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MULTIPLE EXCHANGES IN LEPTON PAIR PRODUCTIONIN HIGH-ENERGY HEAVY ION COLLISIONSE. Barto² *, S. R. Gevorkyan **, E. A. Kuraev ***Joint Institute for Nu
lear Resear
h141980, Dubna, RussiaN. N. Nikolaev ****Landau Institute for Theoreti
al Physi
s142432, Chernogolovka, Mos
ow Region, RussiaSubmitted 21 O
tober 2004As an ar
hetype rea
tion for pQCD multigluon hard pro
esses in 
ollisions of ultrarelativisti
 nu
lei, we analysegeneri
 features of lepton pair produ
tion via multiphoton pro
esses in peripheral heavy ion s
attering. Wereport expli
it results for 
ollisions of two photons from one nu
leus with two photons from the other nu
leus,2
+2
 ! l+l�. The results found suggest that the familiar eikonalization of Coulomb distortions breaks downfor the oppositely moving Coulomb 
enters. The breaking of eikonalization in QED suggests that multigluonpQCD pro
esses 
annot be des
ribed in terms of the 
olle
tive nu
lear gluon distributions. We dis
uss a loga-rithmi
 enhan
ement of the 
ontribution from the 2
 + 2
 ! l+l� pro
ess to produ
tion of lepton pairs withlarge transverse momentum; similar enhan
ement is absent for the n
 +m
 ! l+l� pro
esses with m;n > 2.We 
omment on the general stru
ture of multiphoton 
ollisions and properties of higher-order terms that 
annotbe eikonalized.PACS: 25.75.-q 1. INTRODUCTIONThe exa
t theory of Coulomb distortions of thespe
trum of ultrarelativisti
 lepton pairs photopro-du
ed in the Coulomb �eld of a nu
leus has been de-veloped by Bethe and Maximon [1℄. It is based onthe des
ription of leptons by exa
t solutions of theDira
 equation in the Coulomb �eld (see, e.g., text-book [2℄). In the Feynman diagram language, one hasto sum multiphoton ex
hanges between the produ
edele
trons and positrons and the target nu
leus. For ul-trarelativisti
 leptons, the result of this summation isthe eikonal fa
tors in the impa
t parameter represen-tation. In the momentum spa
e, the same eikonal formleads to simple re
ursive relations between the (n+1)-*E-mail: bartos�thsun1.jinr.ru, Department of Theoreti
alPhysi
s, Comenius University, 84248, Bratislava, Slovakia.**E-mail: gevs�nusun.jinr.ru, Yerevan Physi
s Institute,375036, Yerevan, Armenia.***E-mail: kuraev�thsun1.jinr.ru****E-mail: n.nikolaev�fr-jueli
h.de, Institut für Kernphysik,Fors
hungszentrum Jüli
h, D-52425, Jüli
h, Germany.

