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ÎÁÙÅÅ ÒÎ×ÍÎÅ �ÅØÅÍÈÅ Ó�ÀÂÍÅÍÈÉÝÉÍØÒÅÉÍÀ�ÄÈ�ÀÊÀ Ñ ÊÎÑÌÎËÎ�È×ÅÑÊÈÌ ×ËÅÍÎÌÂ ÎÄÍÎ�ÎÄÍÎÌ Ï�ÎÑÒ�ÀÍÑÒÂÅÂ. À. Æåëíîðîâè÷ *Èíñòèòóò ìåõàíèêè Ìîñêîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ì. Â. Ëîìîíîñîâà119192, Ìîñêâà, �îññèÿÏîñòóïèëà â ðåäàêöèþ 29 ìàÿ 2003 ã.Ïîëó÷åíî îáùåå òî÷íîå ðåøåíèå ñèñòåìû óðàâíåíèé Äèðàêà è óðàâíåíèé Ýéíøòåéíà ñ êîñìîëîãè÷åñêèì÷ëåíîì â îäíîðîäíîì ðèìàíîâîì ïðîñòðàíñòâå ïåðâîãî òèïà ïî êëàññè�èêàöèè Áèàíêè.PACS: 04.40.Nr, 04.20.Jb1. ÂÂÅÄÅÍÈÅÏðè èíòåãðèðîâàíèè óðàâíåíèé Ýéíøòåéíà�Äè-ðàêà ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ äâóìÿ òðóäíîñòÿìè.Ïåðâàÿ � ÷èñòî òåõíè÷åñêàÿ òðóäíîñòü � ñâÿçà�íà ñ òåì, ÷òî óðàâíåíèÿ Ýéíøòåéíà�Äèðàêà ïðåä�ñòàâëÿþò ñîáîé ñëîæíóþ ñèñòåìó íåëèíåéíûõ äè���åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõâòîðîãî ïîðÿäêà äëÿ 24 íåèçâåñòíûõ �óíêöèé. Íåêî�òîðûå ÷àñòíûå òî÷íûå ðåøåíèÿ [1�6℄ óðàâíåíèé Ýéí�øòåéíà�Äèðàêà â îäíîðîäíûõ ïðîñòðàíñòâàõ ðàíååóäàâàëîñü ïîëó÷èòü òîëüêî äëÿ äèàãîíàëüíûõ ìåò�ðèê ðèìàíîâà ïðîñòðàíñòâà ñîáûòèé.Âòîðàÿ òðóäíîñòü íîñèò ïðèíöèïèàëüíûé õàðàê�òåð è ñâÿçàíà ñ òåì, ÷òî ñïèíîðíûå ïîëåâûå �óíê�öèè  â ðèìàíîâîì ïðîñòðàíñòâå ñîáûòèé ìîæíîîïðåäåëèòü òîëüêî â íåêîòîðûõ íåãîëîíîìíûõ îðòî�íîðìèðîâàííûõ áàçèñàõ (òåòðàäàõ), êîòîðûå äîëæ�íû áûòü çàäàíû, èëè, êàê ãîâîðÿò, íåîáõîäèìà êà�ëèáðîâêà òåòðàä. Òàêèõ êàëèáðîâîê èçâåñòíî î÷åíüìíîãî è ðàçíûå àâòîðû ïðåäëàãàëè ðàçëè÷íûå êà�ëèáðîâêè. Âñå ýòè êàëèáðîâêè èëè íåèíâàðèàíòíûîòíîñèòåëüíî ïðåîáðàçîâàíèÿ ïåðåìåííûõ ñèñòåìûêîîðäèíàò íàáëþäàòåëÿ, èëè çàïèñûâàþòñÿ â âè�äå äè��åðåíöèàëüíûõ óðàâíåíèé, ÷òî ïðèâîäèò êóñëîæíåíèþ èñõîäíîé ñèñòåìû óðàâíåíèé.Ñ �èçè÷åñêîé òî÷êè çðåíèÿ âñå êàëèáðîâêè ðàâ�íîñèëüíû, òàê êàê óðàâíåíèÿ Ýéíøòåéíà�Äèðàêàèíâàðèàíòíû îòíîñèòåëüíî âûáîðà òåòðàä. Ñ ìàòå�*E-mail: zhelnor�ime.msu.ru

ìàòè÷åñêîé æå òî÷êè çðåíèÿ èñïîëüçîâàíèå ïëîõîéêàëèáðîâêè (ò. å. äîáàâî÷íûõ óðàâíåíèé, çàìûêàþ�ùèõ óðàâíåíèÿ Ýéíøòåéíà�Äèðàêà) ìîæåò ñèëüíîóñëîæíèòü óðàâíåíèÿ, à èñïîëüçîâàíèå õîðîøåé êà�ëèáðîâêè ìîæåò äàòü ñóùåñòâåííîå óïðîùåíèå óðàâ�íåíèé.Ñ òðóäíîñòüþ ðàçóìíîé êàëèáðîâêè òåòðàäâî ìíîãîì ñâÿçàíî òî îáñòîÿòåëüñòâî, ÷òî âïðåäûäóùèõ ðàáîòàõ ðåøåíèÿ óðàâíåíèé Ýéíøòåé�íà�Äèðàêà áûëè ïîëó÷åíû òîëüêî äëÿ äèàãîíàëü�íûõ ìåòðèê � äëÿ òàêèõ ìåòðèê âåêòîðû áàçèñàãîëîíîìíîé ñèñòåìû êîîðäèíàò îðòîãîíàëüíû èïîýòîìó âîçìîæåí åñòåñòâåííûé âûáîð òåòðàä,ñâÿçàííûõ ñ îðòîãîíàëüíûì ãîëîíîìíûì áàçèñîìðèìàíîâà ïðîñòðàíñòâà.Â ýòîé ðàáîòå èñïîëüçóåòñÿ íîâàÿ êàëèáðîâêà [7℄òåòðàä, êîòîðàÿ ÿâëÿåòñÿ àëãåáðàè÷åñêîé è â òî æåâðåìÿ �îðìóëèðóåòñÿ èíâàðèàíòíûì îáðàçîì. Èñ�ïîëüçîâàíèå ýòîé êàëèáðîâêè ïîçâîëÿåò óìåíüøèòü÷èñëî íåèçâåñòíûõ �óíêöèé â óðàâíåíèÿõ Ýéíøòåé�íà�Äèðàêà íà øåñòü åäèíèö, ñîõðàíÿÿ èíâàðèàíò�íîñòü óðàâíåíèé îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñè�ñòåìû êîîðäèíàò íàáëþäàòåëÿ.Ñ èñïîëüçóåìîé çäåñü êàëèáðîâêîé òåòðàä âñåóðàâíåíèÿ çàïèñûâàþòñÿ â âèäå óðàâíåíèé ïåðâîãîïîðÿäêà òîëüêî äëÿ äâóõ èíâàðèàíòîâ ñïèíîðíîãîïîëÿ è ñèìâîëîâ âðàùåíèÿ �è÷÷è ñîáñòâåííûõ âåê�òîðíûõ áàçèñîâ, îïðåäåëÿåìûõ ñïèíîðíûì ïîëåì.Óðàâíåíèÿ Äèðàêà ïðåâðàùàþòñÿ ïîñëå êàëèáðîâêèòåòðàä â óðàâíåíèÿ äëÿ ñèìâîëîâ âðàùåíèÿ �è÷÷è èäëÿ èíâàðèàíòîâ ñïèíîðíîãî ïîëÿ, ïðè÷åì â óðàâíå�707



