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The temperature and magnetic-field dependences of the average magnetization are analyzed on
the basis of a generalization of Landau’s theory of second-order phase transitions to the

case of spatially inhomogeneous ferromagnets (K. P. Belov, Magnetic Transitions, Consultants
Bureau, New York, 1961). Analytic expressions are obtained for the Belov—Arrott plots,
which describe the dependence of the square of the average magnetization on the ratio of the
magnetic field strength to the average magnetization. © 1996 American Institute of

Physics. [S1063-7761(96)01805-7]

1. The peculiar behavior of Invar alloys when they pass
intc the ferromagnetic state, the features of the temperature
dependence of the spontaneous magnetization, and the com-
plexity of the determination of the Curie temperature 7', have
been known for a long time.! Significant divergence from
Landau’s ordinary thermodynamic theory of the phase
transitions+? of spatially homogeneous ferromagnets was ob-
served long ago for Invar alloys over a broad temperature
range near the transition to the magnetically ordered state,
where the spontaneous magnetization is small. The magneti-
zation ‘‘tails’’ observed near the transition were attributed to
“‘remnants’’ of the spontaneous magnetization above a tem-
perature that was termed Curie temperature. This tempera-
ture was determined from thermodynamic coefficients or
curves of equal magnetization.! The temperature range over
which the spontaneous magnetization tails of Invar alloys are
displayed can amount to tens of percent of the entire range in
which ferromagnetism exists. Therefore, understanding the
phenomena over such a broad temperature range is also of
interest from the standpoint of practical applications. Bearing
in mind the existence of ferromagnetism in the range of the
spontaneous magnetization tails, we shall henceforth assume
that this range is located below the true Curie temperature,
i.e., the temperature of the transition from the paramagnetic
state to the ferromagnetic state.

The basis for our assertion is an idea advanced long ago
regarding the nature of the magnetization tails, which were
attributed to the inhomogeneity of the alloy. Due to inhomo-
geneity, different parts of the alloy have different local Curie
temperatures. In Ref. 1 not only was this view advanced, but
a theoretical model describing the phenomenon of magneti-
zation tails was presented. This physical view was shared by
a large group of investigators, including experimentalists
(see, or example, Refs. 3—5), who observed anomalies in the
magnetically ordered phase transition in Invar alloys, and
theoreticians,5"!® who developed models to interpret such
anomalies. It can be claimed that an approach which gener-
alizes the theory of second-order phase transitions to the spa-
tially inhomogeneous case was proposed in Ref. 1.

The spatially inhomogeneous theory was applied in Ref.
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10 to the interpretation of the difference between the tem-
perature at which ferromagnetism is established (the Curie
temperature T.) and the temperature T,— AT of the peaks of
the specific heat and the temperature coefficient of thermal
expansion of Invar alloys, to which attention was called in
Refs. 4 and 5 (see also Ref. 9). A discussion of the features
of the magnetic susceptibility not only at the temperature at
which ferromagnetism is established 7., but also at the
lower temperatures T,—AT<T<T, was launched in Ref.
10.

In the present communication we consider the magnetic
properties of a ferromagnet with an inhomogeneous, spa-
tially distributed local Curie temperature 7:(r) in detail. The
maximum value 77 (r) =T, corresponds to the temperature
at which ferromagnetism appears, and the minimum value
T'C“i"(r)=Tc—AT corresponds to the specific heat peak.”'°
Below we shall also discuss Belov—Arrott plots, which are
isotherms describing the dependence of the square of the
average magnetization on the ratio of the magnetic field
strength to the average magnetization. We stress, in particu-
lar, that when Belov—Arrott plots are used, the Curie tem-
perature is experimentally determined from the isotherm
which passes through the origin of coordinates in the Belov—
Arrott plane.

