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JOSEPHSON CHARGE-PHASE QUBIT WITH THE RADIOFREQUENCY READOUT: COUPLING AND DECOHERENCEA. B. Zorin *Physikalis
h-Te
hnis
he Bundesanstalt38116, Brauns
hweig, GermanyInstitute for Nu
lear Physi
s, Mos
ow State University119899, Mos
ow, RussiaSubmitted 10 De
ember 2003The Josephson qubit based on a super
ondu
ting single 
harge transistor inserted in a low-indu
tan
e super-
ondu
ting loop is 
onsidered. The loop is indu
tively 
oupled to a radio-frequen
y driven tank 
ir
uit enablingthe readout of the qubit states by measuring the e�e
tive Josephson indu
tan
e of the transistor. The e�e
tof qubit dephasing and relaxation due to ele
tri
 and magneti
 
ontrol lines as well as the measuring system isevaluated. Re
ommendations for the qubit operation with minimum de
oheren
e are given.PACS: 74.50.+r, 85.25.Cp, 03.67.Lx1. INTRODUCTIONThe super
ondu
ting quantum bit (qubit) 
ir
uits
omprising mesos
opi
 Josephson tunnel jun
tions havere
ently demonstrated remarkable quantum 
oheren
eproperties and are now 
onsidered promising elementsfor a s
alable quantum 
omputer [1℄. But the readoutof ma
ros
opi
 quantum states of a single qubit or asystem of 
oupled qubits with the minimum de
oher-en
e 
aused by the dete
tor remains one of the mostimportant engineering issues in this �eld.The Josephson qubits are 
ommonly subdividedinto �ux, phase, 
harge and 
harge-phase qubits. Thedesign of 
harge and 
harge-phase qubits is based ona Cooper pair box [2℄ in whi
h a small super
ondu
t-ing island with signi�
ant Coulomb energy is 
hargedthrough a small Josephson jun
tion (
harge qubit) or aminiature double-jun
tion SQUID (
harge-phase). Thedistin
t quantum states of the box generated by signalsapplied to a gate are asso
iated with di�erent observ-able 
harges on the island. This makes it possible toread out the qubit state by dis
riminating the island
harge. Probing this 
harge 
an be done either by singlequasiparti
le tunneling a
ross a small auxiliary tunneljun
tion atta
hed to the island [3℄ or by a 
apa
itively
oupled ele
trometer [4℄. In the 
harge-phase qubits,*E-mail: alexander.zorin�ptb.de

the quantum states of the box involve the phase 
o-ordinate of the SQUID loop, and hen
e dis
riminatingthese states 
an also be done by measuring the persis-tent 
urrent 
ir
ulating in the loop at an appropriated
 �ux bias. Su
h a measurement was performed in theexperiment of the Sa
lay group [5℄. In their setup, ni
k-named �Quantronium�, the 
ir
ulating 
urrent passedthrough a larger auxiliary (third) jun
tion was read outby measuring the swit
hing 
urrent of this jun
tion.The persistent 
urrent is not the only phase-dependent quantity 
hara
terizing the quantum stateof the 
harge-phase qubit. Another useful quantity isthe Josephson indu
tan
e of the double jun
tion, whi
h
an be probed by small radio-frequen
y os
illations in-du
ed in the qubit. Re
ently, we proposed a transis-tor 
on�guration of the Cooper pair box (see Fig. 1)in whi
h the ma
ros
opi
 super
ondu
ting loop 
los-ing the transistor terminals is indu
tively 
oupled toa radio-frequen
y tank 
ir
uit [6℄. Similar to the rf-SQUID-based method of measurement of the Joseph-son jun
tion impedan
e [7℄, this setup makes it possi-ble to measure the rf impedan
e (more spe
i�
ally, theJosephson indu
tan
e) of the system of two small tun-nel jun
tions 
onne
ted in series, and in doing so, toprobe the ma
ros
opi
 states of the qubit.On one hand, the advantage of this method 
on-sists in an e�e
tive de
oupling between the qubit and a1423
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Fig. 1. a) The ele
tri
 
ir
uit diagram of the 
harge-�ux qubit indu
tively 
oupled to a tank 
ir
uit by the mutual indu
-tan
e M . The ma
ros
opi
 super
ondu
ting loop of indu
tan
e L is interrupted by two small Josephson tunnel jun
tionspositioned 
lose to ea
h other and forming a single-
harge transistor; the 
apa
itively 
oupled gate polarizes the island ofthis transistor. The qubit is 
ontrolled by the 
harge Q0 generated by the gate and the �ux �m indu
ed by 
oil Lm. Thetank 
ir
uit, whi
h is either of a parallel (b) or a serial (
) type, is driven by a harmoni
 signal (Irf or Vrf , respe
tively) ofthe frequen
y !rf � !0, the resonant frequen
y of the un
oupled tank 
ir
uitmeasurement devi
e, whi
h redu
es the de
oheren
e ofthe qubit. Moreover, the loop design of the qubit has apotential to perform data readout in a nondestru
tiveway [8℄. On the other hand, due to the sele
tive 
har-a
teristi
 of the tank, the bandwidth of this setup israther narrow, and therefore the optimum relation be-tween the relaxation time of the qubit and the time ofmeasurement be
omes an issue. Furthermore, the driv-ing rf signal may indu
e appre
iable frequen
y modu-lation and dephasing of the qubit during its evolution(performan
e of the quantum operations). Swit
hingthe os
illations o� and on is, however, possible only ona relatively long-time s
ale of a transient pro
ess in thetank.In this paper, we address the problem of de
oher-en
e indu
ed in the 
harge-�ux qubit by the 
lassi
alresonan
e tank 
ir
uit. In addition, we propose a mea-

