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NONLINEAR k?-FACTORIZATION FOR FORWARD DIJETSIN DEEP INELASTIC SCATTERING OFF NUCLEIIN THE SATURATION REGIMEN. N. Nikolaev a;b*, W. Shäfer a, B. G. Zakharov b, V. R. Zoller a Institut für Kernphysik, Forshungszentrum JülihD-52425, Jülih, Germanyb Landau Institute for Theoretial Physis142432, Chernogolovka, Mosow Region, Russia Institute for Theoretial and Experimental Physis117259, Mosow, RussiaSubmitted 11 Marh 2003We develop a QCD desription of the breakup of photons into forward dijets in small-x deep inelasti satteringo� nulei in the saturation regime. Based on the olor dipole approah, we derive a multiple sattering expansionfor intranulear distortions of the jet�jet transverse momentum spetrum. A speial attention is paid to thenon-Abelian aspets of the propagation of olor dipoles in the nulear medium. We report a nonlinear k?-fa-torization formula for the breakup of photons into dijets in terms of the olletive Weizsäker�Williams glue ofnulei de�ned in [5, 6℄. For hard dijets with the transverse momenta above the saturation sale, the azimuthaldeorrelation (aoplanarity) momentum is of the order of the nulear saturation momentum QA. For minijetswith the transverse momentum below the saturation sale, the nonlinear k?-fatorization predits a ompletedisappearane of the jet�jet orrelation. We omment on a possible relevane of the nulear deorrelation ofjets to the experimental data from the STAR-RHIC Collaboration.PACS: 12.38.Aw, 13.87.Ce, 24.85.+p, 25.75.Gz1. INTRODUCTIONFrom the parton model point of view, the opa-ity of heavy nulei to high-energy projetiles entails ahighly nonlinear relation between the parton densitiesof free nuleons and nulei. The trademark of the on-ventional pQCD fatorization theorems for hard inter-ations of leptons and hadrons is that the hard sat-tering observables are linear funtionals of the appro-priate parton densities in the projetile and target [1℄.The parton model interpretation of hard phenomenain ultrarelativisti heavy ion ollisions alls upon theunderstanding of fatorization properties in the non-linear regime. A priori, it is not obvious that nulearparton densities an be de�ned suh that they enterdi�erent observables in a universal manner. Indeed,opaity of nulei brings in a new large sale QA that*E-mail: N.Nikolaev�fz-juelih.de

separates the regimes of opaque nulei and weak atten-uation [2�5℄. Furthermore, for parton momenta belowthe saturation sale QA, the evolution of sea from glu-ons was shown to be dominated by the antiollinear,anti-DGLAP splitting [5℄. In our early studies [5, 6℄,we have demonstrated that suh observables as the am-plitude of the oherent hard di�rative breakup of aprojetile on a nuleus or the transverse momentumdistribution of forward quark and antiquark jets in deepinelasti sattering (DIS) o� a nuleus and/or the seaparton density of nulei an be ast in preisely thesame k?-fatorization form as for a free nuleon tar-get. Spei�ally, this only requires replaing the unin-tegrated gluon struture funtion (SF) of the free nu-leon with the olletive nulear Weizsäker�Williams(WW) unintegrated nulear glue, whih is the expan-sion over the olletive gluon SF of spatially overlap-ping nuleons of a Lorentz-ontrated ultrarelativistinuleus. This exat orrespondene between the BFKL491



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003unintegrated glue of the free nuleon [7℄ and the non-linear olletive WW glue of the nuleus in the alu-lation of these observables is a heartening �nding. Itpersists despite the sea quarks and antiquarks with thetransverse momenta below QA being generated by theantiollinear, anti-DGLAP splitting of gluons into sea,when the transverse momentum of the parent gluons islarger than the momentum of the produed sea quarks.In [5℄, we notied that less inlusive quantities likethe spetrum of leading quarks from the truly inelastiDIS or oherent di�rative breakup o� nulei are non-linear funtionals of the olletive nulear WW glue.Consequently, in the quest for fatorization propertiesof nulear interations, we must go beyond the one-parton observables suh as the amplitude of oherentdi�rative breakup of pions or photons into bak-to-bak dijets, single-jet inlusive ross setion, and/ornulear sea parton density. In this paper, we disussthe truly inelasti hard interation with nulei followedby a breakup of the projetile into forward hard di-jets1). We illustrate our major point in the exam-ple of DIS at small x with a breakup of the (virtual)photon into a hard approximately bak-to-bak dijetwith a small separation in rapidity, suh that the so-alled lightone plus-omponents of the jet momentasum up to the lightone plus-omponent of the pho-ton momentum, i.e., the so-alled x = 1 riterion isful�lled (see, e.g., [10℄ and referenes therein). In thefamiliar ollinear approximation, suh a dijet originatesfrom the photon�gluon fusion �g ! q�q, often referredto as the interation of the unresolved or diret pho-ton. Allowing a transverse momentum of gluons leadsto a disparity of the momenta and to an azimuthaldeorrelation of the quark and antiquark jets, whihan be quanti�ed in DIS o� free protons within the k?-fatorization in terms of the unintegrated gluon SF ofthe target (see [11, 12℄ and referenes therein). A sub-stantial nulear broadening of the unintegrated gluonSF of nulei at small x and of the nulear sea partondistributions [2; 5℄ points at a stronger azimuthal deor-relation of jets produed in DIS o� nulei. Further-more, our �nding of antiollinear, anti-DGLAP split-ting of gluons into sea strongly suggests the ompleteazimuthal deorrelation of forward quark and antiquarkjets with the transverse momenta below the saturationsale, p� . QA. In this paper, we quantify these ex-petations and formulate a nonlinear generalization ofthe k?-fatorization for the inlusive dijet spetrum.The tehnial basis of our approah is the olor-1) Preliminary results of this study have been reported else-where [8, 9℄.

dipole multiple-sattering theory of small-x DIS o� nu-lei [13, 14℄. We derive a onsistent k?-fatorizationdesription of the azimuthal deorrelation of jets interms of the olletive WW unintegrated gluon SFof the nuleus. In this derivation, we losely followour early work [5℄ on the olor-dipole approah tosaturation of nulear partons. We fous on DIS atx . xA = 1=RAmN � 1, whih is dominated by inter-ations of q�q Fok states of the photon. Here,mN is thenuleon mass and RA is the radius of the target nuleusof the mass number A. Nulear attenuation of theseq�q olor dipoles [13, 15℄ quanti�es the fusion of gluonsand sea quarks from spatially overlapping nuleons ofthe Lorentz ontrated nuleus ([16℄, also see [3, 4℄).Here, we also report some of the tehnial details, es-peially on the non-Abelian aspets of propagation ofolor dipoles in nulear matter, whih were omitted inthe letter publiation [5℄.We fous on the genuinely inelasti DIS followedby olor exitation of the target nuleus. For heavynulei, equally important is the oherent di�rativeDIS in whih the target nuleus does not break andis retained in the ground state. Coherent di�rativeDIS makes 50% of the total DIS events at small x[14℄; in these oherent di�rative events, quark andantiquark jets are produed exatly bak-to-bak witha negligibly small transverse deorrelation momentumj�j = jp+ + p�j . 1=RA � m�=A1=3.This paper is organized as follows. We work at theparton level and disuss the transverse momentum dis-tribution of the �nal state quark and antiquark in in-terations of q�q Fok states of the photon with heavynulei. In Se. 2, we set up the formalism with a briefdisussion of the deorrelation of jets in DIS o� freenuleons. In Se. 3, we report the derivation of thegeneral formula for the two-body transverse momen-tum distribution. Color exhange between the initiallyolor-neutral q�q dipole and the nuleons of the targetnuleus leads to intranulear propagation of the olor-otet q�q-states. Our formalism, based on the tehniquedesribed in [17, 18℄, onsistently inludes the di�ra-tive attenuation of otet dipoles and e�ets of transi-tions between olor-singlet and olor-otet q�q pairs, aswell as between di�erent olor states of the q�q pair. Thehard jet�jet inlusive ross setion is disussed in Se. 4.For hard dijets, di�rative attenuation e�ets are weak,and we obtain a nulear k?-fatorizaton formula forthe broadening of azimuthal orrelations between thequark and antiquark jets, whih is reminisent of thatfor a free nuleon target and is still a linear funtionalof the olletive WW gluon SF of the nuleus. We re-late the deorrelation (aoplanarity) momentum to the492



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :nulear saturation sale QA. In Se. 5, working in thelarge-N approximation, we derive our entral result, anonlinear nulear k?-fatorization formula for the in-lusive dijet ross setion, and prove the omplete dis-appearane of the jet�jet orrelation for minijets withthe transverse momentum below the saturation saleQA. In Se. 6, we present numerial estimates for theaoplanarity momentum distribution based on the un-integrated glue of the proton determined in [19℄. Wepoint out a strong enhanement of deorrelations fromthe average to entral DIS and omment on possiblerelevane of our mehanism of azimuthal deorrelationsto the reent observation of the dissolution of the awayjets in entral nulear ollisions at RHIC [20℄. Thenext-to-leading order 1=N2 -orretions to the large-Nresults in Se. 5 are disussed in Se. 7. Here, we de-rive a nonlinear k?-fatorization representation for the1=N2 orretions and establish a lose onnetion be-tween the 1=N2 and higher-twist expansions. In Se. 8,we summarize our prinipal �ndings.Some of the tehnial details are presented in theAppendies. In Appendix A, we present the alula-tion of the matrix of 4-body ross setions that entersthe evolution operator for the intranulear propagationof olor dipoles. In Appendix B, we revisit the single-jet spetrum and total ross setion of DIS o� nuleiand demonstrate how the olor-dipole extension [13, 14℄of the Glauber�Gribov results [21, 22℄ is reovered de-spite a nontrivial spetrum of eigen-ross setions forthe non-Abelian propagation of olor dipoles in the nu-lear matter. The properties of the olletive uninte-grated gluon SF for overlapping nuleons of a Lorentz-ontrated ultrarelativisti nuleus are disussed in Ap-pendix C.2. K?-FACTORIZATION FOR BREAKUP OFPHOTONS INTO FORWARD DIJETS IN DISOFF FREE NUCLEONSWe brie�y reall the olor dipole formulation ofDIS [13; 14; 23�25℄ and set up the formalism in the ex-ample of jet�jet deorrelation in DIS o� free nuleonsat moderately small x, whih is dominated by intera-tions of q�q states of the photon. The total ross setionfor the interation of the olor dipole r with the targetnuleon is given by [26, 27℄�(r) = �S(r)�0 Z d�f(�) �1� ei��r� == 12�S(r)�0 Z d�f(�) �1� ei��r� �1� e�i��r� ; (1)