and n-photon ex
hange amplitudes [3℄, where the in-
oming photon 
an be either real or virtual. There aretwo fundamental points behind these simple results.i) The light
one momenta of ultrarelativisti
 lep-tons are 
onserved in a multiple s
attering pro
ess (i. e.,if the nu
leus moves along the n�-light
one and theprodu
ed leptons move along the n+-light
one, thenthe p+-
omponents of the lepton momenta are 
on-served).ii) The s-
hannel heli
ity of leptons is 
onserved inhigh-energy QED (see textbook [2℄). It is the last prop-erty by whi
h distortions redu
e to a simple eikonalfa
tor.The same properties allow one to exp
ess thepair produ
tion 
ross se
tion in the dipole represen-tation [4℄. They also underlie the 
olor dipole pertur-bative Quantum Chromo Dynami
s (pQCD) analysisof nu
lear distortions and the derivation of nonlineark?-fa
torization for multijet hard pro
esses in DIS o�nu
lei [5℄.As shown in [6℄, the so-
alled Abelianization takes732
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hanges in lepton pair produ
tion : : :pla
e in 
ertain 
ases of pra
ti
al interest. Spe
i�
ally,the hard dijet produ
tion in a hadron�nu
leus 
ollisionis dominated by a hard 
ollision of an isolated partonfrom the beam hadron simultaneously with many glu-ons from the nu
leus, whi
h belong to di�erent nu
leonsof a target nu
leus. Nevertheless, at least for single-parti
le spe
tra, the intera
tion with a large numberof nu
lear gluons 
an be redu
ed to that with a singlegluon from the 
olle
tive gluon �eld of a nu
leus, i. e.,the nonlinear k?-fa
torization redu
es to the linear one,and in terms of the 
olle
tive glue, one only needs toevaluate the familiar Born 
ross se
tions. Extendingthe nonlinear k?-fa
torization for hard pro
esses fromhadron�nu
leus 
ollisions to 
ollisions of ultrarelativis-ti
 nu
lei is a formidable task that has not been prop-erly addressed so far. The light
one QED and QCDshare many properties, and we here address a mu
hsimpler, Abelian problem of Coulomb distortions of lep-ton pairs produ
ed in peripheral 
ollisions of relativisti
nu
lei.The pro
ess of lepton pair produ
tion in theCoulomb �elds of two 
olliding ultrarelativisti
 heavyions was intensely investigated re
ently [7�14℄. Su
han a
tivity is mainly 
onne
ted with new pra
ti
al in-terest in pair produ
tion opened with operation of thefa
ilities su
h as RHIC and LHC. Despite the high a
-tivity in this area, the issue of 
orre
t allowan
e forthe �nal-state intera
tion of produ
ed leptons with the
olliding ion Coulomb �eld remains open. The mainresults obtained so far in this dire
tion are as follows.i) The produ
ed high-energy lepton pair intera
tsstrongly with the Coulomb �eld of heavy ions, and the
orresponding 
orre
tions have a noti
eable impa
t onthe 
ross se
tion of the pro
ess [10℄.ii) The perturbation series 
orresponding to a mul-tiple intera
tion of a produ
ed pair with Coulomb �elds
an be summed and the result 
an be expressed in aneikonal-like form [14℄ if one restri
ts oneself to termsgrowing with the energy in the 
ross se
tion [12℄. InQED, su
h an approximation 
an be 
onsidered satis-fa
tory, but it is not warranted in QCD, and the prob-lem of higher-order 
orre
tions in pair produ
tion re-quires further investigation.In our paper [12℄, we 
ited the amplitude M (2)(2) ,whi
h is irrelevant in the leading and next-to-leadinglogarithmi
 approximations in QED. Nevertheless, theknowledge of 
ontributions of this type be
omes im-portant for similar pro
esses in QCD with multigluonex
hanges between the 
olor 
onstituents of ea
h ofthe 
olliding hadrons and the 
reated quark�antiquarkpair. This is the main motivation for our interest inmultiple ex
hanges and their impa
t on the lepton pair

yield in the ultrarelativisti
 heavy ion 
ollisions, an is-sue that is not only useful in understanding the ele
-tromagneti
 pro
esses but also broadly appli
able inQCD.We skip the previously studied 
ase where one ofthe ions radiates a single photon and the other radi-ates an arbitrary number of photons absorbed by the
reated pair [14℄. The photon ex
hanges between theions were not taken into a