surement strategy and optimize the regime of qubit op-eration for typi
al parameters of the 
ir
uit.2. BACKGROUNDThe small tunnel jun
tions of the 
harge-�ux qubitare 
hara
terized by self-
apa
itan
es C1 and C2 andthe Josephson 
oupling strengths EJ1 and EJ2. Thesejun
tions with a small 
entral island in-between and a
apa
itively 
oupled gate therefore form a single-
hargetransistor 
onne
ted in our network as the Cooper pairbox (see Fig. 1). The 
riti
al 
urrents of the jun
tionsare equal to I
1;
2 = 2��0EJ1;J2;1424
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harge-phase qubit with the radio frequen
y : : :where �0 = h=2e is the �ux quantum, and their meanvalue is I
0 = 12(I
1 + I
2):The design enables magneti
 
ontrol of the Josephson
oupling in the box in a d
 SQUID manner. The sys-tem therefore has two parameters, the total Josephsonphase a
ross the two jun
tions � = '1 + '2 = 2��=�0
ontrolled by the �ux � threading the loop and the gate
harge Q0 set by the gate voltage Vg . The geometri-
al indu
tan
e L of the loop is assumed to be mu
hsmaller than the Josephson indu
tan
e of the jun
tionsLJ0 = �0=(2�I
0),�L = L=LJ0 � 1: (1)Negle
ting the magneti
 energy term asso
iatedwith the 
urrent through the small indu
tan
e L, we
an express the Hamiltonian of the autonomous qubit
ir
uit as H0 = (2en�Q0)22C �EJ (�) 
os�: (2)The se
ond term in Eq. (2) originates from the totalJosephson energy equal to �EJ1 
os'1 � EJ2 
os'2.The e�e
tive Josephson 
oupling strength isEJ(�) = �E2J1 +E2J2 + 2EJ1EJ2 
os��1=2 ; (3)jEJ1�EJ2j � EJ (�) � EJ1+EJ2 � 2EJ0 = �0� I
0;with the phase variable � = ' + 
(�). The angle 
 isgiven by tg 
 = (j1 � j2) tg(�=2); (4)where the dimensionless Josephson energies arej1;2 = EJ1;J2=(2EJ0) with j1 + j2 = 1. The phasedi�eren
e ' = 12 ('1 � '2) is a variable 
onjugate tothe island 
harge 2en = �2ei ��' and n is the operatorof the number of ex
ess Cooper pairs on the island.This 
harge enters the 
harging energy (�rst) termin Eq. (2), in whi
h C is the total 
apa
itan
e of theisland, C = C1 + C2 + Cg � C1 + C2, and the gate
apa
itan
e Cg � C1;2. The 
hara
teristi
 
hargingenergy E
 = e2=2C is assumed to be of the order ofthe Josephson 
oupling energies EJ1 � EJ2 � kBT .The S
hrödinger equation 
orresponding to theHamiltonian in Eq. (2) is the Mathieu equation [9℄. Theeigenenergies form Blo
h bands and the eigenfun
tionsjn; qi are the Blo
h wave fun
tions of a parti
le in theperiodi
 (Josephson) potential with �quasimomentum�(here, quasi
harge) q. Its value is the 
harge provided

by the gate sour
e to the island, i.e., q = Q0 = CgVg .Ea
h of su
h eigenfun
tions 
an be represented as a
oherent superposition of plane waves,jq; ni =Xm C(n)m exp hi� q2e +m��i ; (5)where m = 0;�1;�2; : : : is the number of the ex
essCooper pairs on the island [10, 11℄. The weights ofthese 
oherent 
ontributions jC(n)m j2 depend on q, theband index n, and the 
hara
teristi
 ratio� = EJ (�)=E
: (6)The lowest two energy levels En(q; �), i.e., n = 0 and1 (see their dependen
es on q and � in Fig. 2) formthe basis fj0i; j1ig suitable for qubit operation. In thisbasis, Hamiltonian (2) is diagonal,H0 = �12��z; (7)where �i with i = x; y; z is the Pauli spin operator. Thegeneral state of the qubit isj	i = aj0i+ bj1i; (8)with jaj2+jbj2 = 1. It is remarkable that the level spa
-ing �(q; �) � ~
 = E1(q; �) � E0(q; �), and thereforethe transition frequen
y 
 are e�
iently 
ontrolled bytwo knobs, i.e., by varying the parameters q and � (or,equivalently, Q0 and �)1).The idea underlying the measurement of this
harge-�ux qubit is based on indu
ing radio frequen
yos
illations in the tank 
ir
uit of frequen
y !rf � 
 [6℄.Due to indu
tive 
oupling M , these os
illations 
auseos
illations of the 
orresponding �ux �T (see Fig. 1a)and therefore of the total phase,� = 2��0 (�T +�m) = �a sin(!rf t+ �) + �0: (9)If the rf drive signal is su�
iently weak, the amplitude�a of these os
illations is relatively small, �a � �. Inthis linear regime, the Josephson indu
tan
e is givenby L�1J (n; q; �) = � 2��0�2 �2En(q; �)��2 : (10)It is therefore determined by the lo
al 
urvature of theenergy surfa
e En. For example, for EJ0 = 2E
 (see1) In fa
t, the energy spe
trum of this system is similar tothat of Quantronium [5℄, having one additional large Josephsonjun
tion in the loop.14 ÆÝÒÔ, âûï. 6 1425
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0Fig. 2. Shape of the energy bands E0 and E1 in the 
harge-�ux qubit 
al
ulated for the mean Josephson 
ouplingEJ0 � (EJ1+EJ2)=2 = 2E
 and the Josephson 
oupling asymmetry parameter jj1�j2j = (EJ1�EJ2)=(EJ1+EJ2) = 0:1.Bla
k (hollow) 
ir
les on the zero (ex
ited) band surfa
e mark the lo
ations of magi
 points A (A0); B (B0); and C (C0) andthe avoided level 
rossing point D (D0)Fig. 2) at q � 0, the respe
tive estimates within thezeroth and �rst bands areL�1J (0; 0; �) � 0:4L�1J0 
os� (11)and L�1J (1; 0; �) � 0:1L�1J0 
os�: (12)In the vi
inity of the avoided 
rossing point, q = e and� = � (marked as D�D0 in Fig. 2), the inverse indu
-tan
es 
an in
rease signi�
antly,L�1J (n; 0; �) � (�1)n+14jj1 � j2jL�1J0 ; n = 0 and 1; (13)be
ause of a small asymmetry of the transistor param-eters, jj1� j2j � 1. For example, in the 
ase presentedin Fig. 2, jj1 � j2j = 0:1 and L�1J = �2:5L�1J0 for thezeroth and �rst band, respe
tively. At the points Cand C 0, the absolute values jL�1J j are smaller but thesigns for n = 0 and 1 are still di�erent.Coupling to the qubit 
auses a shift of the reso-