2. In the simplest model of Landau’s theory, in which
the free energy as a function of the magnetization is taken in
the form

a ) b 4
F(T-ToM*+ M, @)

4
where a and b are parameters which do not depend on M
and the temperature 7, and the Belov—-Arrott plots have the
form of parallel straight lines for different 7. It has been
established experimentally for Invar alloys (see, for example,
Refs. 4 and 5) that the Belov—Arrott isotherms are straight
lines near the transition to the magnetically ordered state
only in a sufficiently strong magnetic field. In weaker fields
that are still strong enough to rule out disorder in the orien-
tation of the domains, the Belov—Arrott isotherms are
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curved. Corresponding bending was obtained in the theoreti-
cal work in Ref. 6, where it was attributed to the inhomoge-
neity of the local Curie temperature T.(r). It was theorized
that the inhomogeneity can be taken into account within a
model of small fluctuations of T.(r). This produced a picture
of approximately symmetric ‘‘curving’’ of the isotherms to-
ward the linear plot corresponding to the Curie temperature.
Such a picture is far from that observed experimentally.* In
addition, the fluctuation approach in Ref. 6 led to agreement
between the temperature at which the ferromagnetic state is
established and the temperature of the specific heat peak,
which contradicts the existence of the tails. The result of a
numerical calculation of Belov—Arrott isotherms, which was
similar to the experimental dependence, was presented in a
later paper.* A very complicated dependence of the free en-
ergy on the magnetization was used in Ref. 4, precluding the
derivation of analytic laws.

To make up for the inadequate development of the
theory of the magnetic properties of inhomogeneous ferro-
magnets near the ferromagnetic transition,! we utilize the
approach in Ref. 10, in which the treatment was based on a
thermodynamic potential (compare Ref. 1):

1 a(P)
(P, T(M])= fo dsW<s){ ——[T-T(P.5)IM*
+ b(—4P-)-M4}. (2.2)

Here P is the pressure, s is a parameter which defines the
physical cause of the difference between the local Curie tem-
peratures T.(P,s), and W(s) is the probability distribution
of s. The potential (2.2) is a functional of the local magne-
tization M, which determines the -average magnetization
(M)=[;dsW(s)M(s). The local magnetization is deter-
mined from the following relation, which is obtained by
varying the potential (2.2):

H=a(T-T.+ATs)M+bM>. (2.3)

Here it is assumed that T .(P,s)=T.—ATs, and H is the
strength of the external magnetic field.

On the one hand, the linear dependence of the local Cu-
rie temperature on x used below can be regarded as an ap-
proximation over a narrow range of T.(s), and,
on the other hand, as in the case of Fe;Pt, it can describe
such variation over a comparatively broad range
of T, due to the variation of the metallurgical order param-
eter 0<S?<1 when s=S2 (Ref. 11) and T.(S?)
=(294.3+177.65%) K.

The thermodynamic potential written with an accuracy
to M* is probably suitable for describing Permalloy® over a
very broad temperature range. At the same time, such a de-
scription is reasonable for other alloys near T.. We note that
we completely neglect critical fluctuations. The spatial inho-
mogeneity of a magnet can hamper their elucidation, at least
in the case of strongly inhomogeneous magnets, which in-
clude, according to Ref. 4, for example, the disordered Invar
alloy Fe;Pt. According to Ref. 4, the temperature range of
the magnetization tails for the latter alloy has a width of
approximately 0.17.. In accordance with the treatment be-
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low, such a broad temperature range for a phase transition
does, in fact, correspond to strong inhomogeneity. The ma-
terial in this paper is intended specifically for strongly inho-
mogeneous magnets.

3. We begin our treatment in the high-field limit, in
which

_3b [H 2’3> .
"“=aat|\25) T+l G0
where
_T-T, -
=AT (3:2)
Then we have approximately
H 173 aAT b 173
(M)=(7;) - —3,,—(§) (t+(s)), (3.3)

where (s)=fods sW(s). Hence for the magnetic suscepti-
bility we obtain
M) 1 + aAT
X=H " 3HB)T 9(H2b)”3(t+<s))’

(3.4

and for the Belov—Arrott isotherms we have straight lines:

Y= H aAT + 3.5
The existence of experimental Belov—Arrott plots in the
high-field region enables us to determine b from the slope of
the linear segments. Then, the points of intersection of the
x axis (M)?=0 with the continuations of the linear segments
of the Belov—Arrott plots specify