where �0 is an auxiliary soft parameter and �S is therunning oupling onstant for the gauge group SU(N).The funtion f(�) is normalized as R d�f(�) = 1, �Sis a running oupling onstant for the gauge groupSU(N), related to the BFKL unintegrated gluon SFof the target nuleon F(x; �2) = �G(x; �2)=� ln�2 ([7℄,also see [19, 28℄ for the phenomenology and review) byf(�) = 4�N�0 1�4 F(x; �2): (2)For DIS o� a free nuleon target (see Figs. 1a�d),the total photoabsorption ross setion is given by [13℄�N (Q2; x) = Z dr dzj	(Q2; z; r)j2�(x; r); (3)where 	(Q2; z; r) is the wave funtion of the q�q Fokstate of the photon and Q2 and x are the standard DISvariables. In the momentum representation,d�Ndp+ dz = �02 �S(p2+)(2�)2 �� Z d�f(�) jh�jz;p+i � h�jz;p+ � �ij2 ; (4)where p+ is the transverse momentum of thequark, the antiquark has the transverse momen-tum p� = �p+ + �, and z+ = z and z� = 1 � zare the frations of the photon lightone momentumarried by the quark and antiquark, respetively. Thevariables z� for the observed jets add up to unity,x = z++ z� = 1, whih in the realm of DIS is said tobe the unresolved (or diret) photon interation.Summing over the heliities � and � of the �nalstate quark and antiquark, we obtainjh�jz;pi � h�jz;p� �ij2�=�1 = 2Ne2f�em ��([z2+(1�z)2℄� pp2+"2� p��(p��)2+"2�2�+�=0 ++m2f � 1p2 + "2 � 1(p� �)2 + "2�2�+�=�) (5)for transverse photons and quarks of �avor f andjh�jz;pi � h�jz;p� �ij2�=0 == 8Ne2f�emQ2z2(1� z)2 ��� 1p2 + "2 � 1(p� �)2 + "2�2�+�=� (6)for longitudinal photons, where "2 = z(1� z)Q2 +m2f .493
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ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :We now note that the transverse momentum ofthe gluon is preisely the deorrelation momentum� = p+ + p�, and in the di�erential form, we haved�Ndz dp+d� = �02 �S(p2+)(2�)2 f(�)�� jh�jz;p+i � h�jz;p+ ��ij2 == �S(p2+)2�N F(x;�2)�4 ��jh�jz;p+i�h�jz;p+��ij2 : (7)The small-x result in Eq. (7) shows that in DIS, for-ward dijets aquire their large transverse momentumfrom the intrinsi momentum of the quark and anti-quark in the wave funtion of the projetile photon;hene, it is appropriate to all this proess the breakupof the photon into forward hard dijets. In addition tothe riterion x = 1, the experimental signature of thephoton breakup is a small rapidity separation of for-ward jets, z+ � z�. The perturbative hard sale forour proess is set by Q2h = 4p2+ + Q2 and the gluonSF of the proton enters Eq. (7) at the Bjorken variablex = (4p2+ + Q2)=W 2, where W is the �p enter-of-mass energy. The purpose of our study is an extensionof Eq. (7) to the breakup of photons into dijets in trulyinelasti DIS on nulear targets.3. BREAKUP OF PHOTONS INTO DIJETS ONNUCLEAR TARGETSWe fous on DIS at x . xA = 1=RAmN � 1, whihis dominated by interations of q�q states of the photon.This is a starting term of the leading ln(1=x) expan-sion; extension to interations of higher Fok states ofthe photon and the orresponding ln(1=x) evolution tosmaller x will be disussed elsewhere. For x . xA, thepropagation of the q�q pair inside the nuleus an betreated in the straight-path approximation.We work in the onventional approximation of twot-hannel gluons in DIS o� free nuleons. The rele-vant unitarity uts of the forward Compton satter-ing amplitude shown in Figs. 1a�d desribe the tran-sition from the olor-neutral q�q dipole to the olor-otet q�q pair2). The two-gluon exhange approxima-tion amounts to negleting unitarity onstraints in DISo� free nuleons. As a quantitative measure of uni-tarity orretions, one an take di�rative DIS o� free2) To be more preise, for arbitrary N, the olor-exited q�qpair is in the adjoint representation and quarks are in the fun-damental representation of SU(N); our referene to the olorotet and triplet must not ause any onfusion.

nuleons, whose amplitude is desribed by higher-orderdiagrams in Figs. 1e, f [23, 24, 27℄ and whih is only asmall fration of the total DIS, �D � 1 [29�31℄. Theunitarity uts of the nulear Compton sattering ampli-tude that orrespond to the genuine inelasti DIS witholor exitation of the nuleus are shown in Figs. 1j,k. The diagram in Fig. 1k desribes a onseutive olorexitation of the target nuleus aompanied by theolor-spae rotation of the olor-otet q�q.Let b+ and b� be the impat parameters of thequark and antiquark, respetively, and SA(b+;b�) bethe S-matrix for the interation of the q�q pair with thenuleus. We are interested in the truly inelasti inlu-sive ross setion summed over all exitations of thetarget nuleus when one or several nuleons are olorexited. A onvenient way to sum suh ross setionsis o�ered by the losure relation [21℄. Regarding theolor states km of the qk�qm pair, we sum over all otetand singlet states. Then the 2-jet inlusive spetrum isalulated in terms of the 2-body density matrix asd�indz dp+dp� = 1(2�)4 Z db0+db0�db+db� �� exp[�ip+ � (b+ � b0+)� ip� � (b� � b0�)℄��	�(Q2; z;b0+ � b0�)	(Q2; z;b+ � b�)�� nXA� Xkm h1;AjS�A(b0+;b0�)jA�; kmi ��hkm;A�jSA(b+;b�)jA; 1i �� h1;AjS�A(b0+;b0�)jA; 1ih1;Aj ��SA(b+;b�)jA; 1io: (8)In the integrand in Eq. (8), we subtrated the oher-ent di�rative omponent of the �nal state. We notethat four straight-path trajetories b� and b0� enterthe alulation of the full-�edged 2-body density ma-trix and SA and S�A desribe the propagation of twoquark�antiquark pairs, q�q and q0�q 0, inside a nuleus.The further analysis of the integrand in Eq. (8) is anon-Abelian generalization of the formalism developedby one of the authors (B. G. Z.) for the in-mediumevolution of ultrarelativisti positronium [32℄. Uponthe appliation of the losure relation to sum over nu-lear �nal states A�, the integrand in Eq. (8) an beonsidered as an intranulear evolution operator for the2-body density matrix495



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003XA� Xkm hAjnh1jS�A(b0+;b0�)jkmiojA�i ��hA�jnhkmjSA(b+;b�)j1iojAi == hAj(Xkm h1jS�A(b0+;b0�)jkmi �� hkmjSA(b+;b�)j1i) jAi (9)(for the related disussion, also see Ref. [33℄). Letthe eikonal for the quark�nuleon and antiquark�nuleon QCD gluon exhange interation be T a+�(b)and T a��(b), where T a+ and T a� are the SU(N) gener-ators for the quark and antiquark states, respetively.The vertex Va for exitation of the nuleon, gaN ! N�a ,into the olor otet state is normalized suh that afterappliation of the losure relation, the vertex gagbNNin the diagrams in Figs. 1a�d beomes Æab. In thetwo-gluon exhange approximation, the S-matrix of the(q�q)�nuleon interation is then given bySN (b+;b�) = 1 + i[T a+�(b+) + T a��(b�)℄Va �� 12 [T a+�(b+) + T a��(b�)℄2: (10)The pro�le funtion for the interation of the q�q dipolewith the nuleon is �(b+;b�) = 1� SN (b+;b�). Fora olor-singlet dipole, (T a+ + T a�)2 = 0 and the dipoleross setion for the interation of the olor-singlet q�qdipole with the nuleon equals�(b+ � b�) = 2 Z db+hN j�(b+;b�)jNi == N2 � 12N Z db+[�(b+)� �(b�)℄2: (11)The nulear S-matrix of the straight-path approxima-tion isSA(b+;b�) = AYj=1SN (b+ � bj ;b� � bj);where the ordering along the longitudinal path is un-derstood. We evaluate the nulear expetation valuein (9) in the standard dilute gas approximation. In thetwo-gluon exhange approximation, for eah and everynuleon Nj , only the terms quadrati in �(bj) must bekept in the single-nuleon matrix elementhNj jS�N (b0+ � bj ;b0� � bj)SN (b+ � bj ;b� � bj)jNjithat enters the alulation of S�ASA. Following thetehnique developed in [17, 18℄, we an redue the

alulation of the evolution operator for the 2-bodydensity matrix (9) to the evaluation of the S-mat-rix S4A(b+;b�;b0+;b0�) for the sattering of a �-titious 4-parton state omposed of the two quark�antiquark pairs in the overall olor-singlet state. Be-ause (T a+)� = �T a�, the quarks entering the omplex-onjugate S�A in (9) an be viewed as antiquarks withinthe two-gluon exhange approximation, and thereforeXkm h1jS�A(b0+;b0�)jkmihkmjSA(b+;b�)j1i == Xkmjl ÆklÆmjhkmjljS4A(b0+;b0�;b+;b�)j11i; (12)where S4A(b0+;b0�;b+;b�) is the S-matrix for thepropagation of two quark�antiquark pairs in the overallsinglet state. While the �rst q�q pair is formed by theinitial quark q and antiquark �q at the respetive impatparameters b+ and b�, the quark q0 in the seond q0�q 0pair propagates at the impat parameter b0� and theantiquark �q 0 at the impat parameter b0+. In the initialstate, both quark�antiquark pairs are in olor-singletstates, jini = j11i.We introdue the normalized singlet�singlet andotet�otet statesj11i = 1N (�qq)(�q 0q0);j88i = 2pN2 � 1(�qT aq)(�q 0T aq0); (13)where N is the number of olors and T a are the gen-erators of SU(N) in the fundamental representation.Using the olor Fiertz identity,Ækj Æml = 1N Ækl Æmj + 2Xa (T a)kl (T a)mj ; (14)we an represent the sum (12) over olor states of theprodued quark�antiquark pair asXkm hkmkmjS4A(b0+;b0�;b+;b�)j11i == h11jS4A(b0+;b0�;b+;b�)j11i++pN2 � 1h88jS4A(b0+;b0�;b+;b�)j11i: (15)If �4(b0+;b0�;b+;b�) is the olor-dipole ross se-tion operator for the 4-body state, evaluation of thenulear expetation value for a dilute gas nuleus inthe standard approximation of negleting the size ofolor dipoles ompared to the radius of a heavy nuleusgives [21℄S4A(b0+;b0�;b+;b�) == exp��12�4(b0+;b0�;b+;b�)T (b)� ; (16)496



