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VECTOR BOSON IN THE CONSTANTELECTROMAGNETIC FIELDA. I. Nikishov *Tamm Department of Theoreti
al Physi
s,Lebedev Physi
al Institute, Russian A
ademy of S
ien
es117924, Mos
ow, RussiaSubmitted 2 Mar
h 2001The propagator and the 
omplete sets of in- and out-solutions of the wave equation, together with the Bo-goliubov 
oe�
ients relating these solutions are obtained for the ve
tor W boson (with the gyromagneti
 ratiog = 2) in the 
onstant ele
tromagneti
 �eld. When only the ele
tri
 �eld is present, the Bogoliubov 
oe�
ientsare independent of the boson polarization and are the same as for the s
alar boson. For the 
ollinear ele
tri
 andmagneti
 �elds, the Bogoliubov 
oe�
ients for states with the boson spin perpendi
ular to the �eld are againthe same as in the s
alar 
ase. For the W� spin parallel (antiparallel) to the magneti
 �eld, the Bogoliubov
oe�
ients and the one-loop 
ontributions to the imaginary part of the Lagrange fun
tion are obtained fromthe 
orresponding expressions for the s
alar 
ase by the substitution m2 ! m2 +2eH (m2 ! m2 � 2eH). Forthe gyromagneti
 ratio g = 2, the ve
tor boson intera
tion with the 
onstant ele
tromagneti
 �eld is des
ribedby the fun
tions that 
an be expe
ted by 
omparing the s
alar and Dira
 parti
le wave fun
tions in the 
onstantele
tromagneti
 �eld.PACS: 03.65.Pm 1. INTRODUCTIONVe
tor bosons o

upy an intermediate pla
e be-tween low-spin parti
les (with the spins 0 and 1/2) andhigher-spin parti
les. They 
an therefore share someof the problems en
ountered in 
onsidering higher-spin parti
le intera
tions with a strong ele
tromagneti
�eld. The most 
onspi
uous feature of the ve
tor bo-son intera
tion in the 
ase of g = 2 is the appearan
e ofta
hyoni
 modes in the over
riti
al magneti
 �eld. Theways to deal with this problem in the framework ofnon-abelian theories are analyzed in [1℄. But are thereany others? A

ording to [2℄, problems in treating thepair produ
tion by the ele
tri
 �eld by diagonalizingthe Hamiltonian pre
isely o

ur for g = 2. This issurprising in view of a su

essful 
al
ulation of the La-grange fun
tion of the 
onstant �eld in the one-loopapproximation [3℄. We 
al
ulate the pair produ
tionby the 
onstant �eld using the Bogoliubov 
oe�
ients(whi
h 
ontain all the information about this pro
ess);as expe
ted, the results obtained are in agreement withthose in [3℄ and [4℄.*E-mail: nikishov�lpi.ru

2. VECTOR BOSON IN THE CONSTANTELECTRIC FIELDWe assume ��� = diag(�1; 1; 1; 1) and set e = jej.The wave fun
tion of the W� boson (with g = 2) in asour
e-free spa
e (where ��F�� = 0) satis�es the equa-tion [1; 5℄ (�D�D� +m2) � � 2ieF�� � = 0 (1)and the 
onstraintD� � = 0; D� = �� + ieA�: (2)With the ve
tor potential 
hosen su
h that A3 = �Etand A1 = A2 = A0 = 0, it follows from (1) that  1 and 2 satisfy the same equation as in s
alar 
ase,(�D2 +m2) 1;2 = 0: (3)For  3 and  0, it follows from (1) that(�D2 +m2) 3 � 2ieE 0 = 0;(�D2 +m2) 0 � 2ieE 3 = 0: (4)Introdu
ing  � =  0 �  3, we rewrite Eqs. (4) as(�D2 +m2 � 2ieE) � = 0; (5)227



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001whi
h 
an be obtained from (3) by the substitutionm2 ! m2 � 2ieE. We see that the ve
tor boson wavefun
tion 
an be obtained from the 
orresponding s
alarboson wave fun
tion by simple rules.We now do this. We let + p denote the positive-frequen
y in-solution for the (negatively 
harged)s
alar boson. The subs
ript p = (p1; p2; p3) is droppedin what follows. Then [6℄+ / D�(�) exp(ip � x); (6)where D�(�) is the paraboli
 
ylinder fun
tion [7℄ and� = i�2 � 12 ;� = �p2eE exp��i�4��t� p3eE� ;� = m2 + p21 + p22eE : (7)For the ve
tor boson, we obtain+ = 266664 0 1 2 3377775 =
= 266664
+D�+1(�) + 
�D��1(�)
1D�(�)
2D�(�)
+D�+1(�) � 
�D��1(�)377775 exp(ip � x); (8)were  1 = + 1;  2 = + 2;and  0 � + 0 = 12(+ + + + �); 3 � + 3 = 12(+ + � + �); (9)+ � = 2
�D��1 exp(ip � x):The fun
tion D��1(�) is obtained from D�(�) inEqs. (6) and (7) by the substitutionm2 ! m2 � 2ieE:Arbitrary 
oe�
ients 
1; 
2, and 
� � +
� determinethe polarization of the ve
tor boson. They are not in-dependent be
ause of 
onstraint (2),
1p1+
2p2+p2eEei�=4[(1+�)+
+�+
�℄ = 0: (10)