H ) -
( (M ) ( M)2=0
The temperature dependence x,AT) thus found makes it
possible to determine the Curie constant C=a~' and the
high-field paramagnetic Curie temperature:

T =T,— AT(s). (3.7)

The latter value corresponds to the Belov—Arrott plot for
which the continuation of the linear segment from the high-
field region passes through the origin in the Belov—Arrott
plane: (M)2=0, H/(M)=0. The expression (3.7) is lower
than the temperature T, at which the ferromagnetic state is
established. At the same time, this expression characterizes
the high-field paramagnetic Curie temperature.

If the temperature T , which corresponds to the specific
heat maximum, is determined experimentally, then, accord-
ing to Ref. 10, this allows us to consider

Tr=T,—AT (3.8)

determined. Obviously, experimental data on the tempera-
tures (3.7) and (3.8) make it possible to find
AT(1—(s))=TY—-T". The temperature T7 is frequently
identified with the Curie temperature. We stress that this
temperature is below the high-field paramagnetic Curie tem-
perature (3.7).
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4. We now turn to the case of weak magnetic fields
to<<|t+s|. At first we restrict ourselves to the region which
allows analytical expansion in integer powers of the mag-
netic field. In our model this is possible in the paramagnetic
region, in which T>T, (+>0). Then we have approximately

_H [ 1 bH? 1
W= 28T\ %5 |~ Gad Ty \GF o |

where (@ (s))=[idsd(s)W(s). For the Belov—Arrott plots
Eq. (4.1) gives

4.1)

Y= H 1 1 -
M=\ 0y =T\ 155
H? b 1 -1
X\ 1y (@b 1)?\ 1+ 5)° ] : 42)
Hence, at small magnetization values we obtain
<M)2=[ M) aAT<t+s
aAT | 1 \? -1
_1]T<t+s (t+s)z ) (4.3)

For the slope of the Belov—Arrott plots we have

e d{M)? 1/ 1 \* 1 -1
(MY = Temrony) = <(t+s) +s)°/ -
(4.4)
Well above T, we have
2 2
(M)?)' = 1{1 6%] (4.5)

Thus, the inhomogeneity of a magnet causes the slope of the
Belov—Arrott plots in the paramagnetic region to be smaller
in a weak field than in a strong field. This corresponds to
experiment.*’

In the limit H—O0, according to (4.1), for the paramag-
netic susceptibility we obtain

1 1
Xp(T)= aAT<t+s>' (4.6)
If t>1, we have
AT)?
(D=l -1+ aT(0)~ ) (071
4.7

The deviation from Eq. (3.6) clearly decreases with increas-
ing temperature. '

As T, is approached, the (low-field) paramagnetic sus-
ceptibility (4.6) increases. At the Curie point it can be finite
only if the mean (s~') is finite. For example, if W(s)=2s,
(s™")=2 and x,(T.)=2(aAT).

S. There is another possibility for analytic expansion in
powers of H in the ferromagnetic region at
T<T7=T,— AT, where Eq. (2.3) gives (when t<—1):

(M)= @J—T—‘s‘ﬂ 2:AT<_—:_—S>. (5.1)
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The first term in this formula corresponds to the average
spontaneous magnetization.'® The second term specifies the
magnetic susceptibility

1 1
XD =537\ =1=5 |-

As T approaches T7 , the susceptibility increases and can go
to infinity. For the Belov—Arrott plots Eq. (5.1) gives the
straight lines

=2y

(5.2)

<M>b<““ “‘2<

However, these straight lines differ from the straight lines for
the high-field limit. First, according to (5.3), intersection
with the y axis (H/{M)=0) occurs at a finite value of the
square of the spontaneous magnetization, while in the high-
field case (3.5) the continuation of each linear Belov—Arrott
plot intersects the y axis at a larger value, since |¢|—(s)
exceeds (\/M—s 2, When |f|>1, the latter expression has
the form |t|—(s)— (4]¢]) " '[(s*)—(s)?]. Second, the slope
of the linear Belov—Arrott plots (5.3)

(M) =5 (=13 <_, >

is steeper than the slope of the straight line (3.5). Both these
differences correspond to experime:nt.“‘5 We note that at
T=T", the slope (5.4) can be infinite if ((1—s)"') di-
verges.