nan
e frequen
y !0 = (LTCT )�1=2 of the tank 
ir
uit,i.e., !00(n) = !0 + Æ!0(n), whereÆ!0(n) = �12k2�L LJ0LJ(n; q; �)!0: (14)Here, k = MpLTL < 1 (15)is the dimensionless 
oupling 
oe�
ient. The resonan
efrequen
y shift Æ!0(n) 
arrying information about thequbit state jni is found from the amplitude or/andphase of for
ed os
illations in the tank. For a
hievingsu�
ient resolution in su
h measurements, the qualityfa
tor of the tank 
ir
uit Q should be about or largerthan the ratio !0=jÆ!0(0)� Æ!0(1)j.3. INHERENT AND EXTERNAL SOURCES OFDECOHERENCEIn our 
onsideration, we negle
ted the quasiparti
letunneling that inevitably 
auses dissipation of energy.1426
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harge-phase qubit with the radio frequen
y : : :Even rare tunneling of individual quasiparti
les a
rossthe tunnel jun
tions, i.e., on and from the island, 
ande
ohere the qubit and 
ompletely destroy the read-out regime des
ribed above. These pro
esses lead to asudden 
hange of the operation point, q ! q � e and,possibly, of the energy band index, i.e., 
ause relaxation1! 0.The pro
esses of single quasiparti
le tunnelinga
ross a small Josephson jun
tion have been studiedby Averin and Likharev in Refs. [12; 13℄. They general-ized the orthodox theory of single ele
tron tunneling tothe 
ase of a �nite Josephson 
oupling, EJ 6= 0, takinginto a

ount the dynami
s of the essential phase fa
-tors exp(�i�=2) in the ele
tron tunneling terms addedto the Hamiltonian of type (2). These fa
tors are theoperators of a single-ele
tron transfer and their nonzeromatrix elements in our basis aree�nn0 = hn; qj exp(�i�=2)jq � e; n0i: (16)The rates of transitions jq; ni ! jq� e; n0i are given by��nn0 = je�nn0 j2 Iqp(��nn0=e)e �� �1� exp�� ��nn0kBT ���1 : (17)In our 
ase, Iqp(U) is the quasiparti
le 
urrent�voltagedependen
e of the network of two tunnel jun
tions ofthe qubit 
onne
ted in parallel. Be
ause the energy sur-fa
es are 2e-periodi
, the 
orresponding energy gainsare identi
al,�+nn0 = ��nn0 = En(q; �) �En0(q � e; �); (18)and their value depends on the operation point fQ0;�g(see Fig. 2).The relation between this energy and the super-
ondu
tor energy gap �s
 is important for making thequasiparti
le transitions infrequent or even eliminatingthem. First, if the voltage is U = ��nn0=e � 2�s
=e, thequasiparti
le 
urrent Iqp(U) entering Eq. (17) is expo-nentially small, i.e., � I
0 exp(��s
=kBT )2). At largervoltages, U > 2�s
=e, the 
urrent Iqp is enormouslylarge, � 2I
0. Therefore, in order to prevent inten-sive tunneling of quasiparti
les, the energy gain ��nn0must never ex
eed 2�s
. Se
ond, if this gain is smallerthan �s
, then infrequent quasiparti
le tunneling 
an,in prin
iple, be blo
ked by the gap energy asso
iated2) See, for example, a simple approximation formula inS. Ramo, J.R. Whinnery and T. van Duzer, Fields and Wavesin Communi
ation Ele
troni
s, John Wiley and Sons, New York(1965), p. 211.

with one unpaired ele
tron in the super
ondu
ting is-land (the so-
alled even�odd parity e�e
t)3).Suppression of quasiparti
le transitions within thezero energy band in super
ondu
ting Al single-
hargetransistors and Cooper pair boxes was extensively in-vestigated experimentally. Depending on experimen-tal skill and lu
k (see, e.g., [14�17℄), the inspe
ted de-vi
es often exhibited pure Cooper pair behavior whentheir 
harging energy E
 was not larger than � 100�eV� 0:5�Al, where �Al is the super
ondu
tor energy gapof aluminium. Be
ause the energy gain for transitionsin the Cooper pair boxes and low-voltage-biased tran-sistors, ��00, is less than E
 for any EJ , the 
onditionE
 < �s
 