Â. À. Æåëíîðîâè÷ ÆÝÒÔ, òîì 125, âûï. 4, 2004íèÿ Äèðàêà ñèìâîëû âðàùåíèÿ �è÷÷è âõîäÿò ëèíåé�íî è áåç ïðîèçâîäíûõ. Ïîýòîìó îêàçûâàåòñÿ, ÷òî âîäíîðîäíîì ðèìàíîâîì ïðîñòðàíñòâå óðàâíåíèÿ Äè�ðàêà çàìûêàþò ñèñòåìó óðàâíåíèé Ýéíøòåéíà äëÿñèìâîëîâ âðàùåíèÿ �è÷÷è áåç èñïîëüçîâàíèÿ äîïîë�íèòåëüíûõ óðàâíåíèé. Â ýòîì ñëó÷àå ìîæíî ñíà÷àëàèíòåãðèðîâàòü óðàâíåíèÿ ïåðâîãî ïîðÿäêà äëÿ ñèì�âîëîâ âðàùåíèÿ �è÷÷è è èíâàðèàíòîâ ñïèíîðíîãîïîëÿ, à çàòåì èíòåãðèðîâàòü óðàâíåíèÿ òîæå ïåðâî�ãî ïîðÿäêà äëÿ òåòðàäíûõ êîý��èöèåíòîâ (êîý��è�öèåíòîâ Ëàìå).Ñ ýòèìè äâóìÿ îáñòîÿòåëüñòâàìè � óìåíüøåíè�åì ÷èñëà íåèçâåñòíûõ �óíêöèé íà øåñòü åäèíèö èâîçìîæíîñòüþ èíòåãðèðîâàòü óðàâíåíèÿ âòîðîãî ïî�ðÿäêà â äâà ýòàïà � ñâÿçàíî ñóùåñòâåííîå óïðîùå�íèå óðàâíåíèé Ýéíøòåéíà�Äèðàêà, áëàãîäàðÿ ÷åìóîêàçûâàåòñÿ âîçìîæíûì ïîëó÷àòü íîâûå òî÷íûå ðå�øåíèÿ ýòèõ óðàâíåíèé.Îáùåå òî÷íîå ðåøåíèå óðàâíåíèé Ýéíøòåé-íà�Äèðàêà â îäíîðîäíîì ðèìàíîâîì ïðîñòðàíñòâåïåðâîãî òèïà ïî êëàññè�èêàöèè Áèàíêè ïîëó÷åíî âðàáîòàõ [7�9℄. Â ïîñëåäíåå âðåìÿ ïîÿâèëèñü íîâûåðàáîòû, â êîòîðûõ îáñóæäàþòñÿ ìîäåëè, îïèñûâà�åìûå óðàâíåíèÿìè Ýéíøòåéíà ñ êîñìîëîãè÷åñêèì÷ëåíîì (â òîì ÷èñëå è ñî ñïèíîðíûìè ïîëÿìè). Âñâÿçè ñ ðàñòóùèì èíòåðåñîì ê èçó÷åíèþ ðîëè êîñ�ìîëîãè÷åñêîãî ÷ëåíà â íàñòîÿùåé ðàáîòå ïîëó÷åíîîáùåå òî÷íîå ðåøåíèå ñèñòåìû óðàâíåíèé Äèðàêàè óðàâíåíèé Ýéíøòåéíà ñ êîñìîëîãè÷åñêèì ÷ëåíîìâ îäíîðîäíîì ðèìàíîâîì ïðîñòðàíñòâå.2. ÑÏÈÍÎ�ÍÛÅ ÏÎËß Â×ÅÒÛ�ÅÕÌÅ�ÍÎÌ �ÈÌÀÍÎÂÎÌÏ�ÎÑÒ�ÀÍÑÒÂÅÏóñòü V � ÷åòûðåõìåðíîå ðèìàíîâî ïðîñòðàí�ñòâî ñ ñèãíàòóðîé ìåòðèêè (+;+;+;�), îòíåñåííîåê ñèñòåìå êîîðäèíàò ñ ïåðåìåííûìè xi è ñ ãîëîíîì�íûì âåêòîðíûì áàçèñîì Ýi, i = 1, 2, 3, 4. Ìåòðè÷å�ñêèé òåíçîð ïðîñòðàíñòâà V çàäàäèì â áàçèñå Ýi êî�âàðèàíòíûìè êîìïîíåíòàìè gij , ñâÿçíîñòü îïðåäåëÿ�åòñÿ ñèìâîëàìè Êðèñòî��åëÿ �sij . Â ïðîñòðàíñòâåV ââåäåì ãëàäêîå ïîëå îðòîíîðìèðîâàííûõ áàçèñîâ(òåòðàä) ea(xi) (a = 1, 2, 3, 4) â âèäåea = hiaÝi; Ýi = hiaea; (1)ãäå hia, hia � êîý��èöèåíòû Ëàìå. Èíäåêñû êîì�ïîíåíò òåíçîðîâ, âû÷èñëÿåìûõ â áàçèñå Ýi, áóäåìîáîçíà÷àòü äàëåå ëàòèíñêèìè áóêâàìè i, j, k; : : : , àèíäåêñû êîìïîíåíò òåíçîðîâ, âû÷èñëÿåìûõ â îðòî�íîðìèðîâàííûõ áàçèñàõ ea, � ïåðâûìè áóêâàìè ëà�òèíñêîãî àë�àâèòà a, b, , d, e, f .