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :where T (b) = R dbznA(bz;b) is the optial thikness ofthe nuleus at the impat parameter3)b = 14(b+ + b0+ + b� + b0�)and nA(bz;b) is the nulear matter density with thenormalization R dbT (b) = A. Single-nuleon S-mat-rix (10) ontains transitions from the olor-singlet toboth olor-singlet and olor-otet q�q pairs. However,only olor-singlet operators ontribute tohNj jS�N (b0+ � bj ;b0� � bj)SN (b+ � bj ;b� � bj)jNji;and hene the matrix �4(b0+;b0�;b+;b�) only inludestransitions between the j11i and j88i olor-singlet4-parton states; the j18i states are not allowed.The pQCD diagrams for the 4-body ross setionare shown in Fig. 2. It is onvenient to introdues = b+ � b0+; (17)for the variable onjugate to the deorrelation momen-tum, and r = b+ � b�; r0 = b0+ � b0�, in terms ofwhihb+ � b0� = s+ r0; b� � b0+ = s� r;b� � b0� = s� r+ r0: (18)Performing the relevant olor algebra, we �nd (somedetails of the derivation are presented in Appendix A)�11 = h11j�4j11i = �(r) + �(r0); (19)�18 = h11j�4j88i == �(s) + �(s� r+ r0)� �(s+ r0)� �(s� r)pN2 � 1 == ��18(s; r; r0)pN2 � 1 ; (20)�88 = h88j�4j88i = N2 � 2N2 � 1 [�(s) + �(s� r+ r0)℄ ++ 2N2�1 [�(s+r0)+�(s�r)℄� 1N2�1[�(r)+�(r0)℄: (21)The term in (8) that subtrats the ontribution from3) One should not onfuse b with the enter of gravity ofolor dipoles, where the impat parameters b� and b0� mustbe weighted with z�; the di�erene between the two quantitiesis irrelevant here.

di�rative proesses without olor exitation of the tar-get nuleus is given byh1;AjS�A(b0+;b0�)jA; 1ih1;AjSA(b+;b�)jA; 1i == exp��12 [�(r) + �(r0)℄ T (b)� == exp��12�11T (b)� : (22)In the disussion of nulear e�ets, it is onvenientto use the Sylvester expansionexp��12�4T (b)� = exp��12�1T (b)� �4 ��2�1 ��2 ++ exp��12�2T (b)� �4 ��1�2 ��1 ; (23)where �1;2 are the two eigenvalues of the operator �4,�1;2 = 12(�11 + �88)�� 12(�11 � �88)s1 + 4�218(�11 � �88)2 : (24)For the integrand in (8), appliation of the Sylvesterexpansion to (15) givesXA� Xkm h1;AjS�A(b0+;b0�)jA�; kmi �� hkm;A�jSA(b+;b�)jA; 1i �� h1;AjS�A(b0+;b0�)jA; 1ih1;AjSA(b+;b�)jA; 1i == (h11j+pN2 � 1h88j) exp��12�4T (b)� j11i �� exp��12�11T (b)� == exp��12�2T (b)�� exp��12�11T (b)�++�11 ��2�1 ��2 �exp��12�1T (b)�� exp ��12�2T (b)��++ pN2 � 1�18�1 ��2 �exp ��12�1T (b)��� exp ��12�2T (b)�� : (25)4. BREAKING OF PHOTONS INTO HARDDIJETS: A STILL LINEAR NUCLEARk?-FACTORIZATIONDiagonalization of the 2� 2 matrix �4 is a straight-forward task, and therefore tehnially, Eqs. (8) and2 ÆÝÒÔ, âûï. 3 (9) 497
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Fig. 2. The pQCD diagrams for the matrix of olor dipole ross setion for the 4-body (q�q)(q0�q 0) state. The sets a�d ande�h show the diagrams for the sattering without hanging the olor state of the q�q and q0�q 0 dipoles, the set i�l shows onlyhalf of the diagrams for sattering with rotation of the olor state of dipoles(25) allow a diret alulation of the jet�jet inlusiveross setion in terms of the olor dipole ross setion�(r). But evaluation of the 6-fold Fourier transform isa nontrivial task.We �rst note that the di�erene between �2 and�11 = �(r) + �(r0) is of the seond or higher order inthe o�-diagonal �18, see Eq. (24). Consequently, the�rst two lines in Sylvester expansion (25) start withterms proportional to �218, whereas the last line startswith terms proportional to �18. It is then onvenient torepresent (25) as the impulse approximation (IA) termtimes the nulear distortion fator DA(s; r; r0;b),XA� Xkm h1;AjS�A(b0+;b0�)jA�; kmi �� hkm;A�jSA(b+;b�)jA; 1i �� h1;AjS�A(b0+;b0�)jA; 1ih1;AjSA(b+;b�)jA; 1i == T (b)�18(s; r; r0)DA(s; r; r0;b); (26)whene

d�indb dz dp+dp� = 12(2�)4 �� Z ds dr dr0 exp[�i(p+ + p�)s+ ip�(r0 � r)℄��	�(Q2; z; r0)	(Q2; z; r)T (b)���18(s; r; r0)DA(s; r; r0;b): (27)As an introdution to nulear k?-fatorization,we start with forward hard jets with the momentap2� & Q2A, whih are produed from interations withthe target nuleus of small olor dipoles in the inidentphoton suh that di�rative nulear attenuation e�etsan be negleted. We proeed with the formulation ofthe Fourier representations for eah fator in (26). Theappliation of integral representation (1) gives�18(s; r; r0) == [�(s)� �(s+ r0)� �(s� r) + �(s� r+ r0)℄ == �S�0 Z d�f(�)ei��s �1� ei��r0��� �1� e�i��r� : (28)Hard jets orrespond to jrj; jr0j � jsj. Then the twoeigenvalues are �2 � �11 and �1 � �88 � 2��(s) with498



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :� = N2 =(N2 � 1) = CA=2CF , where CF and CA arethe Casimir operators for the fundamental and adjointrepresentations of SU(N). Beause �2 � �11 � 0,only the last term, proportional to �18, must be keptin Sylvester expansion (25), and the nulear distortionfator takes the simple formDA(s; r; r0;b) = 2(�2 ��1)T (b) ���exp ��12�1T (b)�� exp��12�2T (b)�� == 1� exp ��12�1T (b)�12�1T (b) : (29)The Fourier representation for the nulear distortionfatorDA(s; r; r0) is readily obtained from the NSS rep-resentation [5; 6℄ for the nulear attenuation fator,exp ��12�(s)T (b)� == exp [��A(b)℄ exp ��A(b) Z d�f(�)ei��s� == exp [��A(b)℄ 1Xj=0 �jA(b)j! Z d�f (j)(�)ei��s == Z d��(�A(b);�)ei��s; (30)in terms of the nulear WW glue per unit area in theimpat parameter plane, �WW (�A(b);�), de�ned in[5℄,�(�A(b);�) =Xj=0wj(�A(b))f (j)(�) == exp[��A(b)℄f (0)(�) + �WW (�A(b);�): (31)Here, �A(b) = 12�S(r)�0T (b) (32)and wj(�A(b)) = �jA(b)j! exp [��A(b)℄ (33)is the probability of �nding j spatially overlapping nu-leons in a Lorentz-ontrated nuleus, andf (j)(�) = Z jYi=1 d�if(�i)Æ(� � jXi=1 �i);f (0)(�) = Æ(�) (34)

is a olletive gluon �eld of j overlapping nuleons. Asusual, the strong oupling in (32) must be taken at thehardest relevant sale [34℄.The denominator �1 in (29) is problemati fromthe point of view of the Fourier transform but an beeliminated by the integral representation,DA(s) = 1Z0 d� exp ��12��1T (b)� == 1Z0 d� Z d��(2���A(b);�)ei��s: (35)Here, � has the meaning of the fration of the nulearthikness that the q�q pair propagates in the olor otetstate. The introdution of this distortion fator in (27)is straightforward and gives our entral result for thehard jet�jet inlusive ross setion:d�indbdz dp+d� = T (b) Z d��� 1Z0 d��(2���A(b);�� �) d�Ndz dp+d� : (36)Beause r2 � 1=p2+ for hard jets, we must use �S(p2+)in the evaluation of �A(b). For a thin nuleus with�A(b)� 1, we have �(2���A(b);���) = Æ(���),see Eq. (31), and reover the IA resultd�indb dz dp+d� = T (b) d�Ndz dp+d� : (37)Our result (36) for nulear broadening of the aopla-narity momentum distribution of hard dijets an be re-garded as a nulear ounterpart of the k?-fatorizationresult (7) for a free nuleon target.The probabilisti form of onvolution (36) forthe di�erential ross setion on a free nuleon tar-get with the manifestly positively de�ned distribution�(2���A(b);�) an be understood as follows. Hardjets originate from small olor dipoles. Their intera-tion with gluons of the target nuleus is suppressed bythe mutual neutralization of olor harges of the quarkand antiquark in the small-size olor-singlet q�q state,whih is manifest from the small ross setion for a freenuleon target, see Eq. (7). The �rst inelasti intera-tion inside the nuleus onverts the q�q pair into theolor-otet state in whih olor harges of the quarkand antiquark do not neutralize eah other, resatter-ings of the quark and antiquark in the olletive olor�eld of intranulear nuleons beome unorrelated, andthe broadening of the momentum distribution with nu-lear thikness follows a probabilisti piture.499 2*



