

The form of some of the transport coefficients in the
expressions for the ‘‘physical’’ fluxes w,—wy, h, and 7 is
readily established by comparison with the expressions (10).
In particular,

PAag=Dog—Dn—(Dyg—Dpy), «,B=1,...,N—1,

Aov=Ana=D71a—D1n, ANn=N'T, Ayy=217.
(28)
The formal structure of the remaining coefficients corre-
sponding to the Burnett approximation is readily established
if one substitutes @, from (16) in the expressions (24) for the
fluxes. We note that some of the Burnett coefficients, for
example, A, yi1> Ay n+1s Mv,g> and Ny v, can be deter-
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mined by using the results of the calculations made in Refs.
4 and 28. When allowance is made for only the first terms of
the expansion in Sonine polynomials in the solution of the
corresponding integral equations, the expressions for these
coefficients have the form

1 (D ga—Dpgn)
Aa,N+l=; ﬂz axﬂ /B
N
AN,N+1——§; ﬁgl xﬂ ’
N
=2nmﬁ 2 nﬂDaﬂ
NETTT & T,
N
)\N,N+1_'—§; gl E7 (29)

where xg=ng/n, and 74 and \g are the partial coefficients of
viscosity and thermal conductiv1ty calculated in the first
Chapman-Enskog approximation.>* Note that the coeffi-
cients Ay x4, and Ay . are identical within a factor of 2;
in Ref. 28, this identity was taken as an Onsager symmetry
relation. In order to actually show that the symmetry rela-
tions hold for the coefficients of Eqs. (25), we show as an
example that A, vy 1 =Ayyig g

We consider the flux J¥ given in (24). Taking into ac-
count the orthogonality of m ,c, and the expansions in poly-
nomials of the comrection ® in the Chapman-Enskog
method, we have

c?
Jv=kT< d)p? C (I)> .
We separate in P the term with dg. Then
c2
c cE <I>gdﬁ>.

rs

Using the well- known expansions for @, and @~ in series of
Sonine polynomials®’ and restricting ourselves to just the
first terms of the expansion, we can readily obtain (taking

into account the condition 3¥_,d,=0)
N-1N-1
p--3 3 Ze Do

a B *p

J”=kT< )

from which the required symmetry relation follows.

Note that the remaining coefficients that determine the
Burnett contributions to the ‘‘unphysical’’ fluxes can be cal-
culated only if we know the Burnett functions &5, ®%, 3,
and @2 Y determined from the solution of the integral equa-
tions (17). Such a calculation is of no special interest, since
these fluxes do not occur in the system of basic hydrody-
namic equations. However, knowledge of the explicit form
of the Bumnett functions may be necessary when we consider
the boundary conditions for the hydrodynamic equations.

4. BALANCE EQUATIONS AT AN INTERPHASE SURFACE

In the analysis of flows of rarefied gases near interphase
surfaces, it is necessary to introduce a correction into the
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distribution function that reflects the abrupt change of the gas
parameters at the boundary within the so-called Knudsen
layer (at distances of the order of a few mean free paths of
the molecules). Then the distribution function can be written
in the form

fa=fOU+®,+¢,),

where @, is the volume Chapman-Enskog correction [for
example, a solution in the form (16)], and ¢,, is the Knudsen
correction to the local Maxwellian distribution function £ .
It must be emphasized that £\ is defined in this case for the
values of the density, velocity, and temperature that corre-
spond to the volume solution valid outside the Knudsen layer
(we call these the hydrodynamic parameters). It is readily
noted that when these parameters are extrapolated to the sur-
face over which the flow takes place, their values need not be
the true values or the values of the parameters in equilibrium
with the wall, and this leads to the natural picture of jumps of
the density, velocity, and temperature at the boundary.'®

The correction ¢, obviously satisfies the system of ho-
mogeneous equations that follow from (3),

(va-V)<pa=§ Log(9), (1)

and boundary conditions that in the absence of chemical re-
actions on the surface can be written in the form'®?

a(Ya—Va)

IVa~n|fa(va,Xo)=f, R
v, n<0

X lvzlz' nlfa(v:! vx())dva s
V,-n>0, xy€6S. (32)

Here R,(v,—V,) is the operator for scattering of gas par-
ticles by the interface, n is the inner normal, and x, is the
coordinate of a point on the surface that belongs to the ele-
ment of surface 8S.