an ensure suppression of quasiparti
le tun-neling in the ground state in a �good� qubit sample.For quasiparti
le transitions from the ex
ited state,this 
ondition is 
learly insu�
ient. For example, forsmall EJ (
orresponding to the �ux value � = �0=2,Eq. (3)), the energy gain values are between about E
(for the pro
ess D0 ! A, see Fig. 2) and 4E
 (for thepro
esses A0 ! D0 and A0 ! D). At larger EJ , boththe minimum and maximum energy gain values areeven larger. For example, for EJ = 4E
 (i.e., � = 0),the transitions C 0 ! B and B0 ! C 
orrespond tothe respe
tive energies � 4E
 and � 5E
. Be
ause the�rst fa
tor in the expression for the resulting relaxationrate,[� (qp)r ℄�1 = �+10 + ��10 �� (je+10j2 + je�10j2)Iqp(��10=e)e ; (19)is nonzero for any Q0 and � (see the plots of the twoquantities in Fig. 3), only the 
ondition E
 � �s
=5
an ensure suppression of these transitions at an arbi-trary operation point of our qubit. An insu�
ientlysmall value of E
 was possibly the reason of a veryshort relaxation time (tens of ns) in the re
ent experi-ment with a 
harge qubit by Duty et al. [17℄. Their AlCooper pair box had E
 � 0:8�s
 and EJ � 0:4E
,and therefore the energy gain in the 
hosen opera-tion point (Q0 = 0:4e) was too large, i.e., about2:2E
 � 1:8�s
 > �s
 (although in the ground state,this sample ni
ely showed the pure Cooper pair 
har-a
teristi
).Moreover, there are several sour
es of de
oheren
edue to 
oupling of the qubit to the environmental de-grees of freedom. For evaluating the e�e
t of these3) As follows from the entropy 
onsideration, the thresholdvalue is somewhat smaller than �s
 for �nite volume of is-land and nonzero temperature, see, for details M.T. Tuominen,J.M. Hergenrother, T. S. Tighe and M. Tinkham, Phys. Rev.Lett. 69, 1997 (1992).1427 14*
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0.5Fig. 3. O�-diagonal matrix elements of the singlequasiparti
le transfer operators exp(�i�=2) 
omputedfor di�erent values of the equivalent Josephson 
ou-pling set by the �ux � = �0=2 (solid lines), �0=4(dashed lines), and 0 (dotted lines). The qubit param-eters are the same as in Fig. 2sour
es on the qubit, the 
oupling Hamiltonian termH
oupl = H(e)
 +H(m)
 is in
luded in the total Hamilto-nian of the system,H = H0 +H
oupl +Hbath; (20)where Hbath is a bath operator, and H(e)
 and H(m)
 arethe ele
tri
 
ontrol line term and the magneti
 
ouplingterm respe
tively. The latter is asso
iated with boththe �ux 
ontrol line and the tank 
ir
uit. Flu
tuationsoriginating from the sour
es of gate- and �ux-
ontrollines 
an, in prin
iple, lead to a signi�
ant de
oheren
eof the qubit. As was shown in Ref. [18℄ and demon-strated in experiments [3�5℄, these e�e
ts 
an, however,be minimized by 
hoosing the appropriate (minimum)
oupling. On the other hand, the de
oheren
e 
ausedby the tank-
ir
uit-based readout system requires spe-
ial analysis, be
ause weakening this 
oupling resultsin redu
ing the input signal. Below, we start with thesour
es of de
oheren
e asso
iated with the 
ontrol linesand then analyze the e�e
t of the tank 
ir
uit and am-pli�er.4. COUPLING TO THE CHARGE CONTROLLINEThe 
oupling of the 
harge-phase qubit to the ele
-tri
 
ontrol line is a
tually similar to that of the gate
oupling in the ordinary Cooper pair box [18℄. How-ever, we here assume that the Josephson 
oupling pa-rameter � is not ne
essarily small, as is usually assumedin the analysis of 
harge qubits. This generalizationof the model is essential be
ause the external �ux �m
hanges the e�e
tive Josephson energy (3) of the qubit

over a wide range. The assumption that � is not smallimplies that the eigenstates of our system, Eq. (5), aregenerally 
omposed of several (not only two) plane-wave states.The 
oupling term 
an be represented asH(e)
 = �2enÆVe; (21)where ÆVe is the operator of voltage �u
tuations on theisland in the absen
e of the Josephson 
oupling. The
harge operator is equal to 2en = Q0�CV̂ , and there-fore the essential part of the 
oupling Hamiltonian isH(e)
 = CV̂ ÆVe: (22)The voltage operator is given byV̂ = �02� _' = �02� � _�� �
�� _�� = �02� _�: (23)Here, we assume slow variation of the total phase �,Eq. (9). The voltage operator V̂ is similar to the ve-lo
ity operator of an ele
tron in the periodi
 ele
tri
potential of a 
rystal latti
e [19℄, and its interband ma-trix elements areVnn0 = �En�q Æn;n0 + iEn �En02e �nn0(1� Æn;n0); (24)where Æn;n0 is the Kroneker delta and �nn0 are the ma-trix elements of the phase operator � [11℄.Finally, the 
oupling Hamiltonian, Eq. (22), takesthe form H(e)
 = (�x sin �e + �z 
os �e)Xe; (25)where we introdu
e the operatorXe = CkV kÆVe (26)with kV k = 12p(V11 � V00)2 + 4jV01j2 (27)and tg �e = 2jV01j(V11 � V00) : (28)(The plots of the terms entering Eqs. (27) and (28)obtained by numeri
al 
al
ulations are presented inFig. 4.) Thus, Xe = Pa Caxa 
an be 
onsidered asan operator of the bath [20℄ with the HamiltonianH(e)b =Xa � p2a2ma + ma!2ax2a2 � (29)1428
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Fig. 4. Terms 
omposed of diagonal (a) and o�-dia-gonal (b) matrix elements of the operator V̂ enteringEqs. (27) and (28) are represented for di�erent valuesof the dimensionless �ux �e for the given qubit param-eters (see the 
aption of Fig. 2)and the spe
tral density S(e)X (!) = C2kV k2S(e)V (!) == Je(!)�(!; T )=!. Here, the os
illator energy fun
-tion is �(!; T ) = ~!2 
th ~!2kBT (30)and Je(!) = �2 Xa C2ama!a Æ(! � !a): (31)With Cg assumed to be small, the spe
tral density S(e)Vof the �u
tuations of ÆVe is given byS(e)V (!) = 2� �CgC �2ReZt(!)�(!; T ); (32)where Zt = (i!Cg + Z�1g )�1 is determined bythe parallel 
onne
tion of the qubit 
apa
itan
eCgC=(Cg + C) � Cg and the gate line impedan
eZg(!) � R100 � 100
. Therefore, for frequen
ies upto !g � (R100Cg)�1 � �=~, i.e., at all 
hara
teristi