For the negative-frequen
y in-solution (for the s
alarboson), we have� / [D�(�)℄� exp(ip � x) (11)instead of (6). The star denotes the 
omplex 
onjuga-tion. Similarly to (8), the paraboli
 
ylinder fun
tionsentering � � are obtained from [D�(�)℄� in (11) by thesubstitution m2 ! m2�2ieE;and therefore, � == 266664
+D���1(��) + 
�D��+1(��)
1D��(��)
2D��(��)
+D���1(��)� 
�D��+1(��)377775 exp(ip � x): (12)(We have 
� = �
� in Eq. (12) and similarly in other
ases.) The 
onstraint takes the form
1p1 + 
2p2 +p2eEe�i�=4[�
+ + ��
�℄ = 0: (13)Nothing prevents us from assuming that 
1 and 
2 in(12) are the same as in (8).The negative-frequen
y out-solution is obtainedfrom the positive-frequen
y in-solution by 
hanging thesign of � in the paraboli
 
ylinder fun
tions in Eq. (8),� = 266664
+D�+1(��) + 
�D��1(��)
1D�(��)
2D�(��)
+D�+1(��) � 
�D��1(��)377775�� exp(ip � x); �
� = �+
�; (14)see (112a). The 
onstraint is given by
1p1+ 
2p2 +p2eEei�=4[�
� � (1+ �)�
+℄ = 0: (15)Similarly, the positive-frequen
y out-solution 
an befound from � in Eq. (12) by 
hanging the sign of ��,+ = 266664
+D���1(���) + 
�D��+1(���)
1D��(���)
2D��(���)
+D���1(���)� 
�D��+1(���)377775�� exp(ip � x): (16)The 
orresponding 
onstraint is
1p1 + 
2p2 �p2eEe�i�=4[�+
� + +
+℄ = 0: (17)228



ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001 Ve
tor boson in the 
onstant ele
tromagneti
 �eldFor the s
alar boson, the in- and out-solutions arerelated by [6℄ + n = 
1n+ n + 
2n� n; (18)� n = 
�2n+ n + 
�1n� n;
1n = p2��((1� i�)=2) exp h��4 (�� i)i ;
2n = exp h��2 (�+ i)i ;j
1nj2 � j
2nj2 = 1:The subs
ript n indi
ates a set of quantum numbers;here, n = p. By a straightforward 
al
ulation similarto the one in the s
alar 
ase, we �nd that Eqs. (18) alsohold for the ve
tor boson and that+
� = i�+
� = ��
� = � i��
�; (19)+
+ = �i(1 + �)+
+ = ��
+ = i(1 + �)�
+:These relations guarantee that the wave fun
tions � and � are normalized in the same manner and thatany 
onstraint 
an be obtained from any other usingEqs. (19).As seen from (18), the Bogoliubov 
oe�
ients 
1nand 
2n do not depend on the boson polarization inthe 
onstant ele
tri
 �eld. The imaginary part of theLagrange fun
tion is therefore given by 3 ImLspin0 inagreement with [3,4℄.3. VECTOR BOSON IN THE CONSTANTELECTROMAGNETIC FIELDWe now add a 
ollinear 
onstant magneti
 �eld tothe 
onstant ele
tri
 �eld. For A2 = Hx1, we obtainfrom Eq. (1) that(�D2 +m2) 1 � 2ieH 2 = 0;(�D2 +m2) 2 + 2ieH 1 = 0: (20)Introdu
ing~ 1 =  1 � i 2; ~ 2 =  1 + i 2; 1 = 12( ~ 1 + ~ 2);  2 = i2( ~ 1 � ~ 2); (21)we rewrite Eqs. (20) as(�D2 +m2 + 2eH) ~ 1 = 0;(�D2 +m2 � 2eH) ~ 2 = 0; (22)and therefore, ~ 1;2 
an be obtained from the s
alar bo-son wave fun
tion by the substitutionsm2 ! m2 � 2eH:

We 
an therefore write~ 1 / 2
1Dn�1(�); ~ 2 / 2
2Dn+1(�);� = p2eH �x1 + p2eH � : (23)Instead of (8), we thus have+ p2p3n = 266664 [
+D�+1(�) + 
�D��1(�)℄Dn(�)[
1Dn�1(�) + 
2Dn+1(�)℄D� (�)i[
1Dn�1(�) � 
2Dn+1(�)℄D�(�)[
+D�+1(�) � 
�D��1(�)℄Dn(�) 377775�� exp(i(p2x2 + p3x3)); (24)and similarly for the other  fun
tions. Here,� = i�2 � 12 ; � = m2 + eH(2n+ 1)eE : (25)The 
onstraints 
an be obtained from the previousones by the substitution
1p1 + 
2p2 ! �ip2eH[(1 + n)
2 � 
1℄: (26)We note that D� � is proportional to the s
alar wavefun
tion Dn(�)D�(�) exp[i(p2x2 + p3x3)℄(whi
h is dropped in the expressions similar to (10)with modi�
ation (26), or in (116)). Equations (67)and (98) were used to obtain the 
onstraints. It fol-lows from the derivation that the presen
e of 
1 in theright-hand side of (26) is due to the assumption thatDn�1(�) is not zero in Eq. (24), i.e., n � 1.Using (24) and (26), we 
an build three polarizationstates  (i; x), i = 1; 2; 3, see Se
. 7. For these states,the respe
tive minimum values of n in Eq. (25) are�1; 0; 1. Thus the Bogoliubov 
oe�
ients depend onall the four quantum numbers (n = p2; p3; n; i) throughthe minimum value of n.Be
ause 2 ImL =Xn ln(1 + j
2nj2);it is easy to show that in agreement with [4℄,Im 2Lspin1 = 2 � 3 ImLspin0 ++�ln �1 + exp���m2 � eHeE �� �� ln�1 + exp���m2 + eHeE ��� ��EHV T: (27)229