) e

(5.4)

6. We now turn to the intermediate transitional tempera-
ture range

T,—AT<T<T (—1<1t<0), 6.1)

which most distinctly distinguishes the inhomogeneous fer-
romagnet model. The high-field limit in this range has al-
ready been considered. In the limit of a magnetic field equal
to zero, we have the spontaneous magnetization'’

(1= aswT.

which specifies the y-intercepts of the Belov—Arrott plots. At
the same time, while the Belov—Arrott plots intersect the x
axis at a finite value of H/{M) above T, in the range (6.1)
such intersection is possible only at H/{M)=0 and only if
T=T,. This behavior of the Belov—Arrott plots is due to the
fact that the magnetic susceptibility goes to infinity in the
limit H=0 in the range (6.1).'°

Let us consider some consequences of the exact solution
of Eq. (2.3). We write the Cardano equations in the follow-
ing forms:

aAT . 1 . to 32
M(s)=2 \/ b Vs—ltlsmh[;arcsmh (;_—l—t—|) ,

lt]<s<1,

(6.2)

(6.3)
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[aAT 1 to \¥?
M(s)=2 —3—b—\/|t| —scosh{ 3 arccosh (M_‘S) ,

(6.4

(lt]=10) 0(Jt| —tg)<s<

t,
[«AT 1 to \¥?
M(s)=2 3—b\/|t|—scos‘ 3 arccos (hT_—s) ,

(6.5)
0<s<(|t|—to)0(|t]—to),
0, x<O0,
0(")={1 x>0. ©9

Equation (6.5) corresponds to only one of the three real roots
of Eq. (2.3) possible in this range. The other two roots cor-
respond to larger values of the thermodynamic potential
(2.2).

Equations (6.3)—(6.5) make it possible to write the aver-
age magnetization in the form

<M>=ga_HAf{jlo(M—"o)+j29(to‘|t|)+j3}- (6.7)
Here

hay= f:(z)dyW[ r ——,,;:—"y—)]m),

s f;dyW[ |- s et 68
where

¥(y)=[y(4y—3)*1",

y1=cos?[(1/3) arccos (to/|t])*%],

y,=cosh?[(1/3) arccosh (to/|t])¥?],

y;=sinh?[(1/3) arcsinh (1o/(1—|t]))¥?],
and

24
¢(y)=4y—3-;+(4y—3)2' (6.9)

The integrals (6.8) can be evaluated in the special case
W(s)=1, and we obtain

1+ inh2( % arcsinh [ —° 3/2
481 3 arcsi I_M

N 2
1+ (4/3)sinh®[(1/3) arcsinh (to/(1—]t]))**]

. 3 _l(to) 2
3P \W) T T= @ Een |

(6.10)

(M)=

il 1
3aAT n

—In

where

( ’0) B cos?[(1/3) arccos (to/]t])*?],
[1]] ~ | cosh?[(1/3) arccosh (t,/]¢])*2],

|¢[>1,
|t|<to.
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At the Curie temperature (=0) the expression

H
(M>= m[ln{l-f-

3
4sinh[(1/3) arcsinh £} ]

6
+ 6.12
3+4sinh?[(1/3) arcsinh tg~ } 6.12)

describes the dependence of the average magnetization on
the magnetic field. In the low-field limit ¢t5<1,

(aAT)3/2}

(M)= 3aATl T+ =

(6.13)

The magnetic susceptibility is also characterized by a
nonanalytic field dependence

M) 2 (aAT)¥?

oH X~ 3aAT™ mp% (6.14)

The corresponding Belov—Arrott plot is given by the relation

a 3 2
(M)2=( iT) (<Z—>) exp[z—saAT%Q}. (6.15)

This expression gives the Belov—Arrott isotherm which ap-
proaches the origin (M)2=0 and H/{M)=0 according to
the law (6.15).