frequen
ies of the system, ReZt = R100. This is the
ase of linear damping in the Caldeira�Leggett model,Je(!) = �2�e~!; (33)with the dimensionless fa
tor�e(q; �) = �CgkV ke �2 R100RQ . �CgC �2 R100RQ ; (34)where RQ = h=4e2 � 6:45 k
, the resistan
e quantum.The estimate similar to the last expression in Eq. (34)was given in Ref. [18℄ for small �.Relaxation and dephasing 
aused by the 
harge 
on-trol line 
an therefore be des
ribed by the spin-bosonmodel with linear damping [21℄. The 
orrespondingrates are given by the expressions[� (e)r ℄�1 = ��e sin2 �e 

th ~
2kBT ; (35)and [� (e)' ℄�1 = [2� (e)r ℄�1 + ��e 
os2 �e 2kBT~ : (36)One 
an see that in a

ordan
e with the 
on
lusions inRefs. [18; 22℄, redu
ing the 
oupling 
oe�
ient �e by asmall fa
tor (Cg=C)2 � 1 
an signi�
antly depress thede
oheren
e rates.5. COUPLING TO THE FLUX CONTROL LINEThe indu
tive 
oupling of the qubit loop to the 
on-trol and readout 
ir
uits is des
ribed by the Hamilto-nian H(m)
 = �Îs(Æ�m + Æ�T ); (37)where Îs is the operator of the 
urrent 
ir
ulating in thequbit loop, Æ�m =MmÆIm, the bath operator (propor-tional to �u
tuations of the 
urrent ÆIm in the 
ontrolindu
tan
e Lm); Æ�T =MÆI is the operator of the �uxasso
iated with 
urrent �u
tuations in the tank 
ir
uit.To spe
ify the 
oupling, we represent the operatorÎs in the eigenbasis (5), i.e., we �nd the matrix elementshnjÎsjn0i; n; n0 = 0; 1: (38)In the general 
ase, Îs is given by the expressionÎs = �1 _Q1 + �2 _Q2; (39)with the dimensionless fa
tors �1;2 = C2;1=C su
h that�1 + �2 = 1. The quantitiesQ1;2 = �2ei ��'1;21429
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tive 
harges on the �rst and se
ond jun
-tion, and their time derivatives are the Josephson su-per
urrents,_Q1;2 = i~ [Q1;2; H0℄ = I
1;
2 sin'1;2: (40)Using the identity'1;2 = �2 � ' = �2 � �� 
and Eq. (4), we 
an represent the 
ir
ulating 
urrent asÎs = I1(�) 
os�+ I2(�) sin�: (41)The respe
tive amplitudes of these two 
omponents areI1 = 2��0 EJ1EJ2EJ (�) sin�; (42)andI2 = (j1 � j2)(�1j1 + �2j2) 8��0 E2J0EJ (�) ++ (�1 � �2) 4��0 EJ1EJ2EJ (�) 
os2 �2 : (43)Be
ause the Hamiltonian in Eq. (2) is an even fun
-tion of �, the operators 
os� and sin� entering Eq. (41)are diagonal and o�-diagonal, respe
tively. The ampli-tude I1 is merely the 
lassi
al Josephson 
urrent a
rosstwo large-
apa
itan
e jun
tions, expressed as a fun
-tion of the overall phase di�eren
e �, while the diagonalterm 
os� des
ribes the suppression of this 
urrent dueto the 
harging e�e
t (E
 6= 0) (see, e.g., Ref. [23℄). These
ond, o�-diagonal term in Eq. (41) is due to asym-metry of the transistor; it gives rise to the interbandtransitions 0$ 1. Using the notation
00 = h0j 
os�j0i; 
11 = h1j 
os�j1i (44)and s01 = jh0j sin�j1ij; (45)for the nonzero values of the 
orresponding matrix ele-ments, we obtain the 
oupling Hamiltonian in Eq. (37)in the formH(m)
 = (�y sin �m + �z 
os �m)(Xm +XT ); (46)where Xm;T = �kIk Æ�m;T ; (47)kIk = 12p[(
11 � 
00)I1℄2 + [2s01I2℄2; (48)

Φ/Φ0 = 0
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Fig. 5. The terms 
omposed of diagonal (a) and o�-diagonal (b) matrix elements of the operator 
os� andsin�, respe
tively, 
al
ulated for di�erent values of thedimensionless �ux �e for the given qubit parameters(see the 
aption of Fig. 2)tg �m = 2s01I2(
11 � 
00)I1 ; (49)(see the plots of the terms entering these expressionsin Fig. 5).We �rst omit the term XT asso
iated with �u
-tuations of the tank 
ir
uit in Eq. (46) and fo
uson the e�e
t of �u
tuations in the �ux 
ontrol lineÆ�m = MmÆIm. Assuming real impedan
e of the�ux 
ontrol line, Zm � R100, we obtain the spe
-tral density of the operator Xm / ÆIm in the formS(m)X (!) = M2mkIk2S(m)I (!) = Jm(!)�(!; T )=!. Atfrequen
ies below !m � R100=Lm, the fun
tion Jm islinear, Jm(!) = �2�m~! (50)with the dimensionless 
oupling fa
tor�m(q; �) = �2MmkIk�0 �2 RQR100 : (51)At higher frequen
ies, ! > !m, the e�e
tive dampingde
ays as (!m=!)2.1430
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harge-phase qubit with the radio frequen
y : : :In fa
t, Eq. (51) des
ribes the e�e
t of 
oupling tothe 
ontrol �ux in the general 
ase. An estimate of the
oupling fa
tor based on the evaluationkIk � 12 �����EJ�� ���� ; (52)whi
h is valid for a symmetri
 transistor (I2 = 0) withsmall EJ , was made in [18℄. Small mutual indu
tan
eMm [18; 22℄ leads to small �m and therefore 
auses sig-ni�
ant depression of the 
orresponding relaxation rate,[� (m)r ℄�1 = ��m sin2 �m 