Äè��åðåíöèàë âåêòîðîâ îðòîíîðìèðîâàííîãîáàçèñà ea(xi) îïðåäåëÿåòñÿ ñèìâîëàìè âðàùåíèÿ�è÷÷è dea = �i;abebdxi, êîòîðûå âûðàæàþòñÿ ÷åðåçêîý��èöèåíòû Ëàìå�i;a = 12�hj��ihja��jhia��hja��ihj��jhi�++ hibhjahs��jhsb � �shjb��: (2)Çäåñü �i = �=�xi.Îïðåäåëèì â ðèìàíîâîì ïðîñòðàíñòâå V ñïèíîð�íîå ïîëå ïåðâîãî ðàíãà  (xi), çàäàííîå êîíòðàâàðè�àíòíûìè êîìïîíåíòàìè  A(xi) (A = 1, 2, 3, 4) â îð�òîíîðìèðîâàííûõ áàçèñàõ ea(xi). Æîíãëèðîâàíèåñïèíîðíûìè èíäåêñàìè ïðîâîäèòñÿ ïî �îðìóëàì A = eAB B ,  A = eAB B ; â êîòîðûõ E = keABk,E�1 = keABk � êîâàðèàíòíûå è êîíòðàâàðèàíò�íûå êîìïîíåíòû ìåòðè÷åñêîãî ñïèíîðà, îïðåäåëÿå�ìûå óðàâíåíèÿìèTa = �EaE�1; ET = �E: (3)Çäåñü T � ñèìâîë òðàíñïîíèðîâàíèÿ, a � ÷åòûðåõ�ìåðíûå ìàòðèöû Äèðàêà, ïî îïðåäåëåíèþ óäîâëå�òâîðÿþùèå óðàâíåíèþab + ba = 2gabI;ãäå I � åäèíè÷íàÿ ÷åòûðåõìåðíàÿ ìàòðèöà,kgabk = diag(1; 1; 1;�1) � êîâàðèàíòíûå êîìïîíåí�òû ìåòðè÷åñêîãî òåíçîðà â îðòîíîðìèðîâàííîìáàçèñå ea.Îïðåäåëèì òàêæå ñîïðÿæåííîå ñïèíîðíîå ïîëåêîâàðèàíòíûìè êîìïîíåíòàìè  + = k +Ak ñ ïîìî�ùüþ ñîîòíîøåíèÿ  + = _ T�, â êîòîðîì òî÷êà íàäáóêâîé îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå; èíâàðè�àíòíûé ñïèíîð âòîðîãî ðàíãà � îïðåäåëÿåòñÿ óðàâ�íåíèÿìè _Ta = ��a��1; _�T = �: (4)×åòûðåõêîìïîíåíòíîå ñïèíîðíîå ïîëå  â îáùåìñëó÷àå èìååò äâà âåùåñòâåííûõ èíâàðèàíòà �, �, êî�òîðûå ìîæíî îïðåäåëèòü ñ ïîìîùüþ óðàâíåíèÿ� exp(i�) =  + + i +5 ; (5)ãäå 5 = 124"abdabd;"abd � êîìïîíåíòû ÷åòûðåõìåðíîãî ïñåâäîòåíçîðàËåâè�×èâèòà "1234 = �1. Ïðè ïîìîùè ñïèíîðíî�ãî ïîëÿ  è ñîïðÿæåííîãî ñïèíîðíîãî ïîëÿ  + â708



ÆÝÒÔ, òîì 125, âûï. 4, 2004 Îáùåå òî÷íîå ðåøåíèå óðàâíåíèé Ýéíøòåéíà�Äèðàêà : : :ðèìàíîâîì ïðîñòðàíñòâå V ìîæíî îïðåäåëèòü ñîá�ñòâåííûé îðòîíîðìèðîâàííûé âåêòîðíûé áàçèñ �eañïèíîðíîãî ïîëÿ:�e1 = �iÝi; �e2 = �iÝi; �e3 = �iÝi; �e4 = uiÝi:Êîìïîíåíòû âåêòîðîâ �i, �i, �i, ui çàäàþòñÿ ñîîòíî�øåíèÿìè [7; 10℄��i = Im( TEi ); ��i = Re( TEi );��i =  +i5 ; �ui = i +i ; (6)â êîòîðûõ ñïèíòåíçîðû i = hiaa óäîâëåòâîðÿþòóðàâíåíèþ ij + ji = 2gijI:Î÷åâèäíî, ÷òî êîý��èöèåíòû Ëàìå �hia, ñîîòâåò�ñòâóþùèå ñîáñòâåííîìó áàçèñó �ea, îïðåäåëÿþòñÿìàòðèöåé �hia = �1 �1 �1 u1�2 �2 �2 u2�3 �3 �3 u3�4 �4 �4 u4 : (7)Åñëè ñïèíòåíçîðû a, E, � çàäàòü â âèäå1 =  0 0 0 i0 0 i 00 �i 0 0�i 0 0 0 ; 3 =  0 0 i 00 0 0 �i�i 0 0 00 i 0 0  ;2 = 0 0 0 10 0 �1 00 �1 0 01 0 0 0 ; 4 = 0 0 i 00 0 0 ii 0 0 00 i 0 0 ;E =  0 1 0 0�1 0 0 00 0 0 �10 0 1 0  ; � = 0 0 1 00 0 0 11 0 0 00 1 0 0 ;
(8)

òî êîìïîíåíòû ñïèíîðà  , âû÷èñëÿåìûå â ñîáñòâåí�íîì áàçèñå �ea, îïðåäåëÿþòñÿ èíâàðèàíòàìè �, � ñëå�äóþùèì îáðàçîì [7; 10℄:� 1 = 0; � 2 = ir12� exp� i2�� ;� 3 = 0; � 4 = ir12� exp�� i2�� : (9)

Êàê èçâåñòíî, êîâàðèàíòíûå ïðîèçâîäíûå ñïè�íîðíûõ ïîëåé  ,  + â ðèìàíîâîì ïðîñòðàíñòâå îïðå�äåëÿþòñÿ ñîîòíîøåíèÿìè [11℄rs = �s � 14�s;ijij ;rs + = �s + + 14 +�s;ijij : (10)Äëÿ êîâàðèàíòíûõ ïðîèçâîäíûõ ñïèíîðíûõ ïîëåé ,  + ñïðàâåäëèâû óðàâíåíèÿrs = �12I�s ln ��125�s��14 ��s;ijij� ;rs + =  +�12I�s ln ��125�s�+14 ��s;ijij� : (11)Çäåñü èíâàðèàíòû ñïèíîðíîãî ïîëÿ îïðåäåëå�íû óðàâíåíèåì (5), ñèìâîëû âðàùåíèÿ �è÷÷è,��i;jk = �hbj�hk ��i;b, ñîîòâåòñòâóþò ñîáñòâåííûì áàçè�ñàì ñïèíîðíîãî ïîëÿ è âû÷èñëÿþòñÿ ïî �îðìóëå��s;ij = 12��irs�j � �jrs�i + �irs�j � �jrs�i ++ �irs�j � �jrs�i � uirsuj + ujrsui�: (12)Ñîîòíîøåíèÿ (11) â ÷åòûðåõìåðíîì ïñåâäîåâêëè�äîâîì ïðîñòðàíñòâå ïîëó÷åíû â ðàáîòàõ [7; 12℄. Ñîîò�íîøåíèÿ (11) â ðèìàíîâîì ïðîñòðàíñòâå ïîëó÷àþòñÿèç ñîîòâåòñòâóþùèõ ñîîòíîøåíèé â ïñåâäîåâêëèäî�âîì ïðîñòðàíñòâå çàìåíîé ÷àñòíûõ ïðîèçâîäíûõ íàêîâàðèàíòíûå. Ñîîòíîøåíèÿ (11) âûïîëíÿþòñÿ òîæ�äåñòâåííî â ñèëó îïðåäåëåíèé âåëè÷èí �, �, ��s;ij .3. Ó�ÀÂÍÅÍÈß ÝÉÍØÒÅÉÍÀ�ÄÈ�ÀÊÀ ÑÊÎÑÌÎËÎ�È×ÅÑÊÈÌ ×ËÅÍÎÌ�àññìîòðèì ñèñòåìó óðàâíåíèéara +m = 0;Rab � 12Rgab + �gab = {Tab;Tab = 14[ +arb � (rb +)a ++  +bra � (ra +)b ℄: (13)Çäåñü  � ÷åòûðåõêîìïîíåíòíîå ñïèíîðíîå ïîëåâ ÷åòûðåõìåðíîì ðèìàíîâîì ïðîñòðàíñòâå ñîáûòèéV , çàäàííîå â îðòîíîðìèðîâàííîì áàçèñå ea; m, �,{ � ïîñòîÿííûå; R = gabRab � ñêàëÿðíàÿ êðèâèç�íà ïðîñòðàíñòâà V , Rab � êîìïîíåíòû òåíçîðà �è÷�÷è, âû÷èñëÿåìûå â áàçèñå ea; gab = diag(1; 1; 1;�1);Tab � êîìïîíåíòû òåíçîðà ýíåðãèè�èìïóëüñà ñïè�íîðíîãî ïîëÿ â áàçèñå ea.709



