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The rates of the molecular muon transfer from the ground state muonic hydrogen to helium isotopes are calcu-
lated in an improved adiabatic approximation. The results obtained by us at various temperatures are compared

with the available experimental data.
PACS: 36.10.Gv, 34.70.+e

Muon transfer from the ground state of the muonic
hydrogen to nuclei with Z > 1 is one of the important
problems of mesic-atom physics for more than 30 years.
The transfer to helium is of special interest, since it is
connected with the problem of muon-catalyzed fusion
in the deuterium-tritium mixture. Helium nuclei are
unavoidably accumulated in the mixture due to the nu-
clear fusion reactions and tritium decay. Muon trans-
fer in collisions of muonic hydrogen atoms with helium
stops the cycle of the catalysis, so the transfer rate is an
important characteristic of the muon catalyzed fusion.

The rate of the direct muon transfer to helium is
rather small (~ 10% s=!) [1,2], because the crossing
point of the lowest terms of the system (2po and 1so),
which corresponds to the initial and final states of the
reaction, turns out to be deep under the barrier at en-
ergies ~ 1 eV.

Another possible mechanism for muon transfer with
the formation of the intermediate molecular state via
the conversion of the atomic electron was proposed
in [3]. The resulting molecular ion is in an excited
state (in the muon motion) and undergoes deexcita-
tion to the lower term 1so in a time ~ 10712 s. As a
result, the muon turns out to be bound on a helium
nucleus, forming a muonic helium atom in the ground
state (HetF p)qs.

Since the rate of formation of the muonic molecule
(~ 108 s71) is much smaller than that of its decay
(~ 102 s71), the muon transfer rate nearly coincides
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with the formation rate. The latter was calculated in
a number of papers [3-6] in various approximations.

In this paper we focus special attention on the con-
struction of the effective potential in accordance with
the prescription given in [7] («simple-approach approx-
imation»). We calculated the muon transfer rates at
low energy collisions of hydrogen isotopes with helium
isotopes and compared them with the new experimen-
tal data.

The rate of the formation of the muonic molecule!)
is determined by a dipole transition with the conversion
of the atomic electron and is given by a formula [6]:
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No a; €471 I*(q){d)?ve , (1)
where v, = mee? /h? = 4.134-10'% s~! is an atomic fre-
quency unit, ae = h%/mee® = 0.529-107% cm is a Bohr
radius of the hydrogen atom, & = m./m (here m, is
the electron mass and m is the reduced mass of mesic
hydrogen; m~! = m;l + Mfl, where m,, is the muon
mass, and M is the mass of the nucleus of the hydro-
gen isotope), and Ny = 4.25- 10?2 cm~2 is a liquid-
hydrogen density. The value ¢~ 1I2(q) is calculated in
atomic units and determines the rate of the electron
transition from the bound 1s-state of the helium atom
to the continuum. The value (d)? is calculated in mesic
atom units (see below) and determines the rate of the
dipole transition of the system of three bodies from the
continuum to the bound state on the term 2po.

1) For brevity we shall call a molecular ion (HuHe)*+, H= p,d
or t, mesic molecule.
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The momentum ¢ and the energy ¢, of the conver-
sion electron are given by

q=V2mee,., (2)

where ¢ is the collision energy, €, is the energy of
the mesic molecule in the rotational-vibrational state
(J,v) (here J is the rotational and v the vibrational
quantum numbers), and I, is the binding energy of the
1s-electron in the helium atom.

The integral I(g) is the matrix element of the vari-
able 1/p? (p is the distance between the electron and
the center of mass of the system) calculated with the
electron wave functions:

e =€+ legu| — I,

I(q) = /dqul(p)Rls(p) ; (3)

where R;s(p) is the radial ground-state wave function
of the electron in the helium atom, and Rgq1(p) is the
radial wave function of the p-wave electron (I = 1) in
the continuum.