At the temperature of the specific heat peak t=—1 and
t<l,

H 3
(M)= 3aAT[ - ln[ - 4cos?[(1/3) arccos t?,” J

6
" 3—4cosy[(1/3) arccos 7 ] (6.16)
In the low-field limit #5<1,
2 [aAT H (aAT)¥?
<M>=§' b { 3aAT 1+1n HBI/2 . (6-17)

Here, as in the case of (6.13), we have a nonanalytic depen-
dence on the magnetic field. For the magnetic susceptibility
we obtain

M) 1 (aAT)¥?
T9H 3aAT " Hb??

(6.18)

Here we have a twofold decrease in comparison with (6.14).
For the Belov—Arrott isotherm Eq. (6.16) gives

=55 55y | ol iy 5

(6.19)

A comparison with Eq. (6.15) reveals that in the transitional
range (6.1) the exponential dependence of (M)2 on H/{M)
is replaced by a new dependence ~ (H/(M))In(H/(M)),
which differs from a linear dependence.

7. Several limiting equations can be obtained in the case
of an arbitrary distribution W(s) for the transitional range
(6.1). First of all, in the case of weak magnetic fields
(|t|>10) and 1—|t|>¢,, we have
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+In(1—|¢|)+1

(M) = (M )+ [w<|t|>[—1n

(aAT)? ll - W(s)—wW(t])
* Hb'"”? jds lt|—s

1
+ J ds
1]

where the spontaneous magnetization is given by Eq. (6.2).
Hence for the magnetic susceptibility we have

W(S)—W(ltl)} 7.1)

s—t

X=M ! [W(| |)[ln lnt +In(1
3H ~ aAT 7
W(s)—Ww(|t])
"’“] 3,
L W(s)—-W(lt)
+L‘| ds——T:—m—]. (7.2)

Extraction of the logarithmic dependence on the magnetic
field from experimental data might make it possible to ex-
perimentally determine W(s). Under the assumption that the
induced magnetization is small compared with the spontane-
ous, the equation of the Belov—Arrott plots has the form

H 2
(M) AT{W(|t|)( In

t

(M)>=(M,)*+1 1

+In(1—[f)+1+1 (AT’ 1i)
n( n\/__( n<M>
10l W(s)—w(|t])

+5L S—T=s

(7.3)

L W(s)=w(|r|)
+f|z| ds_——s—ltl }]

Near the upper boundary of the transitional range, where
lt|<to1—|t|~1, (7.9
we have

H 2 (aAT)*? 2
(M)=—={ W(lt)| In(1 = |t])+ 3+ 3

1 W(s)-w(|t]) H\" [l
|t|ds—ﬁf—|_—}+(—b_) fo dsW(s).

7.5)

If the last term in Eq. (7.5) is small, the corresponding por-
tion of the Belov—Arrott plot will be described by the ex-
pression

(M>2=[aAT(:’_ DT ( <I:))2exp[ 2

3aAT (M)
w(t) H

W) -wld)
3 S WANG=T)

] . (1.6)
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This is a generalization of Eq. (6.15), but only in the portion
of the Belov—Arrott plot in the range (7.4).

Near the end of the transitional range, for weak magnetic
fields such that

1—|tj<ty<1, (1.7
we have
(aAT)¥?
<M>=<Msp)+aAT[§h‘l AL
13
e T N
(7.8)

If the last term in this equation is small, for the Belov—Aurrott
plot we have

M) H (2 [(aAT)*? (M)\ 2

(M>2=(Msp>2<aAp1>~ (M}[ _ln(bgz(M”,) <H>)+§
Il W(s)—W(|])]

+j0 d —'—Itl_—s_—j (7.9

The limiting equations obtained here demonstrate the pecu-
liarity of the dependence of the average magnetization of an
inhomogeneous ferromagnet in the temperature range where
ferromagnetic order is established. We note that the last
terms in Egs. (7.5) and (7.8) correspond to the presence of a
comparatively strong magnetic field. Therefore, Egs. (7.6)
and (7.9), which were obtained with neglect of these terms,
correspond to the low-field case.