Â. À. Æåëíîðîâè÷ ÆÝÒÔ, òîì 125, âûï. 4, 2004Óðàâíåíèÿ (13) èíâàðèàíòíû îòíîñèòåëüíî ïðî�èçâîëüíîãî ïñåâäîðòîãîíàëüíîãî ïðåîáðàçîâàíèÿòåòðàä ea, ïîýòîìó äëÿ çàìûêàíèÿ óðàâíåíèé (13)íåîáõîäèìî äîáàâèòü óðàâíåíèÿ, îïðåäåëÿþùèåòåòðàäó ea. Òàêèå äîáàâî÷íûå óðàâíåíèÿ îáû÷íîíàçûâàþò êàëèáðîâî÷íûìè óñëîâèÿìè. Â êà÷åñòâåóñëîâèé êàëèáðîâêè òåòðàä ea ïðèìåì, ÷òî ïðîèç�âîëüíàÿ òåòðàäà ea â óðàâíåíèÿõ (13) ñîâïàäàåòñ ñîáñòâåííîé òåòðàäîé ñïèíîðíîãî ïîëÿ  , ò. å.ea = �ea. Ïðè òàêîé êàëèáðîâêå êîý��èöèåíòû Ëàìåhia â óðàâíåíèÿõ (13) ñîâïàäàþò ñ êîý��èöèåíòàìè�hia, îïðåäåëåííûìè ìàòðèöåé (7).Óðàâíåíèÿ Äèðàêà â ýòîì ñëó÷àå çàïèñûâàþòñÿ ââèäå óðàâíåíèé äëÿ ñèìâîëîâ âðàùåíèÿ �è÷÷è ��a;bè èíâàðèàíòîâ ñïèíîðíîãî ïîëÿ [7; 10℄:��a ln �+ ��bb;a = 2m��a sin �;��a� + 12"abd ��b;d = 2m��a os �: (14)Çäåñü ��a = �hia�i = f�i�i; �i�i; �i�i; ui�ig� îïåðàòîð äè��åðåíöèðîâàíèÿ ïî íàïðàâëåíèþâåêòîðîâ ñîáñòâåííîãî áàçèñà; ��a = ��a = (0; 0; 1; 0)�êîìïîíåíòû âåêòîðà �e3 â ñîáñòâåííîì áàçèñå.Ñèìâîëû ��a;b â óðàâíåíèÿõ (14) ñâÿçàíû ñ êî�ý��èöèåíòàìè Ëàìå �hia ñîîòíîøåíèåì��a;b = 12��hja(��b�hj����hjb)+�hj(��a�hjb+��b�hja)�� �hjb(��a�hj + ���hja)�: (15)Óðàâíåíèÿ (14) ïðåäñòàâëÿþò ñîáîé òîæäåñòâåí�íóþ çàïèñü óðàâíåíèé Äèðàêà â ñîáñòâåííîì áàçèñå�ea. Ýòè óðàâíåíèÿ ìîæíî ïîëó÷èòü òàêæå èç óðàâ�íåíèé Äèðàêà â ñèñòåìå (13) ñ ïîìîùüþ çàìåíû âíèõ ïðîèçâîäíûõ ïî �îðìóëå (11) è ïîñëåäóþùèõàëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé.Çàìåíà â óðàâíåíèÿõ (14) ñèìâîëîâ ��a;b íà �hiaïðèâîäèò ê ñëåäóþùåé ñèñòåìå èíâàðèàíòíûõ òåí�çîðíûõ óðàâíåíèé [7; 10℄:ri��i = 0; ri��i = 0;ri��i = 2m� sin �; ri�ui = 0;ri� � 12"ijms(�jrm�s + �jrm�s ++ �jrm�s � ujrmus) = 2m�i os �: (16)Óðàâíåíèÿ Ýéíøòåéíà â ñîáñòâåííîì áàçèñå �eaóäîáíî çàïèñàòü â âèäå�Rab = { �Tab +�12{m� os � + �� gab: (17)

Äëÿ ïðåîáðàçîâàíèÿ óðàâíåíèé Ýéíøòåéíà ê âè�äó (17) ñëåäóåò ó÷åñòü, ÷òî â ñèëó (13) âûïîëíÿåòñÿóðàâíåíèåR = �{T aa + 4� = {m� os � + 4�: (18)Âûðàæåíèå òåòðàäíûõ êîìïîíåíò òåíçîðà ýíåð�ãèè�èìïóëüñà â êàëèáðîâêå ea = �ea ïîëó÷åíî â ðà�áîòå [10℄:�Tab = 14� �� ��b ��a� � ��a ��b�++12 ��e � ��a;d"bde+��b;d"ade�� : (19)Êîìïîíåíòû òåíçîðà �Rab âûðàæàþòñÿ ÷åðåç ñèì�âîëû âðàùåíèÿ �è÷÷è ñëåäóþùèì îáðàçîì:�Rab = 1p�g �j hp�g ��hj �� b;a � �hjb �� ;a �i�� �� f;b �� f;a + �� ;a �� ff;b ; (20)ãäå g = det kgijk.Óðàâíåíèÿ (14)�(20) â çàäàííîé ñèñòåìå êîîð�äèíàò xi ïðåäñòàâëÿþò ñîáîé çàìêíóòóþ ñèñòåìóóðàâíåíèé äëÿ �óíêöèé �i(xj), �i(xj), �i(xj), ui(xj),�(xj), �(xj). Êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà ðè�ìàíîâà ïðîñòðàíñòâà ñâÿçàíû ñ �óíêöèÿìè �i(xj),�i(xj), �i(xj), ui(xj) ñîîòíîøåíèåìgij = �hia�hjbgab = �i�j + �i�j + �i�j � uiuj : (21)4. ÎÁÙÅÅ ÒÎ×ÍÎÅ �ÅØÅÍÈÅÓ�ÀÂÍÅÍÈÉ ÝÉÍØÒÅÉÍÀ�ÄÈ�ÀÊÀ ÂÎÄÍÎ�ÎÄÍÎÌ Ï�ÎÑÒ�ÀÍÑÒÂÅ�àññìîòðèì ÷åòûðåõìåðíîå ðèìàíîâî ïðîñòðàí�ñòâî, îòíåñåííîå ê ñèíõðîííîé ñèñòåìå êîîðäèíàò ñïåðåìåííûìè xi, â êîòîðîé ïî îïðåäåëåíèþ âûïîë�íÿþòñÿ óðàâíåíèÿg44 = g44 = �1; g4� = g4� = 0; � = 1; 2; 3: (22)Áóäåì èñêàòü ðåøåíèå óðàâíåíèé (14)�(20) â ñèí�õðîííîé ñèñòåìå êîîðäèíàò â ïðåäïîëîæåíèè, ÷òîâñå èñêîìûå �óíêöèè çàâèñÿò òîëüêî îò ïàðàìåòðàx4 = t. Òàêèì îáðàçîì, ïðîñòðàíñòâî ñîáûòèé ïðåä�ïîëàãàåòñÿ îäíîðîäíûì ïåðâîãî òèïà ïî êëàññè�è�êàöèè Áèàíêè.Â ýòîì ñëó÷àå óðàâíåíèÿ (16) çàïèñûâàþòñÿ â âè�äå �4(p�g ��4) = �4(p�g ��4) == �4(p�g �u4) = 0;�4(p�g ��4) = 2mp�g � sin �;�4� = �2m�4 os �: (23)710