th ~
2kBT ; (53)and dephasing rate,[� (m)� ℄�1 = [2� (m)r ℄�1 + ��m 
os2 �m 2kBT~ : (54)So far, we have 
onsidered the e�e
ts of de
oheren
edue to the 
harge and �ux 
ontrol lines as two indepen-dent e�e
ts. They must a
tually be des
ribed togetherusing a multibath model [18℄. If either of these de
o-heren
e e�e
ts is small, i.e., the so-
alled Hamiltonian-dominated regime is realized, the total rates due to
ontributions of the two 
ontrol lines are given by[� (
)r ℄�1 = [� (e)r ℄�1 + [� (m)r ℄�1; (55)[� (
)' ℄�1 = [2� (
)r ℄�1 + [� (e)' ℄�1 + [� (m)' ℄�1: (56)In our model, we assume that su
h a regime is realizedand, moreover, the resulting rates in Eqs. (55) and (56)
an be made negligibly small. Below, we fo
us on thee�e
t of the readout 
ir
uit, whose 
oupling strengthhas to be optimized.6. DECOHERENCE DUE TO THE READOUTSYSTEMIn 
ontrast to 
ontrol lines, 
oupling to a readoutdevi
e (in our 
ase, the tank 
ir
uit with an ampli�er)
annot be made arbitrarily small in order to redu
e thede
oheren
e. This 
oupling should ensure su�
ientlystrong signals at the ampli�er input in order to per-form a measurement with a reasonable signal-to-noiseratio on a time s
ale shorter than that determined byother fa
tors, namely � (
)r . Moreover, without an ef-�
ient swit
h (see a possible design of su
h a swit
h,e.g., in Ref. [24℄), su
h a 
oupling may 
ause signi�
antdephasing of the qubit during quantum gate manipu-lation.

The indu
tive qubit 
oupling to the tank 
ir
uit isdes
ribed by the Hamiltonian in Eq. (46). The spe
-tral density of �u
tuations of the 
orresponding vari-able XT / Æ�T =MÆI is expressed asS(T )X (!) = 2�M2kIk2S(T )I (!) = JT (!)�(!; T �)! ; (57)where S(T )I (!) is the spe
tral density of the noise 
ur-rent ÆI a
ross the indu
tan
e LT . Be
ause the 
old(super
ondu
ting) tank 
ir
uit itself presumably hasvery low losses, a ba
k-a
tion noise ÆI of the ampli-�er is dominating. It is asso
iated with the input realimpedan
e, modeled by Rp or Rs for parallel and se-rial 
on�gurations, respe
tively (see Fig. 1). T � is thee�e
tive temperature asso
iated with this impedan
e.The spe
tral density S(T )I and the fun
tion JT (!)
an be found from a network 
onsideration. With thesmall detuning Æ!0 � !0 negle
ted, in the 
ase of theparallel network (Fig. 1b), the spe
tral fun
tion JT isgiven by the expressionJ (p)T (!) = 2��p~! !40(!2 � !20)2 + !2!20Q�2 ; (58)with �p = �2MkIk�0 �2 RQRp = k2�L�Q kIk2e!0I
0 (59)and with the quality fa
tor Q = !0CTRp = Rp=!0LT .For the serial network shown in Fig. 1
, we haveJ (s)T (!) = 2��s~! !2!20(!2 � !20)2 + !2!20Q�2 ; (60)with �s = �2MkIk�0 �2 RQRs(!0L)2 (61)and Q = (!0CTRs)�1 = !0LT =Rs.In 
ontrast to the linear spe
tral fun
tions for the
ontrol lines, Eqs. (33) and (50), the fun
tions given byEqs. (58) and (60) des
ribe a stru
tured bath, i.e., theyboth are of a Lorentzian (resonan
e) shape. A similarsituation emerges, for example, in the 
ase of the �uxqubit with readout using a C-shunted d
 SQUID [22℄.The spin-boson model with a stru
tured bath was ana-lyzed theoreti
ally in [25℄ on the basis of the �ow equa-tions. If the 
oupling is weak, as in our 
ase, only thehigh frequen
y (! � 
) and low frequen
y (! ! 0) be-haviors of J(!) a

ount for relaxation and dephasing,respe
tively [22; 26; 27℄.Be
ause the frequen
y 
 is typi
ally about tens ofGHz and the distan
e between the qubit and the am-pli�er presumably ex
eeds the wavelength, the e�e
tive1431
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e of the parallel 
ir
uit at these frequen-
ies is equal to R�1100 and the impedan
e of the serial
ir
uit is � R100. Therefore, the relaxation rates in-
rease by the respe
tive fa
tors gp = Rp=R100 � 1 andgs = R100=Rs � 1.For the parallel tank 
ir
uit, the relaxation and de-phasing rates (presumably, � !0) are equal to[� (p)r ℄�1 = �gp�p sin2 �m �!0
 �4 

th ~
2kBT � ; (62)and [� (p)' ℄�1 = [2� (p)r ℄�1 + ��p 
os2 �m 2kBT �~ ; (63)respe
tively. The relaxation rate is dramati
ally sup-pressed due to the small frequen
y ratio, (!0=
) � 1.For the serial 
on�guration, the 
orresponding rates are[� (s)r ℄�1 = �gs�s sin2 �m �!0
 �2

th ~
2kBT � ; (64)[� (s)' ℄�1 = [2� (s)r ℄�1: (65)The dephasing rate is determined by the rate of relax-ation, be
ause at low frequen
y, ! � !0, the fun
tionJ (s)T (!) / !3 [21℄. Due to weaker de
ay of the serial
ir
uit impedan
e at high frequen
ies, ! � !0, the re-laxation rate is, however, substantially higher than inthe 
ase of the parallel 
ir
uit 
on�guration. We there-fore fo
us our further 
onsideration only on the paral-lel tank 
ir
uit as the more favorable (allowing longermeasuring time).7. MAGIC POINTS AND SOME ESTIMATIONSThe analysis of the 
oupling between the qubit andthe tank 
ir
uit, Eqs. (46)�(49) and Fig. 5, shows thatits strength XT / kIk and mixing angle �m 
an be sig-ni�
antly varied by 
hoosing an appropriate operationpoint. For example, as 
an be seen from Eq. (42), thediagonal 
omponent of XT (/ I1), whi
h essentially
auses pure dephasing of the qubit, is zero, i.e., themixing angle �m = �=2, at the phase values � = 0 and�. The derivatives �E0;1=�� and therefore the 
ir
u-lating super
urrent are zero. Moreover, as illustratedin Fig. 5b, if the gate 
harge Q0 � 0 (i.e., deriva-tives �E0;1=�Q0 = 0), then js01j and hen
e XT areminimum. In parti
ular, at the bias �ux �m = �0=2or, equivalently, � = � (this point is marked as A inFig. 2), EJ (�) = jEJ1 �EJ2j � E
, and we 
an there-fore use the expli
it expressions for the wave fun
tions,Eqs. (A.11) and (A.12) in Ref. [11℄, and obtainjs01j = 116p2 EJ (�)E
 = jj1 � j2j8p2 EJ0E
 : (66)