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001The fa
tors outside the bra
es give the statisti
alweight of the �
orre
ting� states, see Eqs. (3.6) and(3.7) in [6℄.The Bogoliubov 
oe�
ients allow �nding the transi-tion probability from any initial to any �nal state (witharbitrary o

upation numbers) [6℄. For example, if theinitial state is the va
uum, we havej
1nj�2f1 + wn + w2n + w3n + � � � g = 1;wn = j
2nj2j
1nj2 ; (28)for the 
ell with the set of quantum numbersn = p2; p3; n; i. The term j
1nj�2wkn gives the prob-ability for the produ
tion of k pairs, k = 0; 1; 2; : : : .The events o

urring in 
ells with di�erent quantumnumbers are independent.4. THE FREE VECTOR BOSONPROPAGATORThe wave fun
tions of a free ve
tor boson with themomentum p� = (p0; 0; 0; p3) 
an be written as �(i; x) = u�(i)p2jp0j exp(ip � x);��� = diag(�1; 1; 1; 1); � = 0; 1; 2; 3; (29)
u(1) = 2666640100377775 ; u(2) = 2666640010377775 ; u(3) = 1m 266664p300p0377775 :These solutions satisfy wave equation (1) and 
on-straint (2) with the external �eld swit
hed o�. Sum-ming  �(i; x) ��(i; x0) over polarizations, we �nd3Xi=1  �(i; x) ��(i; x0) = 12jp0j �� 26666666664

p23m2 0 0 p3p0m20 1 0 00 0 1 0p3p0m2 0 0 (p0)2m2
37777777775 exp [ip � (x� x0)℄ : (30)

If we use heli
ity states instead of linear polariza-tion states (29) (
f. � 16 in [8℄), we obtain the sameresult (30). In general, we must repla
e the matrix inthe right-hand side of (30) by ���+p�p�=m2. This 
ase

di�ers from the s
alar parti
le 
ase only by the pres-en
e of this matrix in the expression for the propagator(whi
h is similar to (51)). The ve
tor boson propagator
an therefore be obtained from the s
alar one,Gspin0(x; x0) = 1(2�)4 Z d4pexp[ip � (x� x0)℄p2 +m2 � i" == 1(4�)2 1Z0 dss2 exp ��ism2 + i(x� x0)24s � ; (31)
onsidered as a unit matrix over dis
rete indi
es, bya
ting on it with the di�erential operatorG��(x; x0) == ���� � 1m2 �2�x��x��Gspin0(x; x0): (32)Be
ause the s
alar boson propagator satis�es theequation(����� +m2)Gspin0(x; x0) = Æ4(x � x0); (33)we have(����� +m2)G��(x; x0) == ���� � 1m2 �2�x��x� � Æ4(x� x0) (34)for the ve
tor boson. We note that the right-hand sideis not simply given by Æ4(x � x0). The 
ompli
ationis due to the existen
e of 
onstraints. This preventsus from using the well-known methods of 
onstru
tingpropagators of s
alar and spinor parti
les in an exter-nal �eld [9, 10℄. An elegant way to 
ir
umvent thisdi�
ulty was given by Vanyashin and Terentyev [3℄.5. THE VECTOR BOSON PROPAGATOR INTHE CONSTANT MAGNETIC FIELDTo write the propagator, we need the 
omplete setof orthonormalized solutions. The orthonormalizationis performed by expressing the ve
tor 
urrent as [5℄J� = �if ��(D� � �D� �)�� (D�� �� �D�� ��) �g;D� = �� + ieA�: (35)We note that our expression for D� in Eq. (35) 
o-in
ides with that in [5℄; although our ��� has a di�erentsign, we also repla
e e ! �e, using that e = jej andassuming that W� is a parti
le by analogy with theele
tron.230



ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001 Ve
tor boson in the 
onstant ele
tromagneti
 �eldIn the spa
e without a �eld, the expression for J�
an be written similarly to the s
alar 
ase up to di-vergen
e terms, (see � 15 in [8℄). It is remarkable thatwith 
onstraint (2), the same is true in the presen
e ofa �eld. Indeed,� ��D� � = ���( �� �) +  �D�� ��: (36)The last term in the right-hand side vanishes be
auseof Eq. (2) for the boson with g = 2. Similarly,(D�� ��) � = ��( � ��)�  ��D� � = ��( � ��); (37)and therefore,J� = �if ��D� � �� (D�� ��) � � �� [ �� � �  � ��℄g: (38)To normalize the wave fun
tions, we need only J0.Straightforward 
al
ulations show that the divergen
eterms do not 
ontribute to J0 for the �elds 
onsideredhere. We then haveJ0 = �J0 = if ��D0 � � (D�0 ��) �g: (39)For orthonormalization, we use the expressionJ0( 0;  ) = if 0��D0 � � (D�0 0��) �g: (40)Our ve
tor potentials are su
h that A0(x) = 0. It thenfollows that D0 = �=�t andJ0( 0;  ) = if 0�k $� t  k �  00� $� t  0g; (41)where the sum over k runs from 1 to 3.The positive-frequen
y solution of wave equation(1) with A�(x) = Æ�2Hx1 is given by �p2;p3;n = 266664 
0Dn(�)
1Dn�1(�) + 
2Dn+1(�)i[
1Dn�1(�)� 
2Dn+1(�)℄
3Dn(�) 377775�� exp �i(p2x2 + p3x3 � p0t)� : (42)The elements of this 
olumn 
orrespond to� = 0; 1; 2; 3, � = p2eH �x1 + p2eH � ;p0 =qm2 + p23 + eH(2n+ 1):The 
oe�
ients 
 determining the boson polarizationsatisfy the 
onstraint�ip0
0 + ip3
3 +p2eH[(n+ 1)
2 � 
1℄ = 0: (43)