ÆÝÒÔ, òîì 125, âûï. 4, 2004 Îáùåå òî÷íîå ðåøåíèå óðàâíåíèé Ýéíøòåéíà�Äèðàêà : : :Ñèñòåìà óðàâíåíèé (23) è óðàâíåíèåg44 � �4�4 + �4�4 + �4�4 � u4u4 = �1 (24)îáðàçóþò ïîëíóþ ñèñòåìó äëÿ îïðåäåëåíèÿ �óíê�öèé �4, �4, �4, u4, �, �p�g. Îáùåå ðåøåíèå óðàâ�íåíèé (23), (24) èìååò âèä [8; 9℄C��p�g = �4C� = �4C� = u4Cu == 1p1 + C2� os2(2mt+ ') ;�4 = "C� sin(2mt+ ')p1 + C2� os2(2mt+ ') ;exp(i�) = " 1 + iC� os(2mt+ ')p1 + C2� os2(2mt+ ') ;
(25)

ãäå ', C�, C� , C� , Cu > 1, C� > 0 � ïîñòîÿííûåèíòåãðèðîâàíèÿ; êîý��èöèåíò " ìîæåò ïðèíèìàòüëþáîå èç äâóõ çíà÷åíèé: +1 èëè �1. Â ñèëó óñëîâèÿñèíõðîííîñòè (24) ïîñòîÿííûå C ñâÿçàíû ñîîòíîøå�íèåì C2� + C2� + C2� � C2u = �1: (26)Ââåäåì îáîçíà÷åíèå ha = �h4a = (�4; �4; �4; u4): Èçðåøåíèÿ (25) íàõîäèìfh1; h2; h4g == 1p1 + C2� os2(2mt+ ')fC�; C� ; Cug: (27)Îòñþäà âèäíî, ÷òî â ñèëó ðåøåíèÿ (25) íàïðàâ�ëåíèå òðåõìåðíîãî âåêòîðà ñ êîìïîíåíòàìè h1, h2,h4 íå çàâèñèò îò ïàðàìåòðà t.Èç îïðåäåëåíèÿ (15) ñëåäóåò, ÷òî ñèìâîëû âðàùå�íèÿ �è÷÷è, �a;b, ìîæíî ïðåäñòàâèòü â âèäå��a;b = 12(hbsa � hsab � haab); (28)ãäå ïî îïðåäåëåíèþsab = sba = �hia�4�hib + �hib�4�hia;aab = �aba = �hia�4�hib � �hib�4�hia: (29)Âåëè÷èíû ha â �îðìóëå (28) îïðåäåëÿþòñÿ ðåøå�íèåì (25) êàê �óíêöèè ïàðàìåòðà t, ïîýòîìó ñîîòíî�øåíèå (28) âûðàæàåò 24 çàâèñèìûå �óíêöèè ��a;bòîëüêî ÷åðåç 16 �óíêöèé sab, aab.

Èç óðàâíåíèé (14) ñëåäóåò, ÷òî àíòèñèììåòðè÷å�ñêèå âåëè÷èíû aab îïðåäåëÿþòñÿ ðàâåíñòâîìaab = 4m �(��ahb���bha) sin ��"abd��hd os �� : (30)Ïîëüçóÿñü óðàâíåíèÿìè (30) è îïðåäåëåíèÿ�ìè (19), (20) äëÿ �Tab, �Rab, óðàâíåíèÿ Ýéíøòåé�íà (17) ìîæíî çàïèñàòü â âèäå ýêâèâàëåíòíîéñèñòåìû óðàâíåíèé�4(p�g sab)�2mp�g �hasb+hbsa��� sin ���2p�g�m os�+18{���� �"efasbf+"efbsaf�h��e == �{m�p�g os � + 2�p�g ��gab + hahb�;(saa)2 � sabsab = 8({�m os � + �): (31)
Âåëè÷èíà �p�g os � â ïðàâîé ÷àñòè ïåðâîãîóðàâíåíèÿ (31) â ñèëó ðåøåíèÿ (25) ÿâëÿåòñÿ ïîñòî�ÿííîé: �p�g os � = "C�: (32)Ïåðâîå óðàâíåíèå ñèñòåìû (31) ïîëó÷àåòñÿ ñâåðò�êîé óðàâíåíèé Ýéíøòåéíà (17) ñ êîìïîíåíòàìè òåí�çîðà Æa +hha ïî èíäåêñó a. Âòîðîå óðàâíåíèå â (31)ïîëó÷àåòñÿ ñâåðòêîé óðàâíåíèé Ýéíøòåéíà (17) ñêîìïîíåíòàìè òåíçîðà gab +2hahb ïî èíäåêñàì a, b.Ñâåðòêà ïåðâîãî óðàâíåíèÿ ñèñòåìû (31) ñ gab ïîèíäåêñàì a, b äàåò óðàâíåíèå�4�4p�g = 32{m"C� + 3�p�g; (33)îïðåäåëÿþùåå âåëè÷èíó p�g.Åñëè êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ � > 0, ðåøå�íèå óðàâíåíèÿ (33) èìååò âèäp�g = "{m2� C� h�1 + f1 sh�p3� t�++f2 h�p3� t�i ; (34)ãäå f1, f2 � ïðîèçâîëüíûå ïîñòîÿííûå.Ïðè � < 0 äëÿ p�g ïîëó÷àåìp�g = "{m2� C� n�1+f sin hp�3�(t�t0)io ; (35)ãäå f , t0 � ïîñòîÿííûå èíòåãðèðîâàíèÿ. Ñëó÷àé� = 0 ðàññìîòðåí â ðàáîòàõ [7�9℄.711



Â. À. Æåëíîðîâè÷ ÆÝÒÔ, òîì 125, âûï. 4, 2004Íàïðàâëåíèå òðåõìåðíîãî âåêòîðà ñ êîìïîíåí�òàìè h1, h2, h4 íå çàâèñèò îò ïàðàìåòðà t, ïîýòî�ìó ïîñòîÿííûì ïðåîáðàçîâàíèåì Ëîðåíöà âåêòîðîâáàçèñà �e1, �e2, �e4 êîìïîíåíòû h1, h2 ìîæíî îáðà�òèòü â íóëü. Íåòðóäíî âèäåòü, ÷òî èñõîäíàÿ ñèñòåìàóðàâíåíèé (14)�(20) èíâàðèàíòíà îòíîñèòåëüíî ïðî�èçâîëüíîãî ïðåîáðàçîâàíèÿ Ëîðåíöà âåêòîðîâ áà�çèñà �e1, �e2, �e4, íå çàâèñÿùåãî îò ïåðåìåííûõ xi.Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü ðåøåíèå óðàâíå�íèé (14)�(20) òîëüêî ïðè h1 = h2 = 0. Ïðè ýòîìóñëîâèè ïåðâîå óðàâíåíèå ñèñòåìû (31) â ðàçâåðíó�òîé çàïèñè èìååò âèä�4 �s33p�g �� 4m�4 sin �s33p�g == �"{mC� + 2�p�g � �u4�2;�4�s23p�g �� 2m�4 sin � s23p�g ���2m os� + 14{�� u4s13p�g = 0;�4�s13p�g �� 2m�4 sin � s13p�g ++�2m os� + 14{�� u4s23p�g = 0;�4�s11p�g �+2�2m os�+14{�� u4s12p�g == "{mC� + 2�p�g;�4�s22p�g ��2�2m os�+14{�� u4s12p�g == "{mC� + 2�p�g;�4�s12p�g ���2m os� + 14{���� u4(s11 � s22)p�g = 0;�4�s14p�g �+�2m os�+14{�� u4s24p�g�� 2mu4 sin � s31p�g = 0;�4�s24p�g ���2m os�+14{�� u4s14p�g�� 2mu4 sin � s23p�g = 0;�4�s34p�g ��2m sin � ��4s34+u4s33�p�g == �"{mC� + 2�p�g ��4u4;�4�s44p�g �� 4mu4 sin � s34p�g == �"{mC� + 2�p�g � ��4�2:

(36)

Îáùåå ðåøåíèå óðàâíåíèé (36) èìååò âèä

s11 = �u4 ��13N + 23C�Cu �4p�g++ 12B sin(2(� + �))� ;s22 = �u4 ��13N + 23C�Cu �4p�g�� 12B sin(2(� + �))� ;s33 = 23�(u4)3�N + 1C�Cu �4p�g�;s44 = 23�u4(�4)2�N + 1C�Cu �4p�g�;s12 = �12�u4B os(2(� + �));s13 = 12�(u4)2A os(� + �);s23 = 12�(u4)2A sin(� + �);s34 = 23��4(u4)2�N + 1C�Cu �4p�g�;s14 = 12�u4�4A os(� + �);s24 = 12�u4�4A sin(� + �):
(37)

Çäåñü A, B, N , �, � � ïðîèçâîëüíûå ïîñòîÿííûå, âå�ëè÷èíà p�g â ðåøåíèè (37) îïðåäåëåíà ðàâåíñòâà�ìè (34), (35), âåëè÷èíà � îïðåäåëÿåòñÿ ñîîòíîøåíè�åì� = Z �2m os � + 14{��u4 dt == " artg tg(2mt+ ')p1 + C2� + 14{�: (38)Ïàðàìåòð � â �îðìóëå (38) çàâèñèò îò çíà÷åíèÿêîñìîëîãè÷åñêîé ïîñòîÿííîé � è îïðåäåëÿåòñÿ èíòå�ãðàëîì � = R �u4dt:Â ñèëó óðàâíåíèé (18), (32) ñêàëÿðíàÿ êðèâèçíàR ðèìàíîâà ïðîñòðàíñòâà ñîáûòèé âûðàæàåòñÿ ÷å�ðåç p�g: R = "{mC�p�g + 4�: (39)Îòñþäà ñëåäóåò, ÷òî òî÷êè, â êîòîðûõ p�g îáðà�ùàåòñÿ â íóëü, ÿâëÿþòñÿ îñîáûìè òî÷êàìè òåíçîðàêðèâèçíû.Ïîäñòàâëÿÿ âî âòîðîå óðàâíåíèå ñèñòåìû (31)êîìïîíåíòû sab èç �îðìóë (37), íàéäåì ñâÿçü ìåæ�äó ïîñòîÿííûìè èíòåãðèðîâàíèÿ A, B, N è f1, f2. Âñëó÷àå � > 0 ïîëó÷àåì ñëåäóþùåå ñîîòíîøåíèå:f22 � f21 = 1� �{2m2C2u�14A2 + 14B2 + 13N2� 6 1:712



ÆÝÒÔ, òîì 125, âûï. 4, 2004 Îáùåå òî÷íîå ðåøåíèå óðàâíåíèé Ýéíøòåéíà�Äèðàêà : : :Åñëè f22 > f21 , òî �îðìóëó (34) äëÿ p�g ìîæíîïðåäñòàâèòü â âèäåp�g = "{m2� C� n�1 + f h hp3� (t� t0)io ; (40)ãäå t0, f � ïðîèçâîëüíûå ïîñòîÿííûå, f2 = f22 � f21 .Îñîáûå òî÷êè ðåøåíèÿ îïðåäåëÿþòñÿ óðàâíåíè�åì f h�p3� (t� t0)� = 1:�åøåíèå èìååò îäíó îñîáóþ òî÷êó ïðè f = 1 è äâåîñîáûå òî÷êè ïðè 0 < f < 1. Åñëè f 6 0 (â ýòîìñëó÷àå " = �1), òî ðåøåíèå íå èìååò îñîáûõ òî÷åê.Åñëè f22 < f21 , òî äëÿp�g ñïðàâåäëèâî ðàâåíñòâîp�g = "{m2� C� n�1 + f sh hp3� (t� t0)io ; (41)â êîòîðîì f2 = f21�f22 . Â ýòîì ñëó÷àå ðåøåíèå èìååòîäíó îñîáóþ òî÷êó, îïðåäåëÿåìóþ óðàâíåíèåìf sh�p3� (t� t0)� = 1:Åñëè f2 = �f1 = f , òî èìååìp�g = "{m2� C� n�1 + f exp��p3� t�o : (42)Ïðè � < 0 ïîëó÷àåòñÿ ñëåäóþùàÿ �îðìóëà äëÿïîñòîÿííîé èíòåãðèðîâàíèÿ f â óðàâíåíèè (35):f2 = 1� �{2m2C2u�14A2 + 14B2 + 13N2� � 1:Â ýòîì ñëó÷àå ñóùåñòâóåò áåñêîíå÷íî ìíîãî îñî�áûõ òî÷åê, â êîòîðûõ p�g îáðàùàåòñÿ â íóëü.Óñëîâèå ïîëîæèòåëüíîñòè, p�g > 0, íàêëàäûâà�åò îãðàíè÷åíèÿ íà âîçìîæíûå çíà÷åíèÿ ïîñòîÿííûõèíòåãðèðîâàíèÿ è îáëàñòü ñóùåñòâîâàíèÿ ðåøåíèÿ.Ïîëüçóÿñü îïðåäåëåíèåì (9) è ðåøåíèåì (25) äëÿ�, �, âûïèøåì ðåøåíèå äëÿ êîìïîíåíò ñïèíîðíîãîïîëÿ â ñîáñòâåííîì áàçèñå:
� = � 

0is"C� 1 + iC� os(2mt+ ')2p�g0is"C� 1� iC� os(2mt+ ')2p�g
 ; (43)

ãäå âåëè÷èíà p�g îïðåäåëåíà �îðìóëî`é (35) èëè�îðìóëàìè (40)�(42) â çàâèñèìîñòè îò çíàêà �.Óðàâíåíèÿ (25), (30), (37) ïîëíîñòüþ îïðåäå�ëÿþò ñèìâîëû âðàùåíèÿ �è÷÷è ��a;b ïî �îðìó�ëå (28) è ïðåäñòàâëÿþò ñîáîé ïåðâûé èíòåãðàë óðàâ�íåíèé (14)�(20). Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ

óðàâíåíèé (14)�(20) òåïåðü äîñòàòî÷íî ïðîèíòåãðè�ðîâàòü óðàâíåíèÿ (29), èç êîòîðûõ ñëåäóåò�4�hib = 12�sab + aab��hai : (44)Ñ ó÷åòîì îïðåäåëåíèÿ (7) âåëè÷èí �hai è íàéäåí�íûõ ðåøåíèé (30), (37) äëÿ sab, aab óðàâíåíèÿ (44)ìîæíî ïðåîáðàçîâàòü ê âèäódd� �u4�j � �4uj� == 14A��j os(� + �) + �j sin(� + �)�++ �u4�j � �4uj�� 13p�g dd�p�g + 13N� ;dd� ��j + i�j� = (�j + i�j)��� 13p�g dd�p�g � 16N � i2m� os ���� i4��j � i�j�B exp��2i(� + �)�++ i4A�u4�j � �4uj� exp[�i(� + �)℄:
(45)

Ñèñòåìà óðàâíåíèé (45) äîëæíà áûòü äîïîëíåíàóñëîâèåì ñèíõðîííîñòè:g4� � �4�� � u4u� = 0; � = 1; 2; 3: (46)Äëÿ ïàðàìåòðà � â ñèëó óðàâíåíèé (25) èìååì� = Z �u4dt = C�Cu Z dtp�g :Åñëè êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ ïîëîæèòåëüíà,� > 0, è {m 6= 0, òî ïðè ïîìîùè óðàâíåíèé (40),(41) ïîëó÷àåì� = 2�Cu"{m Z dt�1 + f sh�p3� (t� t0)� (47)è � = 2�Cu"{m Z dt�1 + f h�p3� (t� t0)� : (48)Ïðè � < 0 (f2 > 1) ïðè ïîìîùè (35) íàõîäèì� = 2�Cu"{m Z dt�1 + f sin�p�3� (t� t0)� : (49)Èíòåãðàëû (47)�(49) ìîæíî íàéòè â ñïðàâî÷íè�êå [13℄.713



Â. À. Æåëíîðîâè÷ ÆÝÒÔ, òîì 125, âûï. 4, 2004Ïðîâåäåì òåïåðü â óðàâíåíèÿõ (45) çàìåíó íåèç�âåñòíûõ �óíêöèé (��; ��; ��; u�)! (�0�; �0�; ��):��+i�� = ��0�+i�0�� (p�g )1=3 �� exp��16N��i�� ;�� = ��(p�g )1=3u4 exp��16N�� ;u� = ��(p�g )1=3�4 exp��16N�� ; (50)
ãäå âåëè÷èíà � îïðåäåëåíà ñîîòíîøåíèåì (38), �4, u4îïðåäåëåíû ðåøåíèåì (25), âåëè÷èíà p�g îïðåäåëå�íà ðàâåíñòâàìè (35) èëè (40), (41), (42). Â ðåçóëüòàòåóñëîâèå ñèíõðîííîñòè (46) âûïîëíÿåòñÿ òîæäåñòâåí�íî, à ñèñòåìà óðàâíåíèé (45) ïåðåõîäèò â ñèñòåìóëèíåéíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîý��èöèåíòà�ìè:dd� ��0� + i�0��= i4{��0� + i�0���� i4B exp(�2i�)��0� � i�0��+ i4A exp(�i�)��;dd� �� = 14A��0� os�+ �0� sin��+12N��: (51)Ïðè j = 4 óðàâíåíèÿ (45) âûïîëíÿþòñÿ òîæäåñòâåí�íî â ñèëó óñëîâèé h1 = h2 = 0.Óðàâíåíèÿì (51) äëÿ êàæäîãî çíà÷åíèÿ èíäåêñà� = 1; 2; 3 ñîîòâåòñòâóåò õàðàêòåðèñòè÷åñêîå óðàâíå�íèå äëÿ ñîáñòâåííîãî çíà÷åíèÿ q:2(N � 2q)(16q2 + {2 �A2 �B2) ++A2[2N �B sin(2(�� �))℄ = 0: (52)�åøåíèå óðàâíåíèÿ (52) â îáùåì ñëó÷àå îïðåäå�ëÿåòñÿ �îðìóëàìè Êàðäàíî. Ïðîñòîå ðåøåíèå ýòîãîóðàâíåíèÿ ïîëó÷àåòñÿ, íàïðèìåð, ïðè A = 0 è ïðè2N = B sin(2(� � �)). �åøåíèå óðàâíåíèé (51) ïðèA = 0 ðàññìîòðåíî â ðàáîòàõ [8; 9℄.�àññìîòðèì ñëó÷àé, êîãäà âûïîëíÿåòñÿ óðàâíå�íèå 2N = B sin(2(� � �)), A 6= 0. Â ýòîì ñëó÷àåñîáñòâåííûå çíà÷åíèÿ èìåþò âèä12N; 14pA2 +B2 � {2; �14pA2 +B2 � {2:Åñëè 0 < A2 + B2 < {2, òî ðåøåíèå óðàâíåíèé (51)

ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:�0� + i�0� = exp(�i�)��AH� exp�12N�� ++ [�[{ +B exp(2i(�� �))℄F� + 4iQG�℄�� os(Q�) ++ [�[{ +B exp(2i(�� �))℄G� � 4iQF�℄�� sin(Q�)� ;�� = [{ �B os(2(�� �))℄H� exp�12N��++A[F� os(Q�) +G� sin(Q�)℄:
(53)

Çäåñü Q = 14p{2 �A2 �B2;F�, G�, H� � ïîñòîÿííûå èíòåãðèðîâàíèÿ.Äëÿ ïðîñòðàíñòâåííûõ êîìïîíåíò ìåòðè÷åñêîãîòåíçîðà ïðè ïîìîùè óðàâíåíèé (21), (50) ïîëó÷àåòñÿñëåäóþùåå âûðàæåíèå:g�� == (p�g )2=3 exp��13N���H�H�Z2 exp(N� )++ F�F� [S +M os(2Q�) + 8QN sin(2Q�)℄ ++G�G� [S�M os(2Q�)�8QN sin(2Q�)℄++(F�G�+F�G�)[M sin(2Q�)�8QN os(2Q�)℄++ (F�H� + F�H�)2{A exp�12N�� os(Q�) ++(G�H�+G�H�) 2{A exp�12N�� sin(Q�)� ; (54)ãäå 2N = B sin(� � �) è ââåäåíû ñîêðàùåííûå îáî�çíà÷åíèÿ äëÿ ïîñòîÿííûõ:M = A2 +B2 + {B os 2(�� �);S = {[{ +B os(2(�� �))℄;Z2 = A2 + [{ �B os(2(�� �))℄2:Âåëè÷èíà p�g â ïðàâîé ÷àñòè ðàâåíñòâà (54)îïðåäåëåíà óðàâíåíèÿìè (35) èëè (40)�(41). Ôîðìó�ëà (54) îïðåäåëÿåò êîëåáàòåëüíûé ðåæèì ïðèáëèæå�íèÿ ê îñîáûì òî÷êàì ðåøåíèÿ.Îñîáåííî ïðîñòîé âèä ìåòðèêà èìååò â ñëó÷àå,714