Note that for slow flows and with allowance for the
small magnitude of the density and temperature jumps on the
boundary

Pa(0)+5T(0)( 2 5)

(V)= faulva)| 1+ ==+ ——| Bava—3

Vo u(0)+ D, (0)+¢,(0) ], (33)

m

kT
where 1 is the absolute Maxwellian distribution in equilib-
rium w1th the wall, and 8p (0) and 8T(0) are the jumps of
the hydrodynamic parameters on the boundary relative to the
values p,o and T in equilibrium with the wall.

We consider the problem of the exterior flow of a gas
mixture over a weakly curved surface and introduce an or-
thogonal system of coordinates at the point x, with x axis
directed along the inner normal and y and z axes directed
along the surface. The element of length in such a system is
given by

= 2
dI*=dx*+hldy*+h2dz?,

where hy and %, are metric coefficients.
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Writing the left-hand side of Eq. (31) in these coordi-
nates, multiplying both sides of (31) by Ak, , and integrating
over x from O to o, we find

1 0
Vax®a(0)=— W J;) hyhzg L,g(p)dx

+div, §°,, (34)

where we use the definition

div, j,=

1
(0)k.(0) | 2 (h (O)Jy)+ (hy(O)jz)]
y k4

of the two-dimensional divergence of the flux, and we intro-
duce the two-dimensional flux

_'l“27=hz’l(0)eyf0 hv oy @adx+ h;l(O)ezJO hyv o @ odx.

We use the relations (32)—(34) to obtain balance equa-
tions for the mass, momentum, and energy on the interphase
surface. To this end, we integrate (32) over the velocity half-
space v ,,>>0. Using (33) and the property

f Ro(v,—V)dv,=1
Vox>0

of the scattering operator, we readily obtain
f o, 0] a0 STO) (), 5
aw pao To a¥ a 2

mava’u(o)
kT,

+®,(0)+ ¢,(0)|dv,=0, (35)

where the integration is over the complete velocity space.
Bearing in mind that ®,(0) does not contribute to the mass-
average velocity of the gas, we obtain after summation of
(35) over a with weight m,

pu(0)+2, f M Q0 axf oo ®a(0)dV=0. (36)

Using the well-known property (1|L(¢))=0 of the collision
integral, we find by means of (34)

pu,(0)=—div, j", (37

where

=063 | hopautyax
+h, l(O)eZ f hypindx,

K"_'_ J v awqoa (38)

Here J™ is the density of the mass flux localized in the
Knudsen layer. Formally, Eq. (37) means that the normal
component u,(0) of the hydrodynamic velocity on the inter-
face does not vanish. This also follows directly from the
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relation (36), which corresponds to vanishing of the gas ve-
locity determined on the total distribution function (impen-
etrability of the surface).

Repeating the above procedure but without summation
over a, we can also readily obtain relations for the diffusion
velocities w,=u,—u on the phase boundary:

W ax(0) = Wy(0) = —div, (3% —v),

iv=h7'(0)e, f h.nowindx

+h, '(0)e, fo hyn  whrdx. (39)

The momentum and energy balance equations on the inter-
face are obtained by multiplying (32) from the left and from
the right by m v, and m,v2/2 and integrating over the ve-
locity half-space. The following operations are then similar
to those used above. As a result, we obtain

P,i(0)— P’r ;= —div, J(”)

T] ?

0,(0)— Qf=—div, j. (40)

At the same time, P,;=pd,;+ m,; and Q,=q,+P ju;
are the hydrodynam1c densities of the momentum and energy
fluxes, and Pf and O/ are the same quantities determined on
the total dlsmbutlon function. The vectors j(”) and J(") are
the densities of the momentum and energy ﬂuxes localized in
the Knudsen layer. They are defined by analogy with (38)
substituting for

2‘} Paling

in this expression the quantities

(i=y,2)

PK" 2 f avaxva u)»QDadVa

and

2
m,v
or=3 [ 5.

It follows from the relations (40) that the normal com-
ponents of the momentum and energy fluxes have disconti-
nuities on the wall. A purely phenomenological version of
such a discontinuity for a simple gas was first introduced by
Waldmann.?®

S nPadv, .