For states with the polarizations 
0 and 
, Eqs. (41)and (42) imply thatJ0( 0;  ) = 2p0f2
0�1
1D2n�1(�)+2
0�2
2D2n+1(�)++ (
0�3
3 � 
00�
0)D2n(�)g: (44)Integrating over x1, we �nd1Z�1 dx1J0( 0;  ) = 2p0n!r �eH ��� 2n
0�1
1 + 2(n+ 1)
0�2
2 + 
0�3
3 � 
00�
0� ;1Z�1 dx1D2n(�) = n!r �eH : (45)
Using the orthonormalization 
onditionsZ dx1J0(� (i; x);� (j; x)) = � Æij ;i; j = 1; 2; 3; (46)and 
onstraint (43), we �nd the positive-frequen
y po-larization states �(1; x) = N(1)266664(n+ 1)p2eHp0Dn(�)im2?Dn+1(�)m2?Dn+1(�)(n+ 1)p2eHp3Dn(�)377775�� exp �i(p2x2 + p3x3 � p0t)� ; (47)where � = 0; 1; 2; 3; m2? = m2 + eH(2n+ 1);p0 =qm2 + p23 + eH(2n+ 1);N(1) = n1N0; N0 = �eH� �1=4 1p2jp0jn! ;n1 = 1p2(n+ 1)m2?(m2 + eHn) ; (48)
 (2; x) = n2N0 266664p3Dn(�)00p0Dn(�)377775�� exp �i(p2x2 + p3x3 � p0t)� ; n2 = 1pm2? ; (49)231



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001 (3; x) = n3N0 �� 266664 p2eHp0Dn(�)i[�(m2 + eHn)Dn�1(�) + eHDn+1(�)℄(m2 + eHn)Dn�1(�) + eHDn+1(�)p2eHp3Dn(�) 377775�� exp �i(p2x2 + p3x3 � p0t)� ;n3 =r n2m2(m2 + eHn) : (50)We separate the s
alar wave fun
tion normalization fa
-tor N0 from the normalization fa
torsN(i), be
ause we
on
entrate our attention on the di�eren
es from thes
alar 
ase. We also note thatN(3) / ��1=2(n);whi
h vanishes for n = 0. For the state  (3; x), onlythe values n = 1; 2; 3; : : : are therefore possible. Thesame follows from the fa
t that 
onstraint (43) 
annotbe satis�ed be
ause it does not involve 
1 for n = 0.We now 
onstru
t the ve
tor boson propagator. Westart from the expression (whi
h is a spe
ial 
ase ofa more general result derived in Se
. 6, see Eqs. (80)and (81))G��(x; x0) = i 1Z�1 dp22� 1Z�1 dp32� �� 1Xn=�1 3Xi=1( + �(i; x)+ ��(i; x0); t > t0;� �(i; x)� ��(i; x0); t < t0: (51)In what follows, we letEn denote the previous quan-tity p0 and use the relations� 12�i 1Z�1 dp0 exp[�ip0(t� t0)℄(p0 �En + i�)(p0 +En � i�) == 12En ( exp[�iEn(t� t0)℄; t > t0;exp[iEn(t� t0)℄; t < t0;1i(E2n � (p0)2) = 1Z0 ds exp[�is(E2n � p20)℄ (52)

to rewrite (51) as (with p0 = �p0)G��(x; x0) = ireH� 1Xn=�1 1Z�1 dp22� 1Z�1 dp32� �� 1Z�1 dp02� 1Z0 dsa��(x; x0) 1n! �� exp ��is(m2? + p23 � p20)++ i[p2(x2 � x02) + p3(x3 � x03)� p0(t� t0)℄� ;m2? = m2 + eH(2n+ 1): (53)We note that the lower line in the right-hand side of(52) is obtained from the upper line by the substitutiont $ t0, whi
h does not 
hange anything, be
ause theright-hand side 
an be written as(2En)�1 exp[�iEnjt� t0j℄:The form of the left-hand side that is expli
itly sym-metri
 in t and t0 is1Z0 ds exp[�isE2n℄ 1Z�1 dp02� exp[isp20 � ip0(t� t0)℄ == ei�=42p� 1Z0 dsps exp ��isE2n � i (t� t0)24s � : (54)We �rst obtain the s
alar parti
le propagator in theproper-time representation [10℄. We repla
e a��(x; x0)by Dn(�)Dn(� 0) in (53). Using the formulaDn(�) =r 2� e�2=4 �� 1Z0 dyyne�y2=2 
os��y � n�2 � ; (55)we then �nd1Xn=0 Dn(�)Dn(� 0)n! exp[�i�(2n+1)℄ = (2 sin 2�)�1=2�� exp ��i�4 + i (� � � 0)28 tg � � i (� + � 0)28 
tg � � ;� = eHs; � 0 = p2eH �x01 + p2eH � : (56)232



ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001 Ve
tor boson in the 
onstant ele
tromagneti
 �eldSubsequent integration over p2 gives1Z�1 dp22� 1Xn=0 Dn(�)Dn(� 0)n! �� exp[�i�(2n+ 1) + ip2z2℄ == �ireH� (4 sin �)�1 �� exp ��ieHz2(x1 + x01)2 + ieH(z21 + z22)4 tg � � ;z� = x� � x0�: (57)Using1Z�1 dp32� 1Z�1 dp02� exp[i(p3z3 � p0z0)� is(p23 � p20)℄ == 14�s exp[iz23 � z204s ℄; (58)we �nd [6; 9�11℄Gspin0(x; x0) = eH(4�)2 1Z0 dss sin(eHs) �� exp ��ieHz2(x1 + x01)2 ��� exp��ism2 + iz23 � z204s + i (z21 + z22)eH4 tg(eHs) � : (59)We now show how to obtain a��(x; x0) in Eq. (53)and how to turn it into a di�erential matrix that givesthe ve
tor boson propagator when inserted in the in-tegrand in (59). As a preliminary step, we write twoformulas dire
tly related to (56):1Xn=�1 Dn+1(�)Dn+1(� 0)(n+ 1)! exp[�i�(2n+ 1)℄ == exp(2i�) 1Xn=0 Dn(�)Dn(� 0)n! exp[�i�(2n+ 1)℄; (60)1Xn=1 Dn�1(�)Dn�1(� 0)(n� 1)! exp[�i�(2n+ 1)℄ == exp(�2i�) 1Xn=0 Dn(�)Dn(� 0)n! �� exp[�i�(2n+ 1)℄: (61)We see that the expressions in Eqs. (60) and (61) di�erfrom the s
alar 
ase only by the fa
tors e2i� and e�2i� .