ÆÝÒÔ, òîì 125, âûï. 4, 2004 Îáùåå òî÷íîå ðåøåíèå óðàâíåíèé Ýéíøòåéíà�Äèðàêà : : :êîãäà �àçû �, � óäîâëåòâîðÿþò óñëîâèþ ��� = k�,k = 0;�1;�2; : : : :g�� = (p�g )2=316Q2 ��S+M os(2Q�) M sin(2Q�) 2{A os(Q�)M sin(2Q�) S�M os(2Q�) 2{A sin(Q�)2{A os(Q�) 2{A sin(Q�) Z2  :Â ýòîì ñëó÷àå N = 0; A, B ïðîèçâîëüíû; ïîñòî�ÿííûå F�, G�, H� îïðåäåëåíû ðàâåíñòâàìèF� = �({2 �B2)�1=2; 0; 0	;G� = �0; ({2 �B2)�1=2; 0	;H� = �0; 0; ({2 �B2)�1=2	: (55)Åñëè A2+B2 > {2, òî òðèãîíîìåòðè÷åñêèå �óíê�öèè â (54) çàìåíÿþòñÿ ãèïåðáîëè÷åñêèìè.Äèàãîíàëüíîé ìåòðèêå gij ñîîòâåòñòâóåò ñëó÷àé,êîãäà ïîñòîÿííûå èíòåãðèðîâàíèÿ A, B â óðàâíåíè�ÿõ (51) ðàâíû íóëþ, A = B = 0. Â ýòîì ñëó÷àå�0� + i�0� = {(�F� + iG�) exp� i4{�� ;�� = {H� exp�12N�� ;g�� = {2�p�g �2=3 �� �exp��13N���F�F�+G�G��++exp�23N��H�H�� : (56)
Çäåñü âåëè÷èíà p�g èìååò âèä (35) èëè (40)�(42).Åñëè F�, G�, H� îïðåäåëèòü ñîîòíîøåíèÿìèF� = �{�1; 0; 0;	 ; G� = �0;{�1; 0	 ;H� = �0; 0;{�1	 ; (57)òî ìåòðèêà (56) äèàãîíàëüíà:g�� == �p�g �2=3diagne�N�=3; e�N�=3; e2N�=3o : (58)Ïðè A = B = N = 0 ìåòðèêà (54) ñîîòâåòñòâóåòèçîòðîïíîé Âñåëåííîé:g�� = {2�p�g �2=3 (F�F� +G�G� +H�H�) : (59)Çäåñü p�g ïðè � > 0 îïðåäåëÿåòñÿ �îðìóëîé (40),â êîòîðîé f2 = 1, ïðè � < 0 âûïîëíÿåòñÿ óðàâíå�íèå (35), â êîòîðîì f2 = 1.

Âû÷èñëåíèå òåíçîðà ýíåðãèè�èìïóëüñà ñïèíîð�íîãî ïîëÿ äëÿ ïîëó÷åííûõ ðåøåíèé ïðèâîäèò ê ñëå�äóþùåìó ñîîòíîøåíèþ äëÿ åãî êîìïîíåíòû T44 âñèíõðîííîé ñèñòåìå êîîðäèíàò:T44 = m� os � = "mC�p�g : (60)Ïî îïðåäåëåíèþ C� > 0, ïîýòîìó ïîëó÷åííûå âû�øå ðåøåíèÿ ñ " = �1 ñîîòâåòñòâóþò îòðèöàòåëüíîéïëîòíîñòè ýíåðãèè, ïðè " = 1 ïëîòíîñòü ýíåðãèè ñïè�íîðíîãî ïîëÿ ïîëîæèòåëüíà.�àññìîòðèì ïðåîáðàçîâàíèå ïåðåìåííûõ ñèñòå�ìû êîîðäèíàò íàáëþäàòåëÿ (x�; t) ! (x�; �), îïðå�äåëÿåìîå óðàâíåíèåì d� = �u4dt. ßâíàÿ çàâèñè�ìîñòü �óíêöèè �(t) çàäàíà ñîîòíîøåíèÿìè (47), (48)èëè (49). Âû÷èñëåíèå ïîêàçûâàåò, ÷òî â ñèñòåìå êî�îðäèíàò ñ ïåðåìåííûìè x�, � âûïîëíÿåòñÿ óðàâíå�íèå ��j �p�g gij��0 = dd� �p�g g4i�0 = 0: (61)Òàêèì îáðàçîì, ñèñòåìà êîîðäèíàò ñ ïåðåìåííû�ìè x�, � ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Íåòðóäíî âèäåòü,÷òî ïàðàìåòðû t è �=C�, ãäå ïîñòîÿííàÿ èíòåãðèðî�âàíèÿ C� îïðåäåëÿåòñÿ ðåøåíèåì (25), èìåþò îäèíà�êîâóþ ðàçìåðíîñòü.Ïðè ïðåîáðàçîâàíèè (x�; t) ! (x�; �) ïðîñòðàí�ñòâåííàÿ ÷àñòü ìåòðèêè íå ìåíÿåòñÿ. Ñëåäóåòîáðàòèòü âíèìàíèå, ÷òî çàâèñèìîñòü îïðåäåëèòåëÿ = det kg��k èç ïðîñòðàíñòâåííûõ êîìïîíåíòìåòðè÷åñêîãî òåíçîðà îò âðåìåíè, îïðåäåëÿþùàÿïðîöåññû ðàñøèðåíèÿ èëè ñæàòèÿ Âñåëåííîé, âñèíõðîííîé è â ãàðìîíè÷åñêîé ñèñòåìàõ êîîðäèíàòñóùåñòâåííî ðàçëè÷íà. Ýòî îáóñëîâëèâàåò ñóùå�ñòâåííîå ðàçëè÷èå ñöåíàðèåâ ýâîëþöèè Âñåëåííîé âñèíõðîííîé è â ãàðìîíè÷åñêîé ñèñòåìàõ êîîðäèíàò.Â çàêëþ÷åíèå îòìåòèì íåêîòîðûå êà÷åñòâåííûåîòëè÷èÿ ïîëó÷åííûõ ðåøåíèé óðàâíåíèé Ýéíøòåé�íà ñ êîñìîëîãè÷åñêèì ÷ëåíîì � 6= 0 â ñèíõðîííîéñèñòåìå êîîðäèíàò îò ðåøåíèé ýòèõ óðàâíåíèé áåçêîñìîëîãè÷åñêîãî ÷ëåíà.1. Ïðè � 6= 0 ñóùåñòâóþò ðåøåíèÿ áåç îñîáûõ òî÷åê(ðåøåíèå (40) ïðè f > 1, " = �1 è f < 0, " = �1).2. Ñóùåñòâóþò ðåøåíèÿ ñ ãîðèçîíòàëüíîé àñèìïòî�òîé äëÿ p�g, ò. å. Âñåëåííàÿ ìîæåò ðàñøèðÿòüñÿòîëüêî äî íåêîòîðîãî ïðåäåëà, îïðåäåëÿåìîãî ïîñòî�ÿííûìè èíòåãðèðîâàíèÿ (ðåøåíèå (42)).3. Ñóùåñòâóþò ðåøåíèÿ ñ áåñêîíå÷íûì ÷èñëîì îñî�áûõ òî÷åê. Â ýòîì ñëó÷àå Âñåëåííàÿ ïðîõîäèò çà�ìêíóòûé öèêë ðàçâèòèÿ (ðåøåíèå (35)).715
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