ount either [13℄.This paper is organized as follows. In Se
. 2, we
onsider the 
ase where ea
h of the 
olliding ions ra-diates two photons, whi
h 
reate a lepton pair. Wederive the relevant amplitude M (2)(2) using the power-ful Sudakov te
hnique, well suited for 
al
ulations ofpro
esses at high energies. In Se
. 3, we study thewide-angle limit in pair produ
tion kinemati
s 
orre-sponding to the 
ase of large transverse momenta ofpair 
omponents. In this limit, the results are mu
hmore transparent than in the general 
ase, as 
an beseen from the form of the di�erential 
ross se
tion givenbelow. In Se
. 4, we dis
uss the generalization of thepro
ess under 
onsideration to the 
ase where the num-ber of photons ex
hanged by ea
h ion ex
eeds two.2. THE LEPTON PAIR PRODUCTIONWe are interested in the pro
ess of lepton pair pro-du
tion in the 
ollision of two relativisti
 nu
lei A andB with 
harge numbers Z1 and Z2,A(p1)+B(p2)! l�(q�)+l+(q+)+A(p01)+B(p02); (1)with the kinemati
al invariantss = (p1 + p2)2; q21 = (p1 � p01)2;q22 = (p2 � p02)2; s1 = (q+ + q�)2;p21 = p012 = M21 ; p22 = p022 = M22 ; q2� = m2: (2)We are interested in peripheral kinemati
s, i. e.,s�M21 ; M22 ; jq21 j; jq22 j � m2; (3)whi
h 
orresponds to small s
attering angles of ions Aand B.It is 
onvenient to use the Sudakov parameteriza-tion for all 4-momenta entering pro
ess (1),q1 = a1~p2 + b1~p1 + q1?;q2 = a2~p2 + b2~p1 + q2?;k1 = �1~p2 + �1~p1 + k1?;k2 = �2~p2 + �2~p1 + k2?;q� = ��~p2 + ��~p1 + q�?; (4)with light
one 4-ve
tors ~p1;2 obeying the 
onditions~p21 = ~p22 = 0; ~p1;2 � q? = 0; 2~p1 � ~p2 = s:733
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tion by 4-photonsWe 
onsider the 
reation of a lepton pair by fourvirtual photons (Fig. 1). The photons with momentak1 and q1�k1 (referred to as photons 1 and 2 hereafter)are emitted by ion A and the photons with momentak2 and q2� k2 (referred as the photons 3 and 4) by ionB. The leading 
ontribution to the 
ross se
tion 
omesfrom the following regions of the Sudakov variables:�1 � �1 � b1; �+ + �� = b1;�2 � �2 � a2; �+ + �� = a2;ja1j � a2; jb2j � b1; qi? = qi;q1 + q2 = q+ + q�;�� = q2�s�� ; q2� � m2: (5)Hereinafter, the boldfa
e qi denotes the two-dimensio-nal transverse part of any 
onsidered 4-momentum. Forde�niteness, we assume �+; �� > 0, whi
h 
orrespondsto the situation where the pair moves along the mo-mentum of ion A (the momentum p1). With a possi-ble extension to pQCD in mind, we negle
t the leptonmasses whenever appropriate.The 
ontribution to the matrix element of su
h aset of the Feynman diagrams (FD) is given byM (2)(2) = is (Z1Z2)2(4��)4(2�)8 �� Z d4k1d4k2k21k22(q1 � k1)2(q2 � k2)2 �� 1s �u�(p01)O�1�11 u�(p1)�u�(p02)O�1�12 u�(p2)�� �u(q�)T����v(q+)g��1g��1g��1g��1 ; (6)where u and v are the leptoni
 Dira
 bispinors and
p02
q��q+��1�1� ��1�1p2

q1�k1q2�k2
p01p1 k1k2 �

Fig. 1. A typi
al Feynman diagram for the amplitudeM (2)(2)