5. NONEQUILIBRIUM THERMODYNAMICS OF BOUNDARY
CONDITIONS

To obtain an additional group of boundary conditions,
including conditions for the fluxes tangential to the wall, we
again use the methods of nonequilibrium thermodynamics.
As in Refs. 20 and 21, we shall here proceed from the en-
tropy balance equation on the interface but use a more com-
plete representation of the distribution function that makes it
possible to take into account its variation over the thickness
of the Knudsen layer.
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Integrating the entropy balance equation (18) directly on
the interface and using Gauss’s theorem, we readily find that
the entropy production density on an infinitesimal surface
element is equal to the difference between the entropy fluxes
in the gas and in the condensed phase (for simplicity, we
shall suppose that the latter is a rigid wall). For the local
entropy production (per unit surface of the wall), we have

AS,=J,—J%, (41)

where J;=]J-n, where n is the outer normal to the surface.
For the entropy flux density on the boundary directed
from the rigid body, we have

where Jj, is the heat flux density, and T is the wall tempera-
ture. At the same time, J, = Q. Substituting in the expression
(19) for J, the total  distribution  function

=f9(1+®d,+¢,) and taking into account the form (2) of
f&” we readily obtain

1 1
an(To T(O)) m(ui(o)"k)

k
X(Ph=p©)80-5 2 [ venfO@,

+@,)%dv,. (42)

We recall that Q and PY; are defined on the total distribution
function including the Knudsen correction, and p(0)
=n(0)kT(0); n(0), u(0), and 7(0) are the extrapolated val-
ues of the hydrodynamic parameters on the wall.

It is convenient to decompose the second term in (42)
into parts corresponding to the components of u and P
normal and tangential to the surface. In this case, it takes the
form

1
T, [(P£,—p(0))u(0)-n+ 7/, u(0)],

where u,(0) is the tangential component of the hydrodynamic
velocity of the gas, which actually corresponds to the slip
velocity at the wall, and 71{,, is the nondiagonal part of the
tensor P,fk.

To transform the final term on the right-hand side of
(42), it is necessary to substitute the known solution for the
* volume distribution function ®,, [for example, the expression
(16)]. Note that the structure of the Knudsen function ¢,(0)
can be established in each specific case from its relation to
®,(0) through the boundary condition (32) with allowance
for the representation (33). Analysis shows (see, for ex-
ample, Ref. 14) that allowance for the terms ~¢Z in the
expression (42) leads merely to a renormalization of the
transport coefficients in the corresponding phenomenological
transport relations without loss of the symmetry properties
for the crossed coefficients. For this reason, the terms ~¢2 in
(42) can be omitted, and the final expression for AS, can be
represented in the form
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_ 1 1 )
Asa—(Qf-n)(m;— 7|~ 0y (WO WP,

1 k
=P(0)= 755 ") =7 2 f (Varm)fe

X(P2+2P,0,)dv,. (43)

We now show how we can use (43) to obtain some phe-
nomenological relations between the fluxes and forces on the
interphase boundary that serve, as it were, as a system of
boundary conditions for the hydrodynamic equations and
give the corresponding contribution to the total transport of
mass, momentum, and energy that results from the fluxes
localized in the Knudsen layer. To this end, it is helpful to
analyze some characteristic special cases.

6. FLOWS TANGENTIAL TO THE SURFACE OF A FLAT
BOUNDARY

We consider the flow of a gas mixture along a flat sur-
face in the presence of tangential (directed along the z axis)
temperature and concentration gradients and nonvanishing
first and second derivatives u, = du,/dx and u) = d*u,/dx*
of the velocity with respect to the transverse coordinate x. In
this case, the volume correction @, (16) has the form

P,=v,,P,,V, In T+v,,xv,,z<l>p,,u;+vaz§ CDg,,dﬂz

+(DY

[For slow flows, when not only the gradients of the macro-
scopic variables but also the velocities u are assumed to be
small, it is possible to replace ¢,=v,—u in (16) by v,.]