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 20035. NONLINEAR NUCLEARk?-FACTORIZATION FOR BREAKUP OFPHOTONS INTO SEMIHARD DIJETS:LARGE-N APPROXIMATIONWe an now relax the hardness restrition and on-sider semihard dijets, jp�j � QA. In this setion, wegive a onsistent treatment of this ase in the ven-erable large-N approximation. Our formulation anbe alled a nonlinear nulear generalization of the k?-fatorization.The ruial point is that in the large-N approxi-mation, �2 = �11 = �(r) + �(r0), and therefore onlythe last term in Sylvester expansion (25) ontributes tothe jet�jet inlusive ross setion. The nulear distor-tion fator is still given by Eq. (29), but for �nite �2.Slightly generalizing (35) and using�1 = �(s) + �(s+ r0 � r); (38)we an reast the distortion fator in the formDA(s; r; r0;b) == 1Z0 d� exp��12[��1 + (1� �)�2℄T (b)� == 1Z0 d� exp��12(1� �)[�(r) + �(r0)℄T (b)��� exp��12�[�(s) + �(s+ r0 � r)℄T (b)� ; (39)where the di�erent exponential fators admit a simpleinterpretation. The �rst and the seond desribe theintranulear distortion of the inoming olor-singlet q�qand q0�q 0 dipole state, whereas the last two fators de-sribe the distortion of the outgoing olor-otet (q�q)and (q0�q 0) states. Appliation of the NSS representa-tion [6℄ to the attenuation fators in (39) yieldsDA(s; r; r0;b) == 1Z0 d� Z d�1�((1� �)�A(b);�1) exp(�i�1 � r)�� Z d�2�((1� �)�A(b);�2) exp(i�2 � r)�� Z d�3�(��A(b);�3) exp[i�3 � (s+ r0 � r)℄�� Z d�4�(��A(b);�4) exp(i�4 � r): (40)The integral representation in (39) furnishes two im-portant tasks: it removes �1 � �2 from the denomi-nator in (25) and gives the Fourier transform (40) of

the nulear distortion fator as a produt of manifestlypositive-de�nite nulear WW gluon distributions. Fi-nally, the jet�jet inlusive ross setion takes the formd�indb dz dp�d� = 12(2�)2�S�0T (b)�� 1Z0 d� Z d�1d�2d�3d�f(�) ���(��A(b);�� �3 � �)�(��A(b);�3)���((1� �)�A(b);�1)�((1� �)�A(b);�2)��fh�jz;p�+�2 + �3i�h�jz;p�+�2+�3 + �ig��fhz;p�+�1+�3j�i�hz;p�+�1+�3+�j�ig == 12(2�)2�S�0T (b) 1Z0 d� Z d�3d�f(�) ���(��A(b);�� �3 � �)�(��A(b);�3)�� �����Z d�1�((1� �)�A(b);�1)��fh�jz;p� + �1 + �3i�� h�jz;p� + �1 + �3 + �ig�����2: (41)This is our entral result for the inlusive ross se-tion of the photon breakup into dijets on nulei. Itdemonstrates how the broadening of the transverse mo-mentum distribution of dijets is uniquely alulable interms of the olletive WW glue of a nuleus and assuh must be regarded as a nonlinear k?-fatorizationfor the inlusive dijet ross setion.The last form of (41) shows learly that the inte-grand is manifestly positive-valued. Returning to (39)and (40), we an identify the onvolution of the ol-letive nulear WW glue �((1� �)�A(b);�1) with thephoton wave funtions in the last form in (41) as an ef-fet of distortions of the photon wave funtion when theq�q pair propagates in the state that is still olor-singlet.We �nally onsider the limiting ase wherejp�j; j�j . QA. In our analysis [5℄ of the singlepartile spetrum, we disovered that the transversemomentum distribution of sea quarks is dominatedby antiollinear, anti-DGLAP splitting of gluons intosea when the transverse momentum of the parentgluons is larger than the momentum of sea quarks.As stated in the Introdution, this strongly suggests aomplete azimuthal deorrelation of forward minijetswith the transverse momenta below the saturationsale, p� . QA. Our analysis of f (j)(�) in AppendixC shows that for the average DIS on realisti nulei,500



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :Q2A does not exeed several (GeV/)2, and henethis regime is a somewhat aademi one (see Se. 6,however). We nevertheless assume that QA is so largethat jets with p� . QA are measurable.We note that j�ij � QA, and we an there-fore neglet p� in the photon wave funtions andthe deorrelation momentum � in the argument of�(��A(b);�� �3 � �). The approximation�����Z d�1�((1� �)�A(b);�1) fh�jz;p� + �1 + �3i�� h�jz;p� + �1 + �3 + �ig�����2 �� ���h�jz;�3i � h�jz;�3 + �i���2 (42)is then justi�ed in (41). The prinipal point is that theminijet�minijet inlusive ross setion is independentof either the minijet or the deorrelation momentum,whih proves the disappearane of the azimuthal deor-relation of minijets with the transverse momentum be-low the saturation sale.6. AZIMUTHAL DECORRELATION OF DIJETSIN DIS OFF NUCLEI: NUMERICALESTIMATESThe azimuthal deorrelation of two jets is quan-ti�ed by the mean transverse aoplanarity momen-tum squared h�2?(b)i, where �? is transverse to theaxis of the jet with the higher momentum (Fig. 3).Here, we present numerial estimates for hard dijets,
�? p+ p��

Fig. 3. The de�nition of the dijet on�gurations on-sidered and of the transverse omponent of the aopla-narity momentum�?

jp+j � QA. The onvolution property of hard dijetross setion (35) suggests thath�2?(b)iA = 8<:ZC dp��2? d�Ndz dp+dp�9=;��8<:ZC dp� d�Ndz dp+dp�9=;�1 �� h�2?(b)iA + h�2?iN ; (43)where h�2?iN refers to DIS on a free nuleon andh�2?(b)iA is the nulear broadening term:h�2?(b)iA = 8<:ZC d��2?�(2���A(b);�)9=;��8<:ZC d��(2���A(b);�)9=;�1 : (44)The sign ��� in (43) re�ets the kinematial limita-tions C on p� and � in the pratial evaluation of theaoplanarity distribution. In a typial �nal state shownin Fig. 3, it is the harder jet with the larger transversemomentum that de�nes the jet axis, and the aopla-narity momentum� is de�ned in terms of omponentsof the momentum of the softer jet with respet to thataxis, see, e.g., [20℄. For de�niteness, we present numeri-al estimates for the Gedanken experiment in whih welassify an event as a dijet if the quark and antiquarkare produed in di�erent hemispheres, i.e., if the az-imuthal angle ��� between the two jets is below �=2,the quark jet has �xed jp+j, and the antiquark jet hasa higher transverse momentum, jp+j . jp�j . 10jp+j(in the disussion of the experimental data, one oftenrefers to the higher momentum jet as the trigger jetand the softer jet as the away jet [20℄).The free-nuleon quantity h�2?iN is evaluated fromEq. (43) with free nuleon ross setion (7). For evalua-tion purposes, we an start with the small-� expansionfor exitation of hard (p2+ � "2 = z(1 � z)Q2), light�avor dijets from transverse photons,d�Ndz dp+d� � 1� e2f�em�S(p2+) �z2 + (1� z)2��� 1�4 �G(x;�2)� ln(�2) �2("2 + p2+)("2 + p2+ +�2) : (45)The form of the last fator in (45) only mimis its le-501



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003veling o� at �2 & p2+, see Eq. (7). In the denominatorof (43), we then �nd the typial logarithmi integral1� �Z0 d� p2+Z d�2�2 �G(x;�2)� ln�2 = G(x;p2+); (46)to be ompared with the numerator of the form1� �Z0 d� sin2 � p2+Z d�2 �G(x;�2)� ln�2 �� 12p2+F(x;p2+): (47)More aurate numerial estimates for the seletion ri-teria of our Gedanken experiment suggest the numeri-al fator � 0:7 in (47); the expressionh�2?iN = 8<:Zp+ dp��2? d�Ndz dp+dp�9=;��8<:Zp+ dp� d�Ndz dp+dp�9=;�1 �� 0:7F(x;p2+)G(x;p2+)p2+ (48)orretly desribes the numerial results shown inFig. 4. As far as the dijets are hard, p2+ & z(1�z)Q2 �� 14Q2, the aoplanarity momentum distribution is in-dependent of Q2, whih holds even better if we on-sider �T + �L. This point is illustrated in Fig. 4,where we show h�2?iN at z = 1=2 for several values ofQ2. Beause of this weak dependene on Q2, we makeno distintion between DIS and real photoprodution,Q2 = 0, in what follows.In pratial evaluations of the nulear ontributionh�2?(b)iA, we an use the expliit expansion1Z0 d��(2���A(b);�) = 1Xj=0wA(b; j)f (j)(�) == 1Xj=0 1j! (j + 1; 2��A(b))2��A(b) f (j)(�); (49)where (j; x) = xZ0 dyyj�1e�yis the inomplete gamma-funtion. The properties ofthe olletive glue for j overlapping nuleons, f (j)(�),