We now return to a��(x; x0). As seen from (51)and (53), a��(x; x0) / 3Xi=1  �(i; x) ��(i; x0): (62)Taking, e.g., a11(x; x0), we see from (49) that 1(2; x) = 0, i.e., the term with i = 2 does not
ontribute to a11(x; x0). In a

ordan
e with (47), the
ontribution of the term with i = 1 isn21m4?Dn+1(�)Dn+1(� 0);n21 = 12(n+ 1)m2?(m2 + eHn) : (63)The term with i = 3 givesn23[�(m2 + eHn)Dn�1(�) + eHDn+1(�)℄ �� [�(m2 + eHn)Dn�1(� 0) + eHDn+1(� 0)℄;n23 = n2m2(m2 + eHn) : (64)We now have a11(x; x0) as the sum of Eqs. (63) and (64):a11(x; x0) = 12(m2 + eHn) ��� m2?n+ 1 + (eH)2nm2 �Dn+1(�)Dn+1(� 0) ++ n(m2 + eHn)2m2 Dn�1(�)Dn�1(� 0)�� eHn2m2 [Dn+1(�)Dn�1(� 0) +Dn�1(�)Dn+1(� 0℄: (65)Next, we note that1m2 + eHn � m2?n+ 1 + (eH)2nm2 � = 1n+ 1 + eHm2 ; (66)i.e., the undesirable fa
tor 1=(m2 + eHn) 
ontained inn21 and n23 in Eqs. (63) and (64) disappears in the sumin Eq. (65).In what follows, we use the relations� dd� + �2�Dn(�) = nDn�1(�);� dd� � �2�Dn(�) = �Dn+1(�); (67)see Eqs. (8.2.15�16) in [7℄. We also write the sum andthe di�eren
e of these expressions:2 dd�Dn(�) = nDn�1(�) �Dn+1(�);�Dn(�) = nDn�1(�) +Dn+1(�): (68)233



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001It is then easy to verify thata11(x; x0) = Dn+1(�)Dn+1(� 0)2(n+ 1) ++ n2Dn�1(�)Dn�1(� 0) ++ 2eHm2 �2���� 0Dn(�)Dn(� 0): (69)The �rst term in the right-hand side of (69) is involvedin Eq. (60) and the se
ond term is used in (61); thene
essary fa
tor n! 
omes from N0, see Eq. (48). Thethird term 
an be written as1m2 �2�x1�x01Dn(�)Dn(� 0): (70)In a similar manner, we �nd the other 
omponentsa��(x; x0) = a���(x0; x):It is easy to verify that the di�erential operatorA��(x; x0) 
orresponding to a��(x; x0) is given byA�� = B�� + C�� ; C�� = 1m2��(x)���(x0);��(x) = �i ��x� + eA�(x);���(x0) = i ��x0� + eA�(x0): (71)In our 
ase,A�(x) = Æ�2Hx1; �0(x) = i ��t ;�0�(x0) = �i ��t0 : (72)The nonzero 
omponents B�� areB11 = B22 = 
os �; B21 = �B12 = sin �;B33 = �B00 = 1: (73)The di�eren
e of B�� from ��� is due to the intera
tionof the boson magneti
 moment with the magneti
 �eld.We 
an say that B�� with �; � = 1; 2 are �dressed� bythe magneti
 �eld.Thus,G��(x; x0) = eH(4�)2 1Z0 dss sin(eHs) exp(�ism2)A���� exp �� ieHz2(x1 + x01)2 ��� exp� i(z23 � z20)4s + i4(z21+z22)eH 
tg(eHs)� ;z� = x� � x0�: (74)

It is somewhat surprizing that this representation doesnot 
oin
ide with the Vanyashin�Terentyev represen-tation [3℄ with the ele
tri
 �eld swit
hed o�. Possi-bly, these are two di�erent representations for the samepropagator, and it would be interesting to verify thishypothesis.6. THE VECTOR BOSON PROPAGATOR INTHE CONSTANT ELECTRIC FIELDWe �rst give the generalization of Eq. (51) for the
ase where the external �eld 
an 
reate pairs [12, 6℄.For this purpose, we writeG(x; x0)abs = ih0outjT (	(x)	y(x0))j0ini == h0outj0iniG(x; x0); (75)where T is the 
hronologi
al ordering operator and	(x) =Xn [anout+ n(x)+b+nout� n(x)℄;	y(x) =Xn [ayn in + �n(x) + bn in � �n(x)℄: (76)As usual, an and bn are the parti
le and antiparti
le de-stru
tion operators in a state with the quantum num-bers n: 	y(x0)j0ini =Xk + �k(x0)ayk inj0ini;h0outj	(x) = h0outjXn anout + n(x): (77)For t > t0, it follows from (75) and (77) thatG(x; x0)abs = iXn;k + n(x) + �k(x0)�� h0outjanoutayk inj0ini; t > t0: (78)In our 
ase, the Bogoliubov transformations have theform (
f. Eq. (18)) [6℄aynout = 
�1nayn in + 
2nbn in;bnout = 
�2nayn in + 
1nbn in: (79)The �rst equation in (79) implies thatayk outj0ini = 
�1 kayk inj0ini:We insert ayk inj0ini obtained from here in (78) and usethe 
ommutation relation[ak out; aynout℄ = Ækn:234
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onstant ele
tromagneti
 �eldWe then obtain G(x; x0)abs = h0outj0iniiXn + n(x) + �n(x0) 1
�1n ; t > t0: (80)Similarly, for t < t0, we �ndG(x; x0)abs = h0outj0iniiXn � n(x) � �n(x0) 1
�1n ; t < t0: (81)If the external �eld does not 
reate pairs, the expressions obtained be
ome those in (51).In terms of the states + 0 and + in (8), transition 
urrent (41) be
omesJ0(+ 0;+ ) = p2eEe��=4 �
0�1
1 + 
0�2
2 + 2i(+
0�� +
+ � +
0�+ +
�)� ; (82)where we used Eq. (8.2.11) in [7℄ (and its 
omplex 
onjugate):D��+1(��) $ddt D��1(�) = p2eE exp���4 � = (83)= �D���1(��) $ddt D�+1(�) = D��(��)i $ddt D�(�): (84)The 
onstraint is given in (10). Using Eqs. (82), (8), and (10), we �nd the + polarization states+ (1; x) = N(1)2666666664p2
reE2 ei�=4[D�+1(�) � �D��1(�)℄0m2?D�(�)p2reE2 ei�=4[D�+1(�) + �D��1(�)℄