The functions R(p) are normalized by the condi-
tions

/Rfs(p)p2dp =1,
0

[ B0 R o = 0

0

The Hartree—Fock wave functions were used as
R(p). The wave function of the emitted electron was
calculated in the frozen core model (in the model with
the core reconstruction the results for I%(q) are about
10% smaller [6]). The values of the integral I(q) for
several energies ¢, are given in Table 1.

The dipole matrix element calculated with the wave
functions of the system of three bodies has the form [5]

<d> = aI1 + bI2 s (5)
MQ—Ml 1 2mu
a=————, b=1+—-,
M; 2 M (6)
M, = My + My + M,
1 oo
h= g [ R ur R,
. (7)
1 R:r
b= [ @R [ &, (R =  ar.
0

M, is the mass of the helium isotope, ¢ops (R, ) is
the wave function of the muon in the state 2po in the
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Table 1.
e, eV | ¢ I(q) | ¢ '(g)
4 | 0542 | 0491 | 0.445
8 0.767 | 0.607 | 0.481
1210939 | 0.712 | 0.540
16 | 1.084 | 0.805 | 0.598
20 | 1.212 | 0.887 | 0.649
24 | 1.328 | 0.964 | 0.700
28 | 1.435 | 1.030 | 0.739
32 | 1.534 | 1.089 | 0.774
36 | 1.627 | 1.144 | 0.805
40 | 1.715 | 1.196 | 0.834
44 | 1.798 | 1.248 | 0.866
48 | 1.878 | 1.300 | 0.899
52 | 1.955 | 1.352 | 0.934
56 | 2.029 | 1.403 | 0.971
60 | 2.100 | 1.455 | 1.008

field of the two Coulomb centers, R is the internuclear
distance, and r is the muon coordinate calculated from
the middle of the internuclear distance. The radial
wave functions x;(R) and xz(R) describe the relative
motion of the nuclei in the initial and final states, re-
spectively. In the one-channel approximation they are
obtained from the Schréodinger equation

d2
d—m_'_QM(E_W)_

J(J +1)

fE X(R) =0.

(8)

Here J is the total orbital angular momentum of the
system of three particles, M is the reduced mass of the
nuclei, e = k?/2M is the collision energy, and k is the
asymptotic momentum of the relative nuclear motion
in the effective potential W [the same momentum en-
ters formulas (7)]. All the quantities in Eq. (8) are
used in the mesic atom units e = h = m = 1, where
m = Mymy/(Mi +m,). In these units

mu=1+)\1, Alzmu/Ml. (9)
The effective potential W consists of the term E, the
adiabatic corrections, and the energy of the Coulomb
repulsion of the nuclei [8]:

2 1
W =E+ o+

7 2M[H*—H*+R(H*—2H*)], (10)
Mo M, My — M, (11)
= — K= —————— .
Ms + M, Ms + M,



WKITD, Tom 117, BHm. 1, 2000

Temperature dependence of the formation rates ...

For R — oo we have Eyp, — —1/2, H;;w — 1/4,
H3,, — 1/4, Hy,, — 1/2, so

Wape — —% = FEs(Hp). (12)
The asymptotic value of Wy, coincides with the en-
ergy of the Hpu-atom in the ground state (which corre-
sponds to the initial conditions of the collision). How-
ever, the reduced mass M in Eq. (11) (and hence the
asymptotic momentum k), which enters Eq. (8) differs
from the true reduced mass of the system Hpu + He,

which is

M: Mg(Ml—}—mu) :M1+A1’
A=
Mo+ My

If one makes the replacement M — M in Eq. (8), the
calculated energy levels of the mesic molecule ¢z, [9]
turn out to be in better agreement with accurate cal-
culations?) [10-12] than those obtained earlier [3] with
the mass M. Even better agreement can be obtained if
one replaces k in Eq. (10) by &, which gives the correct
asymptotic value of the effective potential in the 1so
channel. We are solving a one-level problem; however,
the 1so channel is the second open channel in the prob-
lem of slow collisions of mesic hydrogen with helium,
and its influence can be taken into account indirectly?®)
by the replacement x — k. In order to obtain & let
us write the asymptotics of the potentials in the 1so
channel: for R — o0 By5, — —2, H{, — 1, Hf,, — 1,
H _— -2,