Then the value of kIk given by (48) iskIkA = 2js01jI2 � jj1 � j2j8p2 EJ0E
 I
0; (67)where we have taken into a

ount that �1 � �2 � 0:5and the se
ond term in Eq. (43), / (�1 � �2), vanishesbe
ause 
os(�=2) = 0. At the point Q0 = 0; � = 0(marked as B in Fig. 2), the Josephson energyEJ (�) = 2EJ0 and 2js01j is approximately equal to(1=8p2)EJ0=E
, and thereforekIkB � jj1 � j2 + �1 � �2j8p2 EJ0E
 I
0; (68)while for Q0 = e (point C in Fig. 2), js01j � 0:5 andkIkC � jj1 � j2 + �1 � �2jI
0: (69)It is remarkable that the e�e
t of asymmetry in 
riti-
al 
urrents and 
apa
itan
es of the jun
tions 
an, inprin
iple, 
an
el if (j1 � j2) = �(�1 � �2). In pra
-ti
e, however, the signs of (j1 � j2) and (�1 � �2) arenormally similar be
ause the 
riti
al 
urrent and 
apa
-itan
e are both proportional to the jun
tion area andsu
h 
an
elling does not o

ur.Comparing Eqs. (67), (68), and (69), we 
an see thatunder the assumption of small asymmetry of the tran-sistor, j1 � j2 � �1 � �2 � 0:5, the 
oupling strength�p at the points A (Q0 = 0; � = �), B (Q0 = 0; � = 0),and C (Q0 = e; � = 0) is rather small, but it is sig-ni�
ant at the point D (Q0 = e; � = �), where theparameter js01j � 0:5 andkIkD � I
0: (70)To illustrate this behavior, the 
oupling strength eval-uated for typi
al parameters of the system is presentedin the Table.From the standpoint of operation with a minimumdephasing rate, the �magi
� points A, B, and C atwhi
h the super
urrent I1 = 0 (see Eq. (42)) are 
learlypreferable to other points in the Q0�� plane. There-fore, manipulation of the qubit 
an, in prin
iple, beperformed at any of these points. The estimated val-ues of the 
orresponding �delity fa
tor for quantummanipulation, Q' � 
� (p)' , given in the Table, are suf-�
iently high. For example, in the 
ase of preparationof the qubit at point A, the manipulation 
an be per-formed by means of a d
 pulse applied to the transistorgate [3; 4; 17℄. This pulse (with short rise and fall times)
an rapidly swit
h the qubit, for example, to point Dand ba
k to A 
ausing its evolution (although with sig-ni�
ant dephasing) during the pulse span. Our qubit1432
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harge-phase qubit with the radio frequen
y : : :Evaluated qubit parameters derived under the assumption that EJ0 = 2E
 = 80 �eV (i.e., I
0 � 40 nA and5E
 = �Al � 200 �eV, the energy gap of Al) and j1 � j2 = �1 � �2 = 0:1. The tank 
ir
uit quality fa
tor Q = 100,frequen
y !0 = 2� � 100MHz, (LT =CT )1=2 = 100
, k2Q�L = 20 and temperature T � = 1K � T � 20mK. As long asthe dephasing rate at the magi
 points is nominally zero, a 0.1% ina

ura
y of the adjustment of the values � = � and0 was assumedOperation point: A�A0 B�B0 C�C 0 D�D0Frequen
y 
=2�, GHz 39 50 36 4Coupling strength �p 2 � 10�2 10�2 4 � 10�2 1Qubit �delity fa
tor Q' 3 � 104 2 � 105 104 < 30Relaxation time � (p)r , s 8 � 10�2 10�1 6 � 10�3 10�7prepared in the ground state at point A or B or C 
anbe (preferably) manipulated by a pulse of mi
rowavefrequen
y, � 
, applied to the gate. For example, theQuantronium qubit in the experiment by Vion et al. [5℄was manipulated by mi
rowave pulses at point C.For reading out the �nal state, the qubit dephasingis of minor importan
e, while the requirement of a suf-�
iently long relaxation time is de
isive. Moreover, therelaxation rate may somewhat in
rease due to os
illa-tions in the tank indu
ed by a drive pulse (see Fig. 6),whi
h leads to the development of os
illations around amagi
 point along the � axis, Eq. (9). If the frequen
yof these os
illations is su�
iently low, !rf � 
, theyresult only in a slow modulation of the transition fre-quen
y 
. The in
rease of the amplitude of steadyos
illations up to �a � �=2 (determined by the am-plitude of the drive pulse and detuning) yields a largeoutput signal and still ensures the required resolutionin the measurement provided the produ
t k2Q�L > 1 issu�
iently large. (At larger amplitudes �a, the 
ir
uitoperates in a nonlinear regime probing the averagedreverse indu
tan
e of the qubit whose value, as wellas the produ
ed frequen
y shift Æ!0, is smaller [28℄.)Be
ause points A and B lie on the axis Q0 = 0 andare both 
hara
terized by a su�
iently long relaxationtime, reading-out of the qubit state with the rf os
il-lation span ��=2 is preferable at either point. In the
ase of operation point C, the limited amplitude of theos
illations does not signi�
antly redu
e the relaxationtime either. Signi�
ant redu
tion of the relaxation timeo