3777777775 exp(ip � x); N(i) = niN0; (85)
N(1) = n1N0; n1 =s 1m2?(m2 + p21) ; N0 = (2eE)�1=4 exp����8 � ;+ (2; x) = N(2)266664D�+1(�) + (1 + �)D��1(�)00D�+1(�) � (1 + �)D��1(�)377775 exp(ip � x); (86)n2 =s eE2m2? ; m2? = m2 + p21 + p22;

+ (3; x) = N(3)2666666664p1
reE2 ei�=4[D�+1(�)� �D��1(�)℄(m2 + p21)D�(�)p1p2D�(�)p1reE2 ei�=4[D�+1(�) + �D��1(�)℄

3777777775 exp(ip � x); (87)
235



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001n3 = 1pm2(m2 + p21) :The + polarization states 
an be obtained from these ones using Eqs. (19) (see also (16)):+ (1; x) = N(1)2666666664p2
reE2 e�i�=4[(1 + �)D���1(���) +D��+1(���)℄0m2?D��(���)p2reE2 e�i�=4[(1 + �)D���1(���)�D��+1(���)℄

3777777775 exp(ip � x); (88)
+ (2; x) = N(2)266666664i(1 + �)[�D���1(���) + 1�D��+1(���)℄00i(1 + �)[�D���1(���)� 1�D��+1(���)℄

377777775 exp(ip � x); (89)
+ (3; x) = N(3)2666666664p1

reE2 e�i�=4[(1 + �)D���1(���) +D��+1(���)℄(m2 + p21)D��(���)p1p2D��(���)p1reE2 e�i�=4[(1 + �)D���1(���)�D��+1(���)℄
3777777775 exp(ip � x): (90)In Eqs. (85)�(90), the states  (i; x) are 
hara
terized by p1; p2; p3; and i; � and � are given in (7).We note that the transition 
urrent J0(+ 0;+ )expressed in terms of +
 has the same form asJ0(+ 0;+ ) expressed in terms of +
, see Eq. (82).A similar statement is true for the negative-frequen
ystates. Be
ause �+1 = ��� in a

ordan
e with Eq. (7),it follows from (19) that+
0�� +
+ = +
0�� +
+ == �
0�� �
+ = �
0�� �
+: (90a)Therefore,J0(+ (i; x);+ (j; x)) == J0(+ (i; x);+ (j; x)) / Æi;j ; (91)andJ0(� (i; x);� (j; x)) = J0(� (i; x);� (j; x)) == �J0(+ (i; x);+ (j; x)): (91a)As previously, we fo
us our attention on the dif-feren
es from the s
alar 
ase in expressions similar to(53). The proper-time representation of the s
alar par-ti
le propagator is given by [12℄

G(x; x0)spin 0 = eE(4�)2 exp � i2eE(t+ t0)z3��� 1Z0 dss sh(eEs) exp ��ism2+ i4s(z21+z22) ++ i4eE(z23 � z20) 
th(eEs)� : (92)This 
an be derived similarly to the magneti
 
ase, butwith the role of Eq. (52) played by the relation [12, 6℄p2 1Z0 d�psh 2� �� exp��i2{� � i8 � (T + T 0)2
th � + (T � T 0)2th � �� == ��i{ + 12���(D�i{�(1=2)(�)D�i{�(1=2)(��0); T > T 0;D�i{�(1=2)(��)D�i{�(1=2)(�0); T < T 0; (93)236
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tor boson in the 
onstant ele
tromagneti
 �eldwhere � = eEs; T = p2eE �t� p3eE� ; T 0 = p2eE �t0 � p3eE� ;� = ��� = ei�=4T; �0 = ei�=4T 0; { = �2 = m2?2eE : (94)The lower line in the right-hand side of (93) 
an be obtained from the upper line by the substitution T $ T 0. Asseen from the left-hand side of (93), this does not 
hange the value of (93), 
f. the remark after Eq. (53).By analogy with the magneti
 