The absence of flows normal to the surface, in conjunc-
tion with the conditions u,(0)=0 and 7/, = m,, = —7u,,
which follow from the constancy of the Knudsen flows along
the surface, enable us to represent the entropy production on
the surface in the form

+0 4, Pho)u; . 44

Bxxz

1 k
AS= - w5 3 [0 O@%0)
TO 2 a

+2®,(0)¢4(0)]dv,. (45)

It is well known®’ that ®,,, ®,,, and @~ are even func-
tions of the velocity v,, while ®p, are even functions with
respect to v, and v,, (Refs. 10 and 12), and therefore the
term in (45) with ®2(0) contains only a combination of the
form

kul|lagV,In T+ 2 b.d, +cgu!
Y
where
aB=—(vzd>,|vaz¢p), b.,=—(vzd>Z|vaz(I>p),

(0 DY+ D o0, D). (46)

We now determine the structure of the terms that contain
©.(0). We consider the term with ®,, in (44). Substituting it
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in (45) and remembering that v ,,¢,(0) can be replaced by
means of (34) by —JfoL,(¢p)dx, where L,=3 gL ,q4(¢), we
find

_kvz In TE I vachtavax‘Pa(o)f(a?)dva

=kV,In Tf (v, P |L(p))dx.
0

We use the symmetry property ({®|L(¢))=(@|L(P))) of the
linearized collision operator and the first relation of (8). As a
result, we obtain

| wadeionas= [ ol @)ax
0 0

f (plv(Bv2—5/2))dx=j"kT,

(47)

where ]A? is the density of the reduced heat flux localized in
the Knudsen layer. The upshot is that the corresponding term
in the entropy production (45) takes the form

1,
T Y, InT. (48)

The contribution of the term with ®,, to (45) vanishes,
since

2 I vaxv azq)pavax(Pa(o)f(aO)dva:

a

- f:(vvaCDI,IL((p))dx= - fow(¢|L(vxvz¢p))dx

1 [~ 1 (=
T kT fo (mvxvz"P>dx=_ T fo (P:Cz_sz)dx

=0.

Manipulations with allowance for the third term in (44) give

_kg J'valg (Dgadﬂzvax‘Pa(O)f(amdva
> [ otiL@ndpax

=k%: fo (oIL(v,E))d g dx. (49)

Using the last relation in (8) and the condition E’,L 14, =0,
we can readily obtain instead of (49) the expression

N-1 4
i. 2 (ﬁ_ ]_N) d
TO =) nﬂ ny 14 Bz

where j¥=j,—(n JP)i™ is the diffusion flux of the particles
of species a localized in the Knudsen layer. At the same
time, j"=2_m_,j, and

690 JETP 82 (4), April 1996

=J dxj vatp,lf(ao)dva.
0

Finally, for the contribution to (45) from the last term in
(44), we have

—kufz j (vaz
a

+ DY Ve @a(0)fdv,

—ku"j (e|L(v, P+ Dj,,,))dx.

In accordance with the relations (17) for ®; and Py

[ ot os. e [ oo @02

mm
+—| )dx.
ka) > @
It is easy to show that

L (v 0@, @)dx=0.

Indeed, it follows from the momentum conservation law that
(mv,v,|¢)=0. From the second equation in (8) and the sym-
metry of the collision operator, we can write

(mvv @) =(L(vv,Pp)|@)=(v,0.P,|L(¢))
a
=<v§vz¢p 3§> =0.
After integration over x and allowance for the condition

@(©)=0, we obtain the required relation. As a result, the
corresponding contribution to AS,, takes the form

ku"J (@|L(v, DF+DPg,,,))dx

=t ut | olmo = - jmu,

where j™=[3(@|mv,)dx is the mass-average flow of the
mixture localized in the Knudsen layer.

Collecting the terms obtained above, we arrive at the
following final expression for the entropy production:

AS¢,=ku;[z% u,(0)+azV, In T+; b,/d72+c3u'z']

N-1 W w
1 1 iy JN)
MV T = 3 (-2 pig
Jz Ty le ("ﬁ ny zPo pz
tm_n (50)

pT ]ZZ

The system of phenomenological equations corresponding to
the entropy production (50) can be written in the form
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k[},c—;’,0 u,(0)+azV, In T+§ bod gt cpu;

N-1
, lon
=logu.(0)+ T ﬂ}:,l logPod g+ T, V.InT

n
Hlon+1 T_ou;,’