8. To discuss results, we shall use, in particular, Fig. 1,
which presents Belov—Arrott plots that were constructed in
accordance with Eq. (6.7) and correspond to the distribution
W(s)=1 and the condition «AT=60. When T,= 360 K and

~1=0.6 K, the latter corresponds to the suggestion ad-
vanced in Ref. 4 that the transitional range has a width which
corresponds to AT=0.1T, in our treatment. The different
Belov—Arrott plots in Fig. 1 correspond to different values of
t. The linear portions of the curves are observed in the high-
field case, according to Sec. 3. In the paramagnetic region
(t>0) flattening of the curves appears in the figure as
H/(M) decreases, in agreement with the theory in Sec. 4.

Conversely, below T} (1<—1) the Belov-Arrott plots
descend more rapidly with decreasing H/(M) than in the
high-field region, i.e., they become steeper, as was shown in
Sec. 5. At the point T=T,, at which t=0 we have a viola-
tion of the power-law dependence (observed at ¢>0), and
the Belov—Arrott isotherm tends exponentially to the origin
of the Belov—Arrott coordinates in accordance with Eq.
(6.15). This, in particular, qualitatively distinguishes the re-
sults of our treatment from the results of the fluctuational
treatment of the influence of inhomogeneity in Ref. 6, in
which the Belov—-Arrott isotherm for T=T7_, was a straight
line.

The transitional range T,— AT<T<T,, which corre-
sponds to the range where the magnetization tails exist, also
contains Belov—Arrott isotherms characterized by passage
from a creeping exponential dependence on H/{M) near the
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0.4

FIG. 1. Plots of the dependence of
- y=b(M)? on x=H/{M) for various val-

ues of t; aAT=60.

beginning of the establishment of ferromagnetism (|f|<1) to
steepening of the Belov—Arrott plots, in accordance with
Fig. 1 and our analytic treatment.

To summarize, we can state that the temperature range
T,—AT < T < T_, which we have termed the transitional
range, is the range where ferromagnetism is established. This
means that the range of the magnetization tails' is, in fact,
the range where ferromagnetic order appears in the magnet.
Since ferromagnetism has a significant influence on many

properties (the specific heat, elasticity, thermal expansion, .

etc.), the interpretation of the anomalous properties of Invar
alloys over the broad range of the magnetization tails should
be based on data on the average magnetization. The laws
obtained above, which describe the dependences of (M) on
the magnetic field and the temperature, can serve as a basis
for understanding numerous phenomena in Invar alloys, as
well as in other inhomogeneous ferromagnets.

In conclusion, we stress that in our work we not only
obtained a series of new analytic laws, but we also demon-
strated the qualitative difference between our description of
the magnetic properties of a spatially inhomogeneous ferro-
magnet and Shtrikman and Wohlfarth’s fluctuational model.®
This difference is most strikingly displayed over the tem-
perature range in which the magnetization tails correspond to
comparatively small remnants of the spontaneous magnetiza-
tion. In Fig. 1 this difference is illustrated by the Belov—
Arrott isotherm for T=T,, as well as the isotherms for
T<T., at which |¢|<1. The reason for this qualitative pecu-
liarity is the small value of the average magnetization in this
temperature range, in which Shtrikman and Wohlfarth’s
assumption6 that the magnetization fluctuations are small
compared with the average magnetization is violated.

Concluding our discussion, we note that instead of the
linear temperature dependence adopted by us in Eq. (2.2),
which corresponds, for example, to the experimental data for
Permalloy, we can use a different dependence of the coeffi-
cient of M? in (2.2):
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20

—;—B(P)[T BT AT 3. (8.1)

This dependence corresponds to the spin-fluctuation theory
of weak ferromagnets.'?"!* In this case everything presented
above can be adapted to Eq. (8.1) using the following re-
placements of notation: AT by BAT*?, AT by AT*3, T by
T*, and T, by T¥*. The treatment described above can
thereby be transferred completely to the spin-fluctuation
model of weak ferromagnets.
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