ase, we expe
t the appearan
e of the fa
tors e�2� in the integrand of (93), 
f.Eqs. (73) and (60), (61). To make the insertion possible, we must rotate the integration 
ontour 
lo
kwise by a
ertain angle. This is in line with the Vanyashin�Terentyev approa
h [3℄. After the substitution { ! { + i, itthen follows from (93) thatp2 ZC d�psh 2� exp��i2{� + 2� � i8 �(T + T 0)2
th � + (T � T 0)2th � �� == ��i{ � 12�( D�i{+(1=2)(�)D�i{+(1=2)(��0); T > T;0D�i{+(1=2)(��)D�i{+(1=2)(�0); T < T 0: (95)Similarly, substituting { ! { � i in (93), we obtainp2 1Z0 d�psh 2� exp��i2{� � 2� � i8 �(T + T 0)2
th � + (T � T 0)2th � �� == ��i{ + 32�( D�i{�(3=2)(�)D�i{�(3=2)(��0); T > T 0;D�i{�(3=2)(��)D�i{�(3=2)(�0); T < T 0: (96)The integration over p3 
ontained in the sum over n in Eqs. (80) and (81) gives1Z�1 dp32� exp �ip3z3 � i8(T + T 0)2 th �� = 12e�i�=4reE 
th �� exp� iz23eE4 th � + ieEz3(t+ t0)2 � ; z3 = x3 � x03; (97)where T and T 0 are fun
tions of p3, see (94). Further
al
ulations leading to (92) are similar to those in themagneti
 
ase.We now 
onsider the di�eren
es from the s
alar
ase. We �rst rewrite relations (67) and (68) betweenthe paraboli
 
ylinder fun
tions for the present 
ase as� dd� 0� + � 0�2 �D��(� 0�) = ��D���1(� 0�);� dd� 0� � � 0�2 �D��(� 0�) = �D��+1(� 0�); (98)2 dd� 0�D��(� 0�) = ��D���1(� 0�)�D��+1(� 0�);� 0�D��(� 0�) = ��D���1(� 0�) +D��+1(� 0�): (99)

The other ne
essary relations are obtained from theseby the substitution � 0� ! ���.Be
ause
1n = p2��(�i{ + 1=2) exp ���{2 + i�4 � ;i
�1nN20 = exp[3i�=4℄2p�eE ��i{ + 12� ; (100)we 
an write the propagator asG��(x; x0) = exp[3i�=4℄2p�eE �� Z d3p(2�)3 a��(x; x0) exp[ip � (x� x0)℄: (101)237



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001The s
alar parti
le propagator 
an be obtained fromthe right-hand side of (101) if we repla
e a��(x; x0)with expression (93). As an example, we now 
al
u-late a33(x; x0). For t > t0, we havea33(x; x0) / 3Xi=1 + 3(i; x)+ 3�(i; x0): (102)The �rst term in the sum is+ 3(1; x)+ 3�(1; x0) / � ieE2 �� ��D��(���)� 0�D��(� 0�) p22m2?(m2 + p21) ; (103)where we used the se
ond equation in (99) and the oneobtained from it by the substitution � 0� ! ���. Simi-larly,+ 3(3; x)+ 3�(3; x0) // � ieE2 ��D��(���)� 0�D��(� 0�) p21m2(m2 + p21) : (104)Adding Eqs. (103) and (104), we obtain� ieE2 ��D��(���)� 0�D��(� 0�)�� � p22m2?(m2 + p21) + p21m2(m2 + p21)� : (105)The expression in the square bra
kets 
an be simpli�edas 1m2 + p21 � p22m2? + p21m2� = 1m2 � 1m2? : (106)The undesirable fa
tor (m2 + p21)�1 involved in (103)and (104) disappears in sum (105). The �rst term inthe right-hand side of (106) gives the following 
ontri-bution to (105):� ieE2m2 ��D��(���)� 0�D��(� 0�) = 1m2 �� (p3 � eEt)(p3 � eEt0)D��(���)D��(� 0�): (107)This already has the desired form. We now rewrite the
ontribution of the se
ond term in the right-hand sideof (106) to (105) in the initial form (i.e., before usingthe se
ond equation in (99)),ieE2m2? ��(1 + �)2D���1(���)D���1(� 0�) ++(1 + �)D��+1(���)D���1(� 0�)++ (1 + �)D���1(���)D��+1(� 0�)�� D�+1(���)D��+1(� 0�)� : (108)

This expression still 
ontains the undesirable fa
tor1=m2?. But we must take the 
ontribution from theterm with i = 2 in (102) into a

ount:+ 3(2; x)+ 3�(2; x0) / ieE2m2? (1 + �)�� ��D���1(���)D��+1(� 0�)�� 1�D��+1(���)D��+1(� 0�)�� �D���1(���)D���1(� 0�)�� D��+1(���)D���1(� 0�)� : (109)It is easy to see that in the sum of (108) and (109),the undesirable terms are 
an
elled and the unpleasantdenominator m2? = �ieE(1 + 2�)disappears:(108) + (109) = 12 �� �(1 + �)D���1(���)D���1(� 0�)++1�D��+1(���)D��+1(� 0�)� : (110)Thus, a33(x; x0) is given by the sum of expressions (107)and (110). The �rst term in the right-hand side of (110)is used in (96) and the se
ond term in (95). In the samemanner, we �nd all the other a��(x; x0) 
omponents.Similarly to the magneti
 
ase, we haveG��(x; x0) = eE(4�)2 ZC dss sh(eEs)A�� �� exp � ieE2 z3(t+ t0)��� exp ��ism2 + i4s (z21 + z22)++ i4s(z23 � z20)eE 
th(eEs)� ; (111)where A�� is given by (71), but the ve
tor potential isA�(x) = �Æ�3Et:The nonzero B�� 
omponents areB11 = B22 = 1; B33 = �B00 = 
h(2eEs);B30 = �B03 = sh(2eEs): (112)238
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tor boson in the 
onstant ele
tromagneti
 �eldWe see that the ele
tri
 �eld dresses B�� with�; � = 3; 0.Pro
eeding to the 
ase where t < t0, we note thatin a

ordan
e with (19),�
� = �+
�; �
� = �+
�: (112a)This implies that � (� ) is obtained from + (+ )by 
hanging the sign of the arguments in the paraboli