are presented in Appendix C. For a heavy nuleus,Eq. (49) an be approximated by its integrand at� � 1=2, i.e., by �(��A(b);�). A slightly moreaurate evaluation of the numerially important no-broadening ontribution from j = 0 gives1Z0 d��(2���A(b);�) � wA(b; 0)Æ(�) ++ (1� wA(b; 0)) 1� �Q2A(b)(�2 + �Q2A(b))2 ; (50)where Q2A is given by Eq. (108) andwA(b; 0) = 1� exp[��A(b)℄�A(b) (51)is the probability of the no-broadening ontribution,whih is still substantial for realisti nulei. In ourGedanken experiment, h�2?(b)iA must be evaluatedover the onstrained phase spae C, �? � jp+j and�L > 0, and analyti parameterization (50) givesh�2?(b)iA � �Q2A(b)�� 24 ln tg��4 + 12 artg p+p�QA(b)��� p+q�Q2A(b) + p2+35�� (1�wA(b; 0))q�Q2A(b)+p2+wA(b; 0)q�Q2A(b)+p2++(1�wA(b; 0))p+ : (52)We reall that (43) and (52) must only be used forjp+j � QA(b).For the average DIS o� heavy nulei, the referenevalue is hQ2Au(b)i = 0:9 (GeV/)2, see Appendix C.The atomi mass number dependene of the nulearbroadening h�2?iA for jets with p+ = 4 GeV/ in theaverage DIS o� nuleus is shown in Fig. 5. The prin-ipal reason why h�2?iA is numerially small omparedto hQ2Au(b)i is that even for suh a heavy nuleus as197Au, the no-broadening probability in the averageDIS is large, hwAu(b; 0)i � 0:5. Comparison of the freenuleon broadening h�2?iN in Fig. 4 with the nulearontribution h�2?(b)iA in Fig. 5 shows that the nulearmass number dependene of the azimuthal deorrela-tion of dijets in the average DIS o� nulei is relativelyweak.However, nulear broadening is substantiallystronger for a subsample of entral DIS events at502
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Fig. 4. The mean aoplanarity momentum squared h�2?iN for DIS o� a free nuleon target with prodution of trigger jetswith the transverse momentum higher than p+ for several values of Q2. The numerial results are for x = 0:01 and theinput unintegrated gluon struture of the proton is taken from Ref. [19℄
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Fig. 5. The atomi mass number dependene of nu-lear broadening ontribution, h�2?(b)iA, to the meanaoplanarity momentum squared for real photoprodu-tion o� nulei at x = 0:01. The input unintegratedgluon SF of the proton is taken from Ref. [19℄b � 0. In Fig. 6, we show the dependene of the�-averaged nulear broadening h�2?(b)iA on the
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Fig. 6. The impat parameter dependene of the nu-lear broadening ontribution, h�2?(b)iA, to the meanaoplanarity momentum squared from peripheral DIS ata large impat parameter to the entral DIS at b = 0for several values of the away jet momentum p+. Thenumerial results are for x = 0:01 and the input uninte-grated gluon SF of the proton is taken from Ref. [19℄impat parameter at several values of p+ for thegold, 197Au, target. There are two related soures503



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003of the p+ dependene of h�2?(b)iA. First, beauser; r0 � 1=p+ for hard dijets, the strong ouplingenters Eqs. (33) and (108) as �S(p2+). Then forhard jets, �A(b) / �S(p2+) and wA(b = 0; 0) risessubstantially with p+ in the region of p+ of pratialinterest, 1 . p+ . 5�10 GeV/, where the strongoupling varies rapidly. For a nuleus with the massnumber A = 200, it rises from wA(b = 0; 0) � 0:12 atp+ = 2 GeV/ to � 0:20 at 4 GeV/, and to � 0:25at p+ = 10 GeV/ (see [39℄ for the nulear densityparameterization). Seond, for the same reason that�A(b) / �S(p2+), the ontribution from large j in (49),and hene Q2A(b), diminishes gradually with risingp+, proportionally to �S(p2+)=�S(Q2A). In the regionp+ . 10 GeV/ of pratial interest, we �nd thath�2?(b)iA � Q2A(b).We now ompare the numerial results in Figs. 5and 6 for p+ = 4 GeV/ and the 197Au target. Aord-ing to Eq. (109) in Appendix C,Q2A(0) = �43 � 2� hQ2A(b)i: (53)The no-broadening probability wA(b = 0; 0) � 0:20for entral DIS is substantially smaller thanhwAu(b; 0)i � 0:5 for average DIS. In onjuntionwith (53), this entails an enhanement of h�2?(b)iAby the fator 2.5�3 from the average to entral DIS.The same point is illustrated by the expetationvalue of j in (49) for the Au target: for jets withp+ = 4 GeV/, it dereases by the fator about 3 fromhj(b = 0)i = 2:86 to hjiA = 0:87 from the entral toaverage DIS.One an enhane Q2A and the nulear ontribu-tion h�2?(b)iA even further by seleting the DIS eventswhere the photon breaks up into a q�q pair on the frontfae of the nuleus, whih in the language of (36) or-responds to the ontribution from � ! 1, see the dis-ussion of (49). Experimentally, preisely suh eventsare isolated by seleting very large multipliities or veryhigh transverse energies of the seondary partiles pro-dued (see [20℄ and referenes therein). Equation (36)then shows (also see the disussion of the � � 1=2 ap-proximation in (49)) that for a very high multipliityentral DIS o� the Au nuleus, Q2A � 2:5 GeV2 is quitefeasible. Equation (52) shows that for suh a largeQ2A � 2:5 GeV2 and p+ = 5�10 GeV/ of pratial in-terest, h�2?(b = 0)i grows slower than proportionally toQ2A, and therefore the value of h�2?(b = 0)i for a high-multipliity entral DIS o� Au nuleus is enhaned bythe fator 4�5 from h�2?iAu for the average DIS.We have an overall good understanding of gross fea-tures of nulear azimuthal deorrelations in DIS o� nu-

lei. We now omment on the reent �nding by theSTAR ollaboration of the disappearane of a bak-to-bak high-p? hadron orrelation ourring in pass-ing from peripheral to entral gold�gold ollisions atRHIC [20℄. Our experiene with appliation of the olordipole formalism to hard hadron�nuleus interations[17℄ suggests that our analysis of aoplanarity of for-ward hard jets an be generalized to mid-rapidity jets.This only requires hoosing an appropriate system ofdipoles, for instane, the open heavy �avor produtionan be treated in terms of the intranulear propaga-tion of the gluon�quark�antiquark system in the over-all olor-singlet state. At RHIC energies, jets withmoderately large p? are mostly due to gluon�gluonollisions. In our language, this an be treated as abreakup of gluons into dijets, and azimuthal deorrela-tion of hard jets must be disussed in terms of intranu-lear propagation of olor-otet gluon�gluon dipoles.For suh gluon�gluon dipoles, the relevant saturationsale Q28A is larger than that for the quark�antiquarkdipoles by the fator 2� = CA=CF = 9=4 [24℄. Ar-guably, distortions in the target and projetile nuleiadd up in entral nuleus�nuleus ollisions and the ef-fetive thikness of nulear matter is about twie thatin DIS. The results shown in Fig. 5 then suggest thatfor entral gold�gold ollisions, the nulear broaden-ing of gluon�gluon dijets ould be quite substantial,h�2?(b = 0)iAuAu � 3�4 (GeV/)2 for the average en-tral Au�Au ollisions and even twie larger if ollisionsour at the front surfae of the olliding nulei.The prinipal e�et of nulear broadening is a re-dution of the probability of observing bak-to-bakjets, P (b) / h�2?iNh�2?(b)iA + h�2?iN ; (54)where h�2?iN is to be ompared to h�2?(b)iA: Equa-tion (48) for the free nuleon ase also holds for thegluon�gluon ollisions. The results shown in Fig. 3 thenentail that h�2?iN � h�2?(0)iAuAu � 3�4 (GeV/)2 atthe jet momentum p+ = pJ = 6�8 GeV/ and our nu-lear broadening beomes substantial for all jets withp+ below the deorrelation threshold momentum pJ . Inpratie, the STAR ollaboration studied the azimuthalorrelation of two high-p? hadrons; for a quantitativeorrespondene between the STAR observable and theazimuthal deorrelation in the parent dijet, one mustmodel the fragmentation of jets into hadrons (see [35℄for the modern fragmentation shemes). We note herethat the uto� p+ in our Gedanken experiment is re-lated to the momentum uto� pT;min of the assoiatedtraks from the away jet, whereas our jet of the momen-504



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :tum p� an be regarded as a ounterpart of the triggerjet of STAR. The STAR uto� pT = 2 GeV/ orre-sponds to parent jets with the transverse momentump+ � (2�3)pT = 4�6 GeV/, whih is omparable to, oreven smaller than the deorrelation threshold momen-tum pJ = 6�8 GeV/. Equation (54) then suggests thatin the kinematis of STAR, the probability to observethe bak-to-bak away and trigger jets approximatelyredues to half, and perhaps even stronger, from pe-ripheral to entral Au�Au ollisions, and our azimuthaldeorrelation may therefore substantially ontribute tothe STAR e�et.In pratial onsideration of azimuthal deorrela-tions in entral heavy ion ollisions, the above distor-tions of the produed jet�jet inlusive spetrum due tointerations with the nuleons of the target and proje-tile ions must be omplemented by resatterings of theparent high-p? partons on the abundantly produedseondary hadrons. Our nulear deorrelation e�etmust be dominant and reinterations with seondarypartiles must be marginal in pA ollisions, where weexpet h�2?(0)ipAu � 1:5 (GeV/)2 for entral ollisionsand even h�2?(0)ipAu � 3 (GeV/)2 is feasible for en-tral ollisions in the regime of � ! 1, i.e., with thelimiting high multipliity.7. NUCLEAR k?-FACTORIZATION FOR 1=N2CORRECTIONS TO THE PHOTONBREAKUPHaving established nulear k?-fatorization prop-erties of the dijet ross setion to the leading or-der of the large-N approximation, we turn to the1=N2 -orretions and demonstrate that with one sim-ple exeption, the 1=N2 -expansion an be regarded asthe higher-twist expansion. The two soures of the1=N2 -orretions to the nulear distortion fator arehigher-order terms in the o�-diagonal �18 matrix ele-ment and the terms proportional to 1=(N2 � 1) in �88,Eq. (21). We note that �88 an be deomposed as�88 = �(s) + �(s� r+ r0) + 2�18(s; r; r0)N2 � 1 ++ �(s) + �(s� r+ r0)� �(r)� �(r0)N2 � 1 == N2N2 � 1[�(s) + �(s� r+ r0)℄ + 2�18(s; r; r0)N2 � 1 �� ��88(r; r0)N2 � 1 ; (55)