O1; O2, and T are the 
orresponding tensors of the up-per, down, and pair produ
tion blo
ks. To see the pro-portionality of matrix element (6) to the invariant en-ergy s, we use the Gribov representation for the virtualphoton Green's fun
tionsg��1g��1g��1g��1 �� �2s�4 p1�p1�p1�1p1�1p2�1p2�1p2�p2� : (7)The numerators of the Green's fun
tions of nu
leus A
an be written as s2N1 withN1 = 1s �u�(p01)p̂2u�(p1); X� jN1j2 = 2;and a similar expression exists for nu
leus B. The de-nominators of the virtual photon Green's fun
tions inthe 
onsidered kinemati
s depend only on the trans-verse 
omponents of the 
orresponding 4-ve
tors, andthereforek21k22(q1�k1)2(q2�k2)2 = k21k22(q1�k1)2(q2�k2)2:There are 24 FD 
ontributing toM (2)(2) . Instead of them,it is 
onvenient to 
onsider 24�2�2 = 96 FD with all pos-sible permutations of emission and absorption points ofthe ex
hanged photons by the nu
lei (Fig. 2). Then theresult must be divided by (2!)2. This tri
k [15℄ providesthe 
onvergen
e of integrals over �2,12�i 1Z�1 d�2� ss�2�
+i0+ s�s�2�d+i0� = �1; (8)and of a similar integral over �1. After all operations,we 
an write the matrix element asM (2)(2) = is (16��2Z1Z2)2N1N2(2!)2 �� Z d2k1d2k2�2 �u(q�)Rv(q+)k21k22(q1 � k1)2(q2 � k2)2 ; (9)where R = 1s Z d�1d�2(2�i)2 p1�p1�p2�p2�T����:2.2. The 
lassi�
ation of Feynman diagramsIt is 
onvenient to 
lassify FD by the ordering ofthe ex
hanged photons absorbed by the lepton worldline (Fig. 3). We label them as Rijkl, R = PRijkl ,with pairwise distin
t integers i; j; k; l from one to four,
ounting from a negative lepton emission point.734
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tion : : :
1 n 1 n all permutationsFig. 2. The notation for the permutations of n virtual photons emitted by a heavy ion

�q+p1 p1
p2 p2q� kkkl l lq� q�p01p02�q+p1

p2 j i ij�q+ j ip01
p02

p01
p02 
baFig. 3. The set of basi
 Feynman diagrams for the amplitude M (2)(2)a) We �rst 
onsider the set of four FD (Fig. 4a),labeled R1234, R2134, R1243, and R2143, in whi
h theintera
tions with two nu
lei are ordered 
onse
utivelyagainst the lepton line dire
tion. The sum of the rele-vant 
ontributions provides the 
onvergen
e of the �1and �2 integrations. After a standard 
al
ulation, weobtainR1234 +R2134 +R1243 +R2143 == ��p̂1(q̂� � q̂1)?�+q2� + ��(q� � q1)2 p̂2s = �B p̂2s ;B = q̂�?(q̂� � q̂1)?�+q2� + ��(q� � q1)2 : (10)The last equality in Eq. (10) is the result of the Dira
equation for massless parti
les,�u(q�)��p̂1p̂2 = ��u(q�)q̂�?p̂2: (11)A result similar to Eq. (10) is obtained for the setof the 
rossing diagrams (Fig. 4b) 
orresponding to theR3412, R3421, R4312, and R4321 terms in the amplitude,with only the repla
ement B ! ~B, where~B = (�q̂+ + q̂1)?q̂+?��q2+ + �+(q1 � q+)2 : (12)b) We next 
onsider the set of the diagrams R1342,R1432, R2341, R2431 (Fig. 4
) and R3124, R3214, R4123,R4213 (Fig. 4d), where ex
hanges with ion B (A) are at-ta
hed to the lepton line between the intera
tions withion A (B).

For de�niteness, we 
onsider the sum R1342+R1432.Using the relevant denominators of the lepton line, weobtain the following integrals over �1 and �2:Z d�12�i 1s��(�� � �1)� (q� � k1)2 + i0 �� 1�s�+(�� � �1)� (�q+ + q1 � k1)2 + i0 �� Z d�22�i � s(����1)s(����1)(����2)�(q��k1)2+i0++ s(����1)s(����1)(��++�2)�(�q++q1�k1)2+i0� : (13)The se
ond integral after 
losing the integration
ontour in the lower half-plane gives the fun
tionsign(�� � �1), and hen
e Eq. (13) be
omesZ d�12�i sign(�1 � ��)s��(�� � �1)� (q� � k1)2 + i0 �� 1�s�+(�� � �1)� (�q+ + q1 � k1)2 + i0 : (14)Using the relation1Z�1 dx2�i signx(�ax� b+ i0)(
x� d+ i0) == 1�i(ad+ b
) ln adb
 ; (15)735
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p2 p1
p2