1so

1
Wise = =2+ —=[1-1+k(-2-2)] =
1 I (-2 -2)

21+ %)

Actual asymptotic value of the potential in the 1so
channel should coincide with the ground-state energy
of the Hep-atom:

(14)

M 1+
Elso’(He:u) = _2m,7 "= D = - 17
N
2= 7L,
Let us choose such & that Wi, = Ei15,(Heu). Then
14 X)?
fo LA (16)

(1 —|—/\)(1 +/\2) '

2) These calculations make use of about 300 to 3000 basis
functions.

3) A similar procedure for solving the two-channel problem
was proposed earlier in [7] («simple approach», or «improved
two-channel approximation»).
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So the wave functions x;, r(R) are solutions of the
equation

d? ~ ~ J'7f(J'7f+1)
d—m"—QM(E— ngg)—#
x xif(R) =0, (17)
where
~ 2
W2p0' = E2p(r + E +
1 N e X
+ m[H;;)a - H2pcr + R(HQpcr - 2H2pa)] (18)
with the boundary conditions
xi(0) = x£(0) =0,
Xi(R)rsoo = sin(kR — Jr/2+63), k= V2Me,
X7(R)Rosoe = exp[—(2M|e,|)'/*R].
(19)

The energy of the rovibrational state (J,v) of the
molecular ion (HpHe)*¥ is obtained together with the
wave function xy(R) when solving the Schrédinger
equation. For slow collisions it is enough to consider
Ji = 0 for initial and J; 1 for final states (the
molecule is formed via the dipole transition). There
exist only three bound states in the 2po-channel, which
have v =0 and J =0, 1, 2. The level energies coq and
€10 obtained in the present paper are given in Table 2
together with the results of other papers.

As can seen from the table, the level energies cal-
culated in the present paper are very close to the
high accuracy calculations with large number of ba-
sis functions [10-12]. For this reason, when calculat-
ing the rates of the formation of mesic molecules, we
use Eq. (17), where M and & are defined by Egs. (13)
and (16).

When calculating the wave function of the initial
state y;(R), the electron screening was taken into ac-
count by an additional term in the potential of Eq. (17).
The influence of the electron shell of the helium atom
on the final (bound) state of the molecule is negligible
because of the short length of the corresponding wave
function (see Refs. [4-6] for more details).

Table 3 shows the rates of the molecule formation
A (10% s71) averaged over the Maxwell energy distri-
bution. The electron screening is taken into account.

Recently new experimental data on A have been ob-
tained. In the experiment the total muon transfer rate
from the ground-state muonic hydrogen to helium is
measured:

di

Aptte = Aputte + pge ) (20)



A. V. Kravtsov, A. I. Mikhailov MXKITD, Tom 117, BeIm. 1, 2000

Table 2. The binding energies (€V) of the hydrogen-helium muonic molecules

Energy | Reference | pu*He | pu*He | du*He | duHe | tp*He | tu*He
[3]° 67.2 73.9 69.5 77.6 71.6 80.5
[9]® 69.0 75.4 70.6 787 | 723 | 81.3
—€00 This paper® 73.2 80.8 71.0 79.4 72.3 81.4
[10] 70.7
[13] 67.7 74.4 70.0 78.0 71.9 80.8
[14] 728 | 806 | 69.4 | 775
[3]° 34.9 | 416 | 465 | 559 | 524 | 629
o]’ 38.1 | 454 | 482 | 576 | 534 | 63.9
This paper® 41.5 50.0 48.5 58.3 53.4 64.0
—e10 [10] 500 | 479 | 57.8
[11] 48.4 | 582
12] 484 | 582
[13] 33.8 41.2 46.8 56.1 52.7 63.1
[14] 388 | 474 | 463 | 557

“ One-channel approximation with M and .
% One-channel approximation with M and k.
¢ One-channel approximation with M and k.