where ��88(r; r0) = �(r) + �(r0) (56)and we exatly reabsorbed one part of the 1=N2 -or-retion into the leading large-N term of �88 by salingit with the olor fator �.After some algebra, we �ndh11jS4A(b0+;b0�;b+;b�)j11i == exp��12[�(r) + �(r0)℄T (b)�++ �218(s; r; r0)T 2(b)4(N2 � 1) 1Z0 d� �Z0 d�1 �� exp��12(1� � + �1)[�(r) + �(r0)℄T (b)��� exp��12(���1)[�(s)+�(s�r+r0)℄T (b)� : (57)The �rst term in (57) is aneled by the subtrationof oherent di�rative term (22) in (8) and (25), andtherefore only the subleading term in (57), proportionalto 1=(N2 � 1), ontributes to the dijet ross setion.Evaluation of orretions to the leading term of theSylvester expansion is somewhat more ompliated,pN2 � 1h88jS4A(b0+;b0�;b+;b�)j11i == 12�18(s; r; r0)T (b)�� " 1Z0 d� exp��12�[�(r) + �(r0)℄T (b)��� exp��12(1� �)�88T (b)�++ �218(s; r; r0)T 2(b)4(N2 � 1) 1Z0 d� �Z0 d�1 �1Z0 d�2 �� exp��12(� � �1 + �2)[�(r) + �(r0)℄T (b)��� exp��12(1��+�1��2) �� [�(s)+�(s�r+r0)℄T (b)�#: (58)The �rst term in (58) ontains the attenuation fa-tor, where �88 is still the exat diagonal matrix ele-ment, and we must isolate the leading term and the1=(N2 � 1)-orretion,505



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003exp��12(1� �)�88T (b)� == exp��12(1� �)�[�(s) + �(s� r+ r0)℄T (b)����1� (1� �)�18(s; r; r0)T (b)N2 � 1 ++(1� �)��88(r; r0)T (b)2(N2 � 1) � : (59)The fundamental reason why the di�erent omponentsof the seond term, proportional to 1=(N2 � 1), inEq. (21) are treated di�erently is that the NSS repre-sentation [6℄ with a positive-valued Fourier transformholds only for attenuating exponentials of the dipoleross setion. The related expansion for the rising ex-ponential exp[ 12�(r)T (b)℄ an easily be written, but itsFourier transform is a sign-osillating expansion,exp �12�(s)T (b)� == exp [2�A(b)℄ 1Xj=0(�1)jwj(�A(b)) �� Z d�f (j)(�) exp(i� � s): (60)Therefore, ombining the two exponentials with simi-lar exponents proportional to [�(r) + �(r0)℄ in the �rstterm of (57) is not guaranteed, beause the sign of theexponent hanges from attenuation to growth in theourse of the � integration,�[�(r) + �(r0)℄� 1N2 � 1(1� �)��88(r; r0) == N2 � � 1N2 � 1 [�(r) + �(r0)℄; (61)and it is advisable to work with the perturbative ex-pansion in (59).The �nal result for the nulear absorption fator tothe auray 1=(N2 � 1) is given byDA(s; r; r0;b) = D(1)A (s; r; r0;b) +D(2)A (s; r; r0;b) ++D(3)A (s; r; r0;b)+D(4)A (s; r; r0;b)+D(5)A (s; r; r0;b);whereD(1)A (s; r; r0;b) = �18(s; r; r0)T (b)2(N2 � 1) 1Z0 d� �Z0 d�1�� exp��12(1� � + �1)[�(r) + �(r0)℄T (b)��� exp��12(���1)[�(s)+�(s�r+r0)℄T (b)� ; (62)

D(2)A (s; r; r0;b) = �218(s; r; r0)T 2(b)4(N2 � 1) 1Z0 d� �Z0 d�1 �� �1Z0 d�2 exp��12(� � �1 + �2)[�(r) + �(r0)℄T (b)��� exp��12(1��+�1��2) �� [�(s)+�(s�r+r0)℄T (b)� ; (63)
D(3)A (s; r; r0;b) = ��18(s; r; r0)T (b)N2 � 1 1Z0 d�(1� �)�� exp��12�[�(r) + �(r0)℄T (b)��� exp��12(1��)�[�(s)+�(s�r+r0)℄T (b)� ; (64)
D(4)A (s; r; r0;b) = ��88(r; r0)T (b)2(N2 � 1) 1Z0 d�(1� �)�� exp��12�[�(r) + �(r0)℄T (b)��� exp��12(1��)�[�(s)+�(s�r+r0)℄T (b)� ; (65)D(5)A (s; r; r0;b) == 1Z0 d� exp��12(1� �)[�(r) + �(r0)℄T (b)��� exp��12�[�(s) + �(s+ r0 � r)℄T (b)� : (66)Equation (66) is the leading large-N result, Eqs. (62)and (63) desribe ontributions to the dijet ross se-tion of the seond and third order in the o�-diagonalmatrix element �18, and Eqs. (64) and (65) ome fromexpansion (59).As an illustration of salient features of the1=(N2 � 1)-orretions, we expose the ontributionfrom the �rst term (62) in detail. Following theonsiderations in Ses. 4 and 5, we readily obtain506



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :d��(1)indb dz dp�d� = �2S�20T 2(b)4(2�)2(N2 � 1) 1Z0 d� �Z0 d�1 �� Z dq1dq2d�3f(q1)f(q2)���((� � �1)�A(b);�� �3 � q1 � q2)���((� � �1)�A(b);�3)�� �����Z d�1�((1� � + �1)�A(b);�1)��nh�jz;p�+�1+�3i� h�jz;p�+�1+�3+q1i�� h�jz;p� + �1 + �3 + q2i++ h�jz;p� + �1 + �3 + q1 + q2io�����2: (67)Of partiular interest is the large-jp�j behavior of (67).We note that for p2� � Q2A(b), we an neglet �1;3 inthe argument of the photon wave funtion, and heneZ d�1�((1� � + �1)�A(b);�1)��nh�jz;p�+�1+�3i� h�jz;p�+�1+�3+q1i�� h�jz;p� + �1 + �3 + q2i++ h�jz;p� + �1 + �3 + q1 + q2io �� nh�jz;p�i � h�jz;p� + q1i � h�jz;p� + q2i++ h�jz;p� + q1 + q2io; (68)where we used the normalization propertyZ d�1�((1� � + �1)�A(b);�1) = 1:Next, we an readily verify thatZ d�3�((� � �1)�A(b);�� �3 � q1 � q2)���((� � �1)�A(b);�3) == �((� � �1)�A(b);�� q1 � q2): (69)Inidentally, by a similar analysis of the onset ofthe high-p+ limit, one would obtain the linear nuleark?-fatorization (36) for hard dijets from the nonlinearnulear k?-fatorization (41).The ombination of the photon wave funtionsin (68) orresponds to the seond �nite di�erene in

q1 and q2, and therefore for jets with p2� � "2, wehave the estimate���h�jz;p�i � h�jz;p� + q1i+ h�jz;p� + q2i �� h�jz;p� + q1 + q2i���2 � ���h�jz;p�i���2 q21q22(p2�)2 ; (70)whih shows that the ontribution to the dijet rosssetion from terms of the seond order in �218 is thehigher twist orretion. Compared to the leading large-N ross setion, it ontains extra R dq2 q22f(q2) andan extra power of �S�0T (b), whih ombine to pre-isely the dimensional nulear saturation sale Q2A(b),see Eq. (52), suh that the resulting suppression fa-tor is d��(1)ind�in � 1(N2 � 1) Q2A(b)p2� : (71)As far as the expansion in higher inverse powers ofthe hard sale p2� is onerned, ��(1)in has the formof a higher twist orretion. In the retrospet, weobserve that the prinipal approximation (68) in theabove derivation for hard dijets amounts to puttingjrj; jr0j � jsj in the attenuation fators in the �; �1integrand in (62). But the exat r; r0-dependene mustbe retained in the prefator �18(s; r; r0), beause it van-ishes if either r = 0 or r0 = 0. It is preisely the latterproperty that provides the �nite-di�erene struture ofthe ombination of the photon wave funtions in (67)and (68) and is behind the higher twist property (71)of the 1=(N2 � 1)-orretion.The seond term, Eq. (63), gives the orretiond��(2)indb dz dp�d� = �3S�30T 3(b)8(2�)2(N2 � 1) 1Z0 d� �Z0 d�1 �� �1Z0 d�2 Z dq1dq2dq3d�3f(q1)f(q2)f(q3)���((1��+�1��2)�A(b);���3�q1�q2�q3)���((1� � + �1 � �2)�A(b);�3)�� �����Z d�1�((� � �1 + �2)�A(b);�1)��nh�jz;p�+�1+�3i� h�jz;p�+�1+�3+q1i��h�jz;p�+�1+�3+q2i+h�jz;p�+�1+�3+q1+q2i��h�jz;p�+�1+�3+q3i+h�jz;p�+�1+�3+q3+q1i++h�jz;p� + �1 + �3 + q3 + q2i �� h�jz;p� + �1 + �3 + q1 + q2 + q3j�io�����2: (72)507