p01q1�k1 q�q2�k2p02
p1 p01k1 q�

p02p2 e�q+ �q+

�q+q�ba 

d

k1k2 k2q1�k1

k1k2 q2�k2k1k2k1k2

q2�k2

q1�k1

Fig. 4. The Feynman diagrams for the amplitude M (2)(2)we obtain the resultR1342 +R1432 +R2341 +R2431 == p̂1i�s " (q̂� � k̂1)?(�q̂++q̂1�k̂1)?�+(q��k1)2+��(�q+ + q1 � k1)2 �� ln �+(q� � k1)2��(�q+ + q1 � k1)2++ (q̂� � q̂1 + k̂1)?(�q̂+ + k̂1)?�+(q� � q1 + k1)2 + ��(�q+ + k1)2 �� ln �+(q� � q1 + k1)2��(�q+ + k1)2 � ;R3124 +R3214 +R4123 +R4213 == p̂2i�s " (q̂��k̂2)?(�q̂++q̂2�k̂2)?�+(q��k2)2+��(�q++q2�k2)2 �� ln ��(�q+ + q2 � k2)2�+(q� � k2)2 ++ (q̂� � q̂2 + k̂2)?(�q̂+ + k̂2)?�+(q� � q2 + k2)2 + ��(�q+ + k2)2 �� ln ��(�q+ + k2)2�+(q� � q2 + k2)2 � :
(16)

We note that expressions (16) are purely imaginary,

and therefore their interferen
e with the Born term inthe 
ross se
tion is zero.
) We now 
onsider the 
ase of intera
tions withdi�erent nu
lei alternating along the lepton line, forinstan
e, the amplitude R1324 (Fig. 4e). After somealgebra, we obtain the relevant numeratorN1324 = sp̂1p̂2(q̂� � k̂1)? �� (q̂� � k̂1 � k̂2)?(q̂� � q̂1 � k̂2)?; (17)whi
h is very di�erent from the numerators of Born-li-ke amplitudes. Spe
i�
ally, it is a higher-order term inthe running transverse momenta ki.The relevant denominators are given byf1g � (q� � k1)2 + i0 == s(�� � �1)�� � (q� � k1)2 + i0;f2g � (q� � k1 � k2)2 + i0 == s(����1)(����2)�(q��k1�k2)2 + i0;f3g � (�q+ + q2 � k2)2 + i0 == s(��+)(����2)�(�q++q2�k2)2 + i0: (18)
736



ÆÝÒÔ, òîì 127, âûï. 4, 2005 Multiple ex
hanges in lepton pair produ
tion : : :The nonvanishing 
ontribution only emerges if thepoles are lo
ated in di�erent �2 half-planes, whi
h takes pla
e only if �1 < �� (�� > 0). Taking the residue atpole {2}, we �nd
Z s d�22�i 1f2gf3g = � �(�� � �1)(�1 � ��)(�q+ + q2 � k2)2 � �+(q� � k1 � k2)2 : (19)

Further integration over �1 
an be done using the rela-tion1Z�1 dx2�i �(x)(ax� b+ i0)(
x+ d+ i0) == � 12(ad+ b
) �1 + i� ln adb
� ; (20)with the resultR1324 = ���N13242sD1324 �1 + i� ln adb
� ; (21)D1324 = ��(q� � k1)2(�q+ + q2 � k2)2 ++�+q2�(q� � k1 � k2)2 = ad+ b
:The highly nonlinear denominator given by Eq. (21)makes the 
ontribution of the 
onsidered 
ase dramati-
ally di�erent from the Born amplitude and 
orre
tionsto it from the higher-order pro
esses in whi
h only onephoton is emitted by one of the ions [12℄. Te
hni
ally,the nonlinearity is not surprising be
ause of the relatednonlinearity of the numerator. The prin
ipal di�eren
efrom the Born-like amplitude is that with the alternat-ing ordering of intera
tions, we have the situation inwhi
h the p+ 
omponent of the light
one momentum is
onserved in the s
attering on one ion but is not 
on-served in the s
attering on the se
ond ion. Dependingon the ordering of intera
tion verti
es and the order of