N—-1

z‘é_'.;i =] u'(0)+—1-21 d
e ; aOld; To P apP0l g,
N 7
+—;,(—)—VZ In T+la,1v+1T—0“;"
5 1 N-1
(jq— EkTog jZ) =1N0u;(0)+7‘;ﬂ§1 lNﬁPOde
Z
Y G i T by ey
T, V¢ NN+1 o Wz
j"‘ N-1
k4

—— 4 —
p Ins1,0u,(0)+ T, ;921 Ins1,8P0dp;

1 U
+1N+1,N_Vz In T+IN+1N+1_u;,. (51)
Ty T,

In Ref. 5 we used a different method to obtain an analo-
gous system of equations for the special case of the flow of a
gas mixture in a circular cylindrical capillary. For Poiseuille
flows in a channel, 7u; = V p. For the comparison with Ref.
15, it must also be borne in mind that there the flows are
determined by averaging over the channel section, as a result
of which a factor 2/R appears, where R is the capillary
radius.?

7. FLOWS NORMAL TO A SURFACE

The expression (43) for the entropy production also
makes it possible to obtain a set of phenomenological
equations—the boundary conditions for normal flows. If for
the moment we drop the final term in (43), which is indi-
rectly related to the structure of ®,, then the expression (43)
takes the form
QL T(0)-Ty 1
T —(—}0——-‘1— 7, 4nO(PL=p(0).  (52)

where u,(0) is the projection of the gas velocity onto the
outer normal.

This representation corresponds to a pair of phenomeno-
logical equations for the jumps of the temperature and nor-
mal components of the stress tensor at the boundary. They
have the form

AS,=—

TO-Ty_ Q7 0

1, Lwg, Lo~
Qf u,(0

P}, —p(0)=Ly,—=—+L, ‘—(—Z (53)
T, T,
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In contrast to the well-known results of Refs. 16, 17, and
19-25, it follows from (53) that the temperature jump is
determined not only by the heat flux through the surface but
also by the value of the new thermodynamic force u,(0),
which, as was shown above, is also nonvanishing for imper-
meable surfaces. Hitherto, such relations have been obtained
only when phase transitions occur at the surface(for example,
for the case of evaporation and condensation®). The second
equation of (53) describes the effect of the difference of the
pressure in the gas and of the normal stresses acting on the
surface. In the case of an evaporating surface, an analog is
the jump of the vapor pressure. This effect can be interpreted
as a certain excess surface tension in a nonequilibrium gas.
In the case of a temperature gradient normal to the surface, it
results from the temperature profile in the Knudsen layer.
Taking into consideration the terms obtained by decom-
posing the structure of the final term in the entropy produc-
tion (43) leads to a significant extension of the system of
phenomenological equations, since we obtain new thermody-
namic forces of the form du,/dx,dg,.dp/ dx,d’u./
dx%,d*T/dx?, etc. Unfortunately, in the general case the
thermodynamic fluxes conjugate to these forces cannot be
given a transparent physical meaning, and therefore we con-
sider only the fairly simple situation in which the volume
distribution function can be represented in the form

1
®,=0,,P,,V, In T+ ( VaVax™ 3 vz) @, ,u.(0)
+vax§ DL dp, (54)

[in the phenomenological approach, the same system of phe-
nomenological equations (53) corresponds to this approxi-
mation].

Substituting (54) in the final term of (43), we can readily
show that among the volume terms in the integral there re-
mains only the combination

- ku;(O)( a3V, In T+2y b;d,,), (55)
where
X _ 1 2
ag=—{v,®, VU g U ®,),
x 1 2
b=\ v, Pl v,v,— 3V D,). (56)

We write the terms associated with the product of the vol-
ume and Knudsen distribution functions in the form

~kA'V, In T—kA* ;—kg Addg,, (57

where
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Al=<vx<ptlvx‘P(0)>a

1
A“=<(u,v,— 3 v2)<D vx¢(0)>,

A= (0,9410,0(0). (58)