urs in the vi
inity of point D. Be
ause of this prop-erty, whi
h is due to the dependen
e of the transversal
oupling strength on �, Eqs. (43)�(49), the measure-ment of the Quantronium state using a swit
hing 
ur-rent te
hnique was possible in the middle of segmentCD (see Fig. 2), where the maximum values of the 
ir-
ulating 
urrent in the ex
ited and ground states were

of di�erent signs [5℄.In the vi
inity of level 
rossing point D, in whi
hthe gap between the zeroth and the �rst ex
ited statesis minimum, ~
 = 2jj1 � j2jEJ0, os
illations of � may
ause the Landau�Zener transitions j0i $ j1i [29℄. Theprobability of a su
h transition per single sweep,pLZ = exp ��2� (j1 � j2)2EJ0�a~!rf � ; (71)
an be appre
iable in a su�
iently symmetri
 transis-tor and/or at a high driving frequen
y !rf , i.e., whenjj1 � j2j . (~!rf=EJ0)1=2. These transitions leadto unwanted mixing of the qubit states [30℄. In thevi
inity of point A0, where the gap between the �rstand the se
ond (not shown in Fig. 2) energy bands issmaller [9℄, ~
12 = (j1 � j2)2E2J0=2E
, the Landau�Zener transitions j1i $ j2i are more probable. Fortu-nately, the se
ond energy band has a positive 
urvature,�2E2(0; � = �)=��2 > 0, and therefore the mixing ofthese states might even improve the distinguishabilityof signals from the ground and ex
ited states. More rig-orous analysis of this e�e
t on operation of the qubitat point A is needed, however.We �nally evaluate the time of measurement re-quired for the resolution of the states n = 0 andn = 1 at the most favorable magi
 points A and B.As s
hemati
ally shown in Fig. 6, an rf drive pulse isapplied to the tank 
ir
uit just after manipulation ofthe qubit (t = 0) and indu
es growing os
illations inthe tank. The amplitude of the os
illations of voltageV approa
hes a steady value A0 (A1) for n = 0 (n = 1)after the time trise � 2�Q=!0. Assuming a 
orrespond-ing amplitude of os
illations of the phase �a = �=2, weobtain the amplitudesA0 = �a�02� !LTM = ���0!RpI
08k2Q�L �1=2 � 3 �V (72)1433
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s
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Fig. 6. The prin
iple of narrow-band radio-frequen
yreadout of the qubit. (a) The resonan
e 
urves of theun
oupled tank 
ir
uit (dotted line) and the tank 
ir-
uit 
oupled to the qubit biased at operation point Ain the ex
ited state (dashed line) and in the groundstate (solid line). (b) Driving pulse applied to the tank
ir
uit (top 
urve) and the response signal of the tankin resonan
e (the ground qubit state, bottom 
urve)and outside resonan
e (ex
ited state, middle 
urve). Asmooth envelope of the driving pulse is used to suppresstransient os
illations and has a small e�e
t on the risetime of the response signal. For 
larity, the 
urves areshifted verti
allyand A1 � 1 �V for the parameters in the Table.Assuming that the equivalent noise of asemi
ondu
tor-based ampli�er referred to the in-put is of the order of the Johnson voltage noise a
rossRp � 10 k
 at ambient temperature T � � 2K, i.e.,S1=2V � 1 nV/pHz, we 
an express the signal-to-noiseratio asSNR = (A0 �A1)ptmeasS1=2V � 2 � 103ptmeas=1 s; (73)where tmeas is the time of measurement. This time

should 
learly be mu
h shorter than the relaxation time� (p)r (evaluated as � 0:1 s, see the Table) and ex
eedthe rise time of the os
illations in the tank trise � 1�s(the latter 
ondition ni
ely agrees with the requirementSNR > 1). Thus, a drive pulse duration of � 10�s en-suring tmeas � 10�s seems to be a good 
hoi
e be
auseit yields the su�
iently high value of SNR� 6. The lat-ter (as well as the quantum �delity fa
tor Q') 
an besubstantially improved using a SQUID-based low-noiseampli�er [31℄. 8. CONCLUSIONWe have demonstrated that both manipulation andreadout of the 
harge-phase qubit 
oupled to a tank
ir
uit is, in prin
iple, possible. More spe
i�
ally, thede
oheren
e e�e
t of the ele
tri
 and magneti
 
ontrollines 
an seemingly be minimized by redu
ing 
ouplingto the qubit. The readout system based on the paralleltank 
ir
uit and 
old ampli�er 
an ensure su�
ientlyweak dephasing in the regime without an rf drive. Thedephasing rate strongly depends on the a

ura
y of ad-justing the o�set �ux bias �m = 0 or �m = �0=2
orresponding to operation at the magi
 points. Highsymmetry of the Josephson jun
tion parameters mayfurther improve the 
oheren
e 
hara
teristi
s of thequbit. Be
ause the LC resonan
e tank 
ir
uit intro-du
es only small noise at the high transition frequen
yof the qubit, 
� !0, the rate of relaxation 
an also bemade su�
iently small. Applying an rf drive pulse oflimited span allows a readout of the qubit state in theregimes of single and repeated measurements.Other problems in engineering Josephson qubitswith weak de
oheren
e are the 1=f noise of 
rit-i
al 
urrents of Josephson jun
tions [32℄ and the1=f ba
kground noise 
oupled to the 
harge vari-able [33℄, whi
h have not been addressed in thispaper but are equally important. Hopefully, in thegiven system, these e�e
ts might not be as strongas in �traditional� tunnel-jun
tion devi
es like d
SQUIDs and single-ele
tron transistors operating atnonzero voltage bias. Due to perfe
t de
oupling of thesuper
ondu
ting loop with the single-
harge transistorfrom d
 bias lines and due to the 
oherent natureof the Josephson 
urrent in the zero voltage biasregime, one 
ould expe
t a minor ba
k-a
tion e�e
tof the zero-bias operating transistor on its 
riti
al
urrent noise and 
harge noise, whi
h dramati
allydepend on the 
urrent fed (see, for example, Ref. [34℄).The author would like to thank Per Delsing, Yuriy1434
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