integrations, we en
ounter a sequen
e of verti
es with
onservation and non
onservation of the p�-
omponentof the light
one momentum.Similar results 
an be obtained for other 
ontribu-tions of these types.d) The �nal result is given by (see Table)M (2)(2) = is(2!)2 (16��2Z1Z2)2N1N2 �� Z d2k1� d2k2� �u(q�)R(2)(2)p̂2v(q+)sk21k22(q1 � k1)2(q2 � k2)2 ; (22)
R(2)(2) = 2Xn=1 [ânb̂n℄?��b2n + �+a2n �� 10Xn=3 [ânb̂n
̂nd̂n℄?2[��b2nd2n + �+a2n
2n℄ ���1 + i (�1)n+1� ln ��b2nd2n�+a2n
2n �++ 12Xn=11 i (�1)n+1� [ânb̂n℄?��b2n + �+a2n ln ��b2n�+a2n : (23)To verify gauge invarian
e, we give the expli
it formfor the real part of the amplitude:2 ÆÝÒÔ, âûï. 4 737
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oe�
ients in formula (23). The bra
kets denote index permutation, e. g., (12) � 12 + 21n Rijkl an bn 
n dn1 R(12)(34) q� q� � q1 � �2 R(34)(12) q1 � q+ q+ � �3 R1324 q� q� � k1 q� � k1 � k2 q� � q1 � k24 R1423 q� q� � k1 q� � q2 + k2 � k1 �q+ + k25 R2314 q� q� � q1 + k1 q� � q1 + k1 � k2 �q+ + q2 � k26 R2413 q� q� � q1 + k1 �q+ + k1 + k2 �q+ + k27 R4231 q� � q2 + k2 �q+ + k1 + k2 �q+ + k1 q+8 R3241 q� � k2 q� � q1 + k1 � k2 �q+ + k1 q+9 R4132 q� � q2 + k2 q� � q2 + k2 � k1 �q+ + q1 � k1 q+10 R3142 q� � k2 q� � k1 � k2 �q+ + q1 � k1 q+11 R3(12)4 q� � k2 �q+ + q2 � k2 � �12 R4(12)3 q� � q2 + k2 �q+ + k2 � �ReR(2)(2) = [q̂�(q̂� � q̂1)℄?�+q2� + ��(q� � q1)2 + [(�q̂+ + q̂1)q̂+℄?��q2+ + �+(q+ � q1)2 �� [q̂�(q̂� � k̂1)(q̂� � k̂1 � k̂2)(q̂� � q̂1 � k̂2)℄?2[��(q� � k1)2(�q+ + q2 � k2)2 + �+q2�(q� � k1 � k2)2℄ �� [q̂�(q̂� � k̂1)(q̂� � q̂2 + k̂2 � k̂1)(�q̂+ + k̂2)℄?2[��(q� � k1)2(�q+ + k2)2 + �+q2�(q� � q2 + k2 � k1)2℄ �� [q̂�(q̂� � q̂1 + k̂1)(q̂� � q̂1 + k̂1 � k̂2)(�q̂+ + q̂2 � k̂2)℄?2[��(q� � q1 + k1)2(�q+ + q2 � k2)2 + �+q2�(q� � q1 + k1 � k2)2℄ �� [q̂�(q̂� � q̂1 + k̂1)(�q̂+ + k̂1 + k̂2)(�q̂+ + k̂2)℄?2[��(q� � q1 + k1)2(�q+ + k2)2 + �+q2�(�q+ + k1 + k2)2℄ �� [(q̂� � q̂2 + k̂2)(�q̂+ + k̂1 + k̂2)(�q̂+ + k̂1)q̂+℄?2[��q2+(�q+ + k1 + k2)2 + �+(�q+ + k1)2(q� � q2 + k2)2℄ �� [(q̂� � k̂2)(q̂� � q̂1 + k̂1 � k̂2)(�q̂+ + k̂1)q̂+℄?2[��q2+(q� � q1 + k1 � k2)2 + �+(�q+ + k1)2(q� � k2)2℄ �� [(q̂� � q̂2 + k̂2)(q̂� � q̂2 + k̂2 � k̂1)(�q̂+ + q̂1 � k̂1)q̂+℄?2[��q2+(q� � q2 + k2 � k1)2 + �+(q� � q2 + k2)2(�q+ + q1 � k1)2℄ �� [(q̂� � k̂2)(q̂� � k̂1 � k̂2)(�q̂+ + q̂1 � k̂1)q̂+℄?2[��q2+(q� � k1 � k2)2 + �+(�q+ + q1 � k1)2(q� � k2)2℄ :We 