The resulting entropy production is equal to the sum of the
expressions (52), (55), and (57). The corresponding system
of phenomenological equations has the form

of ! 1,(0)
=Zoo 7 +2 Fopdpxt Fon "T

T(0)~To _
T,

+ Zon+14:(0)+ Fon42V In T,

le

2 0)
+“(Z7,N+lu;(0)+$y,1v+2vx InT,

; o, S 4(0)
P,—p(0)= gNOT +E Pngdpxt Bun T

+ By n+185(0)+ By yi2V, In T,

Qf
k A“—a;Vx ln T'—% b;dﬂx gN"-lO T
N-1
u,(0)
+§ Bnr1p8pxt By vy — T,

+ Znsine14x(0)+ By 42V In T,

of 'J 1,(0)
kA'=ZByi20 7 T, +2 $N+2Bdﬂx+$N+2N T,

+Bnsan+14:(0)+ Byon+2V In T. (59)

It can be seen from (59) that in this case the system of
phenomenological equations contains not only the obvious
physical fluxes but also three new ‘‘unphysical’’ fluxes: A’,
A*, and A‘;. We have already encountered an analogous situ-
ation in the consideration of the Burnett fluxes. The same
thing would have to occur for tangential (shear) flows too if
we were to take into account a larger number of terms in the
expansion of the volume function ®. Note that in the expres-
sions for the jumps of the temperature and of the normal
stresses we obtain, in addition to the forces Q£ and u,(0)
previously taken into account, a spectrum of new forces as-
sociated with the presence of gradients of the velocity, tem-
perature, and concentration normal to the surface.

The appearance of new thermodynamic forces and the
inclusion in the system of phenomenological equations of
unphysical fluxes arises from the use of kinetic theory as the
foundation for constructing phenomenological equations of
nonequilibrium thermodynamics. It is clear that in a purely
phenomenological approach it is not possible to justify the
introduction of unphysical fluxes, although the inclusion of
additional thermodynamic forces can be formally justified; at
the same time, however, there arises a problem with estab-
lishing the Onsager symmetry. In contrast, when the kinetic
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and phenomenological theories are combined these problems
are resolved automatically. Simultaneously, one can estab-
lish the physical basis for the appearance of the new thermo-
dynamic forces in the system of phenomenological equa-
tions, as follows. When the distribution function is expanded
in a series in gradients, each thermodynamic force is multi-
plied by an associated polynomial in the velocity, and there-
fore a quantity, say the temperature jump, associated with
some thermodynamic force, will be determined by its own
corresponding transport coefficient (it depends on the form
of the polynomial in the velocity). However, in the phenom-
enological approach there appears only the one coefficient
Zoo» and a dependence of the temperature jump on the vari-
ous derivatives of the gas parameters enters indirectly
through the dependence of the heat flux Q/ on these param-
eters.

Thus, the transport coefficients Zyg, Zon4(, and
Fon+2 ‘correct,” as it were, the dependence of the tem-
perature jump on the derivatives of the macroscopic vari-
ables of the gas relative to the dependence determined in the
framework of the phenomenological approach. It is evident
that it is the correcting nature of these coefficients that is
responsible for the unphysical nature of the conjugate ther-
modynamics fluxes.

8. CONCLUSIONS

The above description of nonequilibrium processes in
the volume of a gas mixture and at an interphase surface has
a rather general nature. The resulting phenomenological
equations were actually determined by the form of the given
distribution function, and the actual nature of the flow of the
gas mixture did not appear in them. It is clear that in specific
problems certain of the thermodynamic forces, between
which a variety of relationships is possible, may be absent,
and this must be reflected in the form, for example, of the
boundary conditions. The order of magnitude of the various
thermodynamic forces must also depend strongly on the na-
ture of the gas flow, and therefore it cannot be determined in
advance. The change in the orders of the contributions from
different effects on the transition from one problem to an-
other was demonstrated for some specific examples in Refs.
16, 17, and 31. Therefore, we have not compared here the
contributions from the different effects but have restricted
ourselves to a general description of the present approach. In
our view, it is not difficult to use the approach when consid-
ering specific problems associated with different flows of
weakly rarefied gases.
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UThe attempts to implement this approach made in the subsequent studies of
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take into account the change of the distribution function in the Knudsen
layer.

IIn Ref. 15, there are some misprints: The coefficients ag, ¢z, and b, in
(72) and (74) should have + and not — signs, and the coefficient n was
omitted in the combination 2 ,nb,d,, .
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