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003The ombination of the photon wave funtions in (72)orresponds to the third �nite derivative in q1;2;3.Starting from (72), we an readily repeat the analy-sis that leads to estimate (71). Alternatively, we antake the simpli�ed form of the attenuation fators, asexplained below Eq. (71). Either way, we �nd that theontribution from third-order terms in �18 is of an evenhigher twist and has the smallnessd��(2)ind�in � 1N2 � 1 �Q2A(b)p2� �2 : (73)
Apart from a slight di�erene in the struture ofthe � integrations, orretion (64) is not di�erent fromd��(1) in Eq. (68),d��(3)indb dz dp�d� = � �2S�20T 2(b)4(2�)2(N2 � 1) 1Z0 d�(1� �)�� Z dq1dq2d�3f(q1)f(q2)���((1� �)��A(b);�� �3 � q1 � q2)���((1� �)��A(b);�3)�� �����Z d�1�(�)�A(b);�1)��nh�jz;p�+�1+�3i� h�jz;p�+�1+�3+q1i�� h�jz;p� + �1 + �3 + q2i++ h�jz;p� + �1 + �3 + q1 + q2io�����2: (74)Consequently, the same estimate (71) is also valid ford��(3).The orretion d��(4) requires a bit more srutiny.It ontains a produt of the �rst and seond �nitederivatives of the photon wave funtion,

d��(4)indb dz dp�d� = �2S�20T 2(b)2(2�)2(N2 � 1) 1Z0 d�(1� �)�� Z dq1dq2d�1d�2d�3f(q1)f(q2)�(��A(b);�1)���(��A(b);�2)���((1� �)��A(b);�� �3 � q1 � q2)���((1� �)��A(b);�3)�� nh�jz; �jz;p� + �1 + �3i �� h�jz; �jz;p� + �1 + �3 + q1io��nh�jz;p�+�1+�3i� h�jz;p�+�1+�3+q1i�� h�jz;p� + �1 + �3 + q2i++ h�jz;p� + �1 + �3 + q1 + q2io; (75)and in the interesting ase of hard dijets,d��(4)indb dz dp�d� = �2S�20T 2(b)2(2�)2(N2 � 1) 1Z0 d�(1� �)�� Z dq1dq2f(q1)f(q2)�(2(1��)��A(b);��q1�q2)�� nh�jz; �jz;p�i � h�jz; �jz;p� + q1io�� nh�jz;p�i � h�jz;p� + q1i �� h�jz;p� + q2i+ h�jz;p� + q1 + q2io: (76)The leading term of the small-q1;2 expansion of theprodut of the photon wave funtions in (74) is aquadrati funtion of q1 and a linear funtion of q2of the formjh�jz;p�ij2 (p� � q1)2(p� � q2)p6� : (77)The leading nonvanishing term omes from the expan-sion of the nulear WW glue,�(2(1� �)��A(b);�� q1 � q2)���(2(1� �)��A(b);�) �� �(2(1� �)��A(b);�)�� � � (q1 + q2)2(1� �)�Q2A(b) +�2 : (78)Namely, upon the azimuthal averaging of (77) in on-juntion with (78), we �nd the leading nonvanishingterm of the form 2(p�q2)(�q2) ! (p��)q22, andtherefore d��(4)ind�in � 1N2 � 1 p� ��p2� ; (79)508



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :whih is reminisent of a higher twist-3 orretion.To summarize, nonlinear nulear k?-fatorizationallows a onsistent evaluation of the 1=N2 -orretions.We demonstrated how the expansion in 1=(N2 � 1)omes along with a higher twist expansion. One ex-eption is the reabsorption of one of the terms propor-tional to 1=(N2 � 1) in �88 into the renormalizationof the leading term in �88 by the N-dependent fator�. We onlude this disussion by a omment thatall the arguments in Se. 5 regarding the disappear-ane of azimuthal orrelations of minijets hold for the1=N2 -orretions as well.8. SUMMARY AND CONCLUSIONSWe formulated the theory of the breakup of photonsinto dijets in DIS o� nulear targets based on the on-sistent treatment of propagation of olor dipoles in nu-lear medium. The non-Abelian intranulear evolutionof olor dipoles gives rise to a nontrivial spetrum ofthe attenuation eigenvalues, but the familiar Glauber�Gribov multiple-sattering results are reovered for thenulear total ross setions. However, in more speialases like DIS in whih the photon breaks up into olor-singlet dijets, the ross setion depends on the ompletespetrum of the attenuation eigenstates.We derived the nulear broadening of the aopla-narity momentum distribution in the breakup of pho-tons into dijets, see Eqs. (35) and (41). Our prinipal�nding is that all nulear DIS observables � the ampli-tude of oherent di�rative breakup into dijets [6℄, nu-lear sea quark SF and its deomposition into equallyimportant genuine inelasti and di�rative omponentsperformed in [5℄, and the jet�jet inlusive ross se-tion derived in the present paper � are uniquely al-ulable in terms of the NSS-de�ned olletive nulearWW glue. This property an be regarded as a nu-lear k?-fatorization theorem that onnets DIS inthe regimes of low and high density of partons. For thegeneri dijet ross setion, nulear k?-fatorization is ofa highly nonlinear form, whih must be ontrasted tothe linear hard fatorization for the free nuleon target.This result is derived to the leading order in large N;the further evaluation of the 1=N2 -orretions shows alose relation between the 1=N2 and high-twist expan-sions. Furthermore, the 1=N2 -orretions themselvesadmit the nonlinear nulear k?-fatorization represen-tation.We demonstrated the disappearane of azimuthaljet�jet orrelations of minijets with momenta belowthe saturation sale. Based on the ideas on genera-

lization of the dipole piture to hadron�nuleus olli-sions [17; 18℄, we presented qualitative estimates of thebroadening e�et for mid-rapidity jets produed in en-tral nuleus�nuleus ollisions and argued that our az-imuthal deorrelation may ontribute substantially tothe disappearane of bak-to-bak high-p? hadron or-relation in entral gold�gold ollisions observed by theSTAR ollaboration at RHIC [20℄.We onlude by the omment that all the resultsfor hard single-jet and jet�jet inlusive ross setionsan be readily extended from DIS to the breakupof projetile hadrons into forward jets. Indeed, asargued in [6℄, the �nal state interation between the�nal state quark and antiquark an be negleted andthe plane-wave approximation beomes appliable assoon as the invariant mass of the forward jet systemexeeds a typial mass sale of prominent mesonand baryon resonanes. Here, we on�ne ourselvesto the statement that although our prinipal pointabout a nonlinear nulear k?-fatorization is fullyretained, we �nd important distintions between thebreakup of pointlike photons and nonpointlike hadronsThis work has been partly supported by the INTAS(grants Nos. 97-30494 and 00-00366) and the DFG(grant No. 436RUS17/119/02).APPENDIX ACalulation of the 4-body olor dipole rosssetionThe Feynman diagrams for the matrix of 4-partondipole ross setion �4(s; r; r0), Eqs. (19)�(21), areshown in Fig. 2. The pro�le funtion for the olor-singlet q�q pair is given by the diagrams in Figs. 2a�d,2�(Figs. 2a�d; (q�q)1N ;b+;b�) == 1N Æab �[�2(b+) + �2(b�)℄Tr(T aT b) �� 2�(b+)�(b�)Tr(T aT b)	 == N2 � 12N [�(b+)� �(b�)℄2 ; (80)whih has already been ited in the main text,Eq. (11). Upon adding the ontribution from diagramsin Figs. 2e�h, we obtain the obvious result in Eq. (19).The olor-diagonal ontribution of the same dia-509



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003grams to the interation of the olor-otet q�q pair withthe nuleon is given by2�(Figs. 2a�d; (q�q)8N ;b+;b�) == 2N2 � 1Æab �[�2(b+) + �2(b�)℄Tr(T T aT bT )��2�(b+)�(b�)Tr(T T aT T b)	 = N2 � 12N �����2(b+)+�2(b�)�+ 2N2�1�(b+)�(b�)� : (81)The ontribution to the matrix element h88j�4j88i fromolor-diagonal interations of the q0�q 0 pair is obtainedfrom (81) by the substitution b� ! b0�,�4(Figs. 2a�d+Figs. 2e�h; (88)N ;b+;b�;b0+;b0�) == �(Figs. 2a�d; q�q)8N ;b+;b�) ++ �(Figs. 2a�d; q�q)8N ;b0+;b0�): (82)The diagrams in Figs. 2i�l desribe proesses witholor-spae rotation of the q�q pair,2�4(Figs. 2i�l; (88)N ! (88)N ;b+;b�;b0+;b0�) == 8N2 � 1Æab ���(b+)�(b0�) + �(b�)�(b0+)� ��Tr(T T aT d)Tr(T T bT d)�� ��(b+)�(b0+) + �(b�)�(b0�)��� Tr(T T aT d)Tr(T dT bT )	 == �N2 � 1N � 2N2 � 1 ��(b+)�(b0�) + �(b�)�(b0+)�++N2 � 2N2 � 1 ��(b+)�(b0+) + �(b�)�(b0�)�� : (83)The (11)N ! (88)N transition matrix elementomes from the diagrams in Figs. 2i�l,2�4(Figs. 2i�l; (11)N ! (88)N ;b+;b�;b0+;b0�) == 4NpN2 � 1Æab ���(b+)�(b0�) + �(b�)�(b0+)� ��Tr(T T a)Tr(T T b)�� ��(b+)�(b0+) + �(b�)�(b0�)�Tr(T T a)Tr(T T b)	 == N2 � 1N 1pN2 � 1 ���(b+)�(b0�) + �(b�)�(b0+)��� ��(b+)�(b0+) + �(b�)�(b0�)�	 : (84)Upon the rearrangement�2�(bi)�(bj) = [�(bi)� �(bj)℄2 � �2(bi)� �2(bj);we an readily verify that the terms proportional to�2(bi) anel eah other, and the 4-body ross setionmatrix ontains only linear ombinations of �(bi�bj),reall a disussion in [24℄.