ylinder fun
tions and the sign of  0 and  3. Theoverall 
hange of sign of  (2; x) does not a�e
t the
orresponding term in (102). In  (1; x) and  (3; x),
hanging the sign of  0 and  3 and of the arguments�� and � 0� is equivalent to 
hanging the sign of onlythe D-fun
tion arguments �� and � 0� if  0 and  3 areexpressed through the left-hand sides of (99). As ex-

pe
ted, it now follows from (93)�(96) that G��(x; x0)retains the same form (111) for t < t0.7. THE VECTOR BOSON PROPAGATOR INTHE CONSTANT ELECTROMAGNETICFIELDAfter we have 
onsidered the magneti
 and ele
tri
�elds separately, the 
onstru
tion of the ve
tor bosonpropagator in both �elds meets no new problems. Wetake the ve
tor potential in the formA�(x) = Æ�2Hx1 � Æ�3Et: (113)The transition 
urrent between the states + 0 and + isJ0(+ 0;+ ) = 28<:[
01�
1D2n�1(�)+ 
02�
2D2n+1(�)℄D��(��)i $ddt D�(�)� 24
0�� 
+D���1(��)i $ddt D�+1(�)++
0+� 
�D��+1(��)i $ddt D��1(�)35D2n(�)9=; : (114)Taking Eq. (84) into a

ount and integrating over x1, we obtain1Z�1 dx1J0(+ 0;+ ) = n!r2�EH 2e�{=2 � 1n
01�
1+(1+n)
02�
2+i(
0��
+�
0+�
�)� : (115)The 
onstraint is given byp2eH[(1 + n)
2 � 
1℄ +p2eEe�i�=4[+
� � (1 + �)+
+℄ = 0: (116)Using (115) and (116), we �nd the + polarization states (in what follows, the fa
tor exp[i(p2x2 + p3x3)℄ isdropped for brevity): + (1; x) = N(1)266664(1 + n)pe2EHei�=4[D�+1(�)� �D��1(�)℄Dn(�)im2?D�(�)Dn+1(�)m2?D�(�)Dn+1(�)(1 + n)pe2EHei�=4[D�+1(�) + �D��1(�)℄Dn(�)377775 ; (117)N(i) = niN0; N0 = � H2�E�1=4 e��{=4pn! ;n1 = 1p2m2?(m2 + eHn)(1 + n) ; (118)+ (2; x) = N(2)266664 [D�+1(�) + (1 + �)D��1(�)℄Dn(�)00[D�+1(�) � (1 + �)D��1(�)℄Dn(�) 377775 ; n2 =s eE2m2? ; (119)239



A. I. Nikishov ÆÝÒÔ, òîì 120, âûï. 2 (8), 2001+ (3; x) = N(3)266664 pe2EH [D�+1(�) � �D��1(�)℄Dn(�)ei�=4D�(�)[�(m2 + eHn)Dn�1(�) + eHDn+1(�)℄e�i�=4D�(�)[(m2 + eHn)Dn�1(�) + eHDn+1(�)℄pe2EH [D�+1(�) + �D��1(�)℄Dn(�) 377775 ; (120)n3 =r n2m2(m2 + eHn) : (121)To obtain the polarization states of + (or of � and � ), we again use Eq. (19) (
f. Eqs. (88)�(90) and(47)�(50)). We then obtain+ (1; x) = N(1)266664(1 + n)pe2EHe�i�=4[(1 + �)D���1(���) +D��+1(���)℄Dn(�)im2?D��(���)Dn+1(�)m2?D��(���)Dn+1(�)(1 + n)pe2EHe�i�=4[(1 + �)D���1(���)�D��+1(���)℄Dn(�)377775 ; (122)
+ (2; x) = N(2)2666666664i(1 + �) ��D���1(���) + 1�D��+1(���)�Dn(�)00i(1 + �) ��D���1(���)� 1�D��+1(���)�Dn(�)

3777777775 ; (123)
+ (3; x) = N(3)266664 �ipe2EH[���D���1(���) +D��+1(���)℄Dn(�)ei�=4D��(���)[�(m2 + eHn)Dn�1(�) + eHDn+1(�)℄e�i�=4D��(���)[(m2 + eHn)Dn�1(�) + eHDn+1(�)℄�ipe2EH[���D���1(���)�D��+1(���)℄Dn(�) 377775 : (124)The �rst and the fourth lines in the right-hand sides of(122) and (124) 
an be written in a more 
ompa
t formusing relations that 
an be obtained from (99) by thesubstitution � 0� ! ���.Further 
al
ulations are quite similar to those inSe
s. 5 and 6. The result was of 
ourse evident in ad-van
e: A�� is now given by (71) with the ve
tor poten-tial (113) and all the nonzero B�� are �dressed�, seeEqs. (73) and (112). The s
alar parti
le propagator isgiven byGspin 0(x; x0) = e2EH(4�)2 1Z0 dssh(eEs) sin(eHs) �� exp��ism2 + i4 �(z21 + z22)eH 
tg(eHs)++ (z23 � z20)eE 
th(eEs)�++ i2 [eEz3(t+ t0)� eHz2(x1 + x01)℄� ; (125)z� = x� � x0�:

This expression agrees with the 
al
ulations by Ri-tus [10; 11℄. The overall phase fa
tor e�i�=2 is involvedin his formulas be
ause of a di�erent de�nition of thepropagator. We also note that Eq. (125) is symmetri
in t and t0 and thatGspin 0(x; x0; e) = Gspin 0(x0; x;�e):Therefore,G��(x; x0) = e2EH(4�)2 1Z0 dssh(eEs) sin(eHs)A�� �� exp��ism2 + i4 �(z21 + z22)eH 
tg(eHs)++ (z23 � z20)eE 
th(eEs)�++ i2 [eEz3(t+ t0)� eHz2(x1 + x01)℄� : (126)
240
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