Table 3. The rates of the molecule formation \ (10% s™') averaged over the Maxwellian energy
distribution. The electron screening is taken into account

T, K pp3He pptHe du®He dy*He tu3He tutHe
15 0.52 0.33 2.40 12.7 51.2 1.89
20 0.52 0.33 2.34 11.8 45.5 1.86
25 0.51 0.32 2.28 11.0 41.1 1.84
30 0.51 0.32 2.24 10.4 37.6 1.82
35 0.51 0.32 2.20 9.8 34.7 1.79
40 0.50 0.31 2.16 9.3 32.3 1.77
50 0.50 0.31 2.09 8.5 28.6 1.74
100 0.47 0.29 1.85 6.2 18.8 1.60
150 0.46 0.28 1.70 5.1 14.4 1.51
200 0.45 0.27 1.60 44 11.9 1.43
250 0.44 0.27 1.52 3.8 10.2 1.37

300 0.43 0.26 1.45 3.5 9.0 1.31

350 0.42 0.25 1.39 3.2 8.1 1.27

400 0.42 0.25 1.34 2.9 7.3 1.22

450 0.41 0.25 1.30 2.7 6.7 1.19
500 0.40 0.24 1.26 2.6 6.2 1.15

54



WKITD, Tom 117, BHm. 1, 2000

Temperature dependence of the formation rates ...

Table 4.  Muon transfer rates (10% s™!) for various
isotopes and temperatures
Experiment Theory

A(p*He, 30 K) | 0.46 +£0.15 [15] 0.57
A(p*He, 30 K) 0.42+0.07 [15] 0.38
A(p*He, 300 K) | 0.36 +£0.10 [16] 0.32
A(p*He, 300 K) | 0.44+0.20 [17,9] 0.32
A(p*He, 300 K) 0.5+0.1 [18,19] 0.32
A(d®He, 30 K) | 1.86+0.08  [20] 2.25
A(d3He, 40 K) 2.25+0.15 [21] 2.17
AMd3He, 300 K) | 1.24+0.05 [22] 1.46
A(d*He, 30 K) | 10.50+0.21  [20] 10.4
A(d*He, 300 K) | 3.68+£0.18 [23] 3.48
A(t*He, 15 K) 46 +4 [24] 51

where /\Zﬁ’e is the rate of the direct muon transfer with-
out the molecule formation. This rate was calculated
in [1] for the systems pu +3* He and du +3* He. For
collision energies ¢ < 0.1 eV the rate of the direct muon
transfer does not depend on energy and amounts to

)\dir

dir
pHe A

~0.06-10% s7' and T ~10°s7'. (21)

As was mentioned, the rate of the molecular trans-
fer coincides with the rate of the molecule formation
(see Table 3). So when comparing experimental rates
with theoretical ones (Table 4), the latter were enlarged
according to Eqs. (20) and (21).

As a matter of fact, the genuine muon transfer to
the helium nucleus occurs when the molecular ion de-
cays into hydrogen and muonic helium. Such a decay
may be radiative (or via the electron conversion), as
well as via predissociation. The latter channel was not
considered in the first papers on the molecular charge
exchange. This led to large discrepancies when com-
paring the calculations with the experiments, in which
the probability of the transfer was obtained by the mea-
surement of the X-ray yield. These discrepancies were
removed when the predissociation channel was pointed
out [13,9] and taken into account.

Comparing the experimental and theoretical values
for muon transfer from ground-state muonic hydrogen
to helium, one can see that they are in a reasonable
agreement. This means that the main features of the

process are understood correctly.

The authors are grateful to S. Tresch and B. Gart-
ner for sending the experimental results prior to pub-
lication.
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