APPENDIX BNon-Abelian vs. Abelian aspets ofintranulear propagation of olor dipoles andthe Glauber�Gribov formalismThe intranulear propagation of olor-otet q�q pairsis part and parel of the omplete formalism for DIS o�nuleus. It is interesting to reover the quasi-Abelianolor-dipole results for the nulear ross setions [13; 14℄that are of the Glauber�Gribov form [21, 22℄. We�rst onsider the total inelasti ross setion obtainedfrom (8) upon the integration over the transverse mo-menta p� of the quark and antiquark, whih amountsto putting b+ = b0+ and b� = b0�. Then we are leftwith the system of two olor dipoles of the same sizer = b+ � b� = r0 = b0+ � b0�, and the matrix of the4-body ross setion has the eigenvalues�1 = 0; (85)�2 = 2N2N2 � 1�(r) (86)with the eigenstatesjf1i = 1N (j11i+pN2 � 1j88i); (87)jf2i = 1N (pN2 � 1j11i � j88i): (88)The existene of the nonattenuating 4-quark state with�1 = 0 is quite obvious and orresponds to an overlapof two q�q dipoles of the same size with neutralizationof olor harges. The existene of suh a nonattenu-ating state is shared by an Abelian and non-Abelianquark�gluon interation. The intranulear attenuationeigen-ross setion (86) di�ers from �(r) for the olor-singlet q�q pair by the nontrivial olor fator2� = 2N2 =(N2 � 1) = CA=CF ;whih ours beause the relevant 4-parton state is inthe olor otet�(anti)otet on�guration.The ruial point is that the �nal state that en-ters the alulation of the genuine inelasti DIS o� anuleus, see Eq. (15), is preisely the eigenstate jf1i.Then, even without invoking Sylvester expansion (23)510



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :and (25), the straightforward result for the inelastiross setion is�in = Z dr dz j	(Q2; z; r)j2 Z db���Nhf1j exp��12�4T (b)� j11i � exp [��(r)T (b)℄� == Z dbh�j�exp ��12�1T (b)�� exp [��(r)T (b)℄��� j�i = Z dbh�j f1� exp [��(r)T (b)℄g j�i; (89)whih is preisely the olor-dipole generalization [14℄of the Glauber�Gribov formula [21, 22℄ in whih notrae of a non-Abelian intranulear evolution with thenontrivial attenuation eigenstate (88) with eigen-rosssetion (86) is left.When the photon breaks into a olor-singlet q�q di-jet, the net �ow of olor between the q�q pair and olor-exited debris of the target nuleus is zero. This sug-gests that a rapidity gap an survive hadronization,although whether the rapidity gap in genuine inelas-ti events with the olor-singlet q�q prodution is stableagainst higher-order orretions remains an interestingopen issue. Although the debris of the target nuleushave zero net olor harge, the debris of olor-exitednuleons are spatially separated by a distane of theorder of the nulear radius, whih suggests the totalexitation energy of the order of 1 GeV times A1=3,suh that suh rapidity-gap events look like a doubledi�ration with multiple prodution of mesons in thenuleus fragmentation region (see [36℄ for the theoreti-al disussion of onventional mehanisms of di�rationexitation of nulei in proton�nuleus ollisions; the ex-perimental observation has been reported in [37℄). Assuh, inelasti exitation of olor-singlet dijets is distin-guishable from quasielasti di�rative DIS followed byexitation and breakup of the target nuleus withoutprodution of seondary partiles.Using the Sylvester expansion (23)�(25) and eigen-states (87) and (88), we readily obtain�in(A�(q�q)1) = Z db�� h�j�1� exp [��(r)T (b)℄�� N2 � 1N2 �1� exp��12�2T (b)��� j�i; (90)

�in(A�(q�q)8) = N2 � 1N2 �� Z dbh�j�1� exp��12�2T (b)�� j�i: (91)These expressions depend on the entire non-Abelianspetrum of attenuation eigenstates.Several features of the result in (90) are notewor-thy. First, the olor neutralization of the q�q pair af-ter the �rst inelasti interation requires at least onemore seondary inelasti interation, and the expan-sion of the integrand of �in(A�(q�q)1) starts with theterm quadrati in the optial thikness,�1� exp [��(r)T (b)℄� N2 � 1N2 �� �1� exp��12�2T (b)��� == 12(N2 � 1)�2(r)T 2(b) + : : : (92)Seond, in the large-N limit, the olor-otet statetends to osillate in olor remaining in the otet state.This is learly seen from (92). Third, in the limit of anopaque nuleus,�in(A�(q�q)1) = 1N2 �� Z dbh�j f1� exp [��(r)T (b)℄g j�i == 1N2 �in: (93)This remains a onstant fration of DIS in ontrast tothe quasielasti di�rative DIS or inelasti di�rativeexitation of a nuleus, whose ross setions vanish foran opaque nuleus [14; 36℄.The analysis of the single-parton, alias single-jet,inlusive ross setion is quite similar. In this ase, weintegrate over the momentum p� of the antiquark jetsuh that b0� = b�. The orresponding matrix �4 hasthe eigenvalues �1 = �(r� r0); (94)�2 = N2N2 � 1 [�(r) + �(r0)℄� 1N2 � 1�(r� r0) (95)with exatly the same eigenstates jf1i and jf2i as givenby Eqs. (87) and (88). Again, the ross setion of the511



N. N. Nikolaev, W. Shäfer, B. G. Zakharov, V. R. Zoller ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003genuine inelasti DIS orresponds to the projetion onthe eigenstate jf1i, and hened�indb dp dz = 1(2�)2 Z dr0dr exp[ip � (r0 � r)℄��	�(Q2; z; r0)	(Q2; z; r)���exp��12�1T (b)�� exp ��12 [�(r)+�(r0)℄T (b)�� == 1(2�)2 Z dr0dr exp[ip � (r0 � r)℄��	�(Q2; z; r0)	(Q2; z; r)���exp ��12�(r � r0)T (b)��� exp��12[�(r) + �(r0)℄T (b)�� ; (96)whih is preisely Eq. (10) in [5℄.At this point, we emphasize that for the fundamen-tal reason that the relevant �nal state is preisely theeigenstate jf1i, the alulations of the integrated inelas-ti ross setion (89) and of the one-partile inlusiveinelasti spetrum (96) are essentially Abelian prob-lems, and the �nal result in (96) is idential, apart froma very di�erent notation, to that for the propagationof relativisti positronium in dense media derived byone of the authors [32℄. As an be seen from inspe-tion of the relevant four-parton states, all ontributionsfrom the propagation of olor-otet dipoles anel, andthe results an be obtained from studying the propa-gation of olor-singlet dipoles without any referene tothe full ross setion matrix �4. Our formalism makesthese anellations niely expliit. These quasi-Abelianproblems have also been studied in [2; 38℄.APPENDIX CWeizsäker�Williams glue of spatiallyoverlapping nuleonsAording to [5, 6℄, the multiple onvolutionsf (j)(�2) have the meaning of the olletive uninte-grated gluon SF of j nuleons at the same impatparameter suh that their Weizsäker�Williams gluon�elds overlap spatially in a Lorentz-ontrated nuleus.These onvolutions an also be viewed as a randomwalk in whih f(�2) desribes the single walk distribu-tion.To the lowest order in pQCD, the large-�2 behavioris f(�2) / �S(�2)=�4. The phenomenologial study ofthe di�erential glue of the proton in [19℄ suggests a use-ful large-�2 approximation f(�2) / 1=(�2) with the

exponent  � 2 (a loser inspetion of numerial re-sults in [19℄ gives  � 2:15 at x = 10�2). The QCDevolution e�ets enhane f(�2) at large �2, the smallerx, the stronger the enhanement.Beause f(�2) dereases very slowly, we enountera manifestly non-Gaussian random walk. For instane,as argued in [6℄, a j-fold walk to large �2 is realized byone large walk, �21 � �2, aompanied by j � 1 smallwalks. We simply quote the main result in [6℄,f (j)(�2) = jf(�2) �1 + 4�2(j � 1)2N�0�2 G(�2)� ; (97)where G(�2) is the onventional integrated gluon SF.Then the hard tail of unintegrated nulear glue perbound nuleon,fWW (b;�2) = �WW (�A(b);�2)=�A(b);an be alulated parameter-free,fWW (b;�2) = 1�A(b) 1Xj=1wj(�A(b))jf (j)(�2)�� �1 + 4�22N�0�2 (j � 1)G(�2)� == f(�2) �1 + 2�22�S(r)T (b)N�2 G(�2)� : (98)In the hard regime, the di�erential nulear glue isnot shadowed; furthermore, beause of the manifestlypositive-valued and model-independent nulear highertwist orretion, it exhibits a nulear antishadowingproperty [6℄.We now present the arguments in favor of the sal-ing small-�2 behaviorf (j)(�2) � 1Q2j � �2Q2j ! � 1� Q2j(�2 +Q2j )2 (99)with Q2j � jQ20: (100)In the evolution of f (j)(�2) with j at moderate �2,f (j+1)(�2) = Z dk f(k2)f (j)((� � k)2); (101)the funtion f(k2) is steep ompared to the smooth and512



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Nonlinear k?-fatorization for forward dijets : : :broad funtion f (j)((��k)2), and we an therefore ex-pandf (j)((�� k)2) = f (j)(�2) + df (j)(�2)d�2 [k2 � 2� � k℄ ++ 12 df (j)(�2)(d�2)2 4(� � k)2 =)=) f (j)(�2) + k2 �df (j)(�2)d�2 + �2 d2f (j)(�2)(d�2)2 � == f (j)(�2) + k2 dd�2 ��2 df (j)(�2)d�2 � ; (102)where �=)� indiates azimuthal averaging. The ex-pansion (102) holds for k2 . Q2j , and after the dk in-tegration in (101), we obtainf (j+1)(�2) == f (j)(�2) + g(j) dd�2 ��2 df (j)(�2)d�2 � ; (103)where g(j) = Q2jZ dkk2f(k2) = 4�2N�0G(Q2j ): (104)It is a smooth funtion of j. It is easy to verify thatour approximation preserves the normalization ondi-tion R d�f (j)(�2) = 1.For small �2 and large j, reurrene relation (104)amounts to the di�erential equationQ2j+1 �Q2jQ2j+1Q2j = 1Q4j dQ2jdj = � 1Q4j �0(0)�(0) g(j) (105)with the solutionQ2j = ��0(0))�(0) jZ dj0g(j0) � �jg(j)�0(0)�(0) : (106)Expansion (102) holds up to the terms proportional to�2 and its di�erentiation at �2 = 0 gives a similar on-straint on the j-dependene of Q2j .We note that expansion of the plateau with j entailsa dilution of the di�erential olletive glue f (j)(�2) inthe plateau region,f (j)(�2 . Q2j ) / 1=Q2j / 1=j:We onlude by the observation that when extendedto �2 & Q2j , the parameterization in (101) and (100)behaves as jQ20=(�2)2, whih niely mathes the j-dependene of the leading twist term in the hardasymptoti form (99).
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