an then verify that the following 
ondition is satis�ed:ReR(2)(2) = 0 if k1 = 0 or k2 = 0 or k1 = q1 or k2 = q2: (24)This fa
t is also 
orre
t for the whole amplitude (23). This property (24) is 
ru
ial for the gauge invarian
e andinfrared 
onvergen
e of integrations over d2ki.In the loop integration, we 
an shift the integration variable as ki ! qi�ki. Then expression (23) for ReR(2)(2)
an be simpli�ed to 738
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hanges in lepton pair produ
tion : : :ReR(2)(2) = q̂�?(q̂� � q̂1)?�+q2� + ��(q� � q1)2 + (�q̂+ + q̂1)?q̂+?��q2+ + �+(q1 � q+)2 �� 2 [q̂�(q̂� � k̂1)(q̂� � k̂1 � k̂2)(q̂� � q̂1 � k̂2)℄?��(q� � k1)2(�q+ + q2 � k2)2 + �+q2�(q� � k1 � k2)2 �� 2 [(�q̂+ + q̂1 + k̂2)(�q̂+ + k̂1 + k̂2)(�q̂+ + k̂1)q̂+℄?��q2+(�q+ + k1 + k2)2 + �+(�q+ + k1)2(q� � q2 + k2)2 : (25)Although the gauge invarian
e property is not mani-fested here, as in the previous 
ase, the �nal resultsafter integration over ki 
oin
ide.3. THE WIDE-ANGLE LIMIT OF THE M (2)(2)AMPLITUDEWe 
onsider the behavior of expression (25) in the
ase where the transverse 
omponent of lepton mo-menta is large 
ompared to the momenta transferredto the ions, q� � �q+ = q; jqj � jq1;2j: (26)The main 
ontribution to the matrix element is thengiven by the regionjqij � jkij � jqj: (27)The amplitude M (1)(1) isM (1)(1) = �is (8��)2N1N2Z1Z2q21q22 �u(q�)R(1)(1)s v(q+);R(1)(1) = p̂1 q̂� � q̂1(q� � q1)2 p̂2 + p̂2 q̂1 � q̂+(q1 � q+)2 p̂1 == (B � ~B)p̂2: (28)For wide-angle kinemati
s, we have1sR(1)(1) = p̂2s 1b21(q2)2 [2q � q2(b1q̂q̂1 + 2��q � q1)++ q2(b1q̂1q̂2 + 2�+q1 � q2)� ; (29)where b1 = �� + �+, q = q� � �q+, and q1;2 are themomenta transferred to ions.For the matrix elementM (1)(2) we have (in agreementwith the result obtained in paper [16℄)M (1)(2) = �s27�2�3Z1Z22N1N2q21 �� Z d2k2� �u(q�)R(1)(2)p̂2v(q+)sk22(q2 � k2)2 ; (30)

whereR(1)(2) = B + ~B �� (q̂� � k̂2)?(q̂� � q̂1 � k̂2)?��(q� � q1 � k2)2 + �+(q� � k2)2 �� (q̂+ � k̂2 � q̂1)?(q̂+ � k̂2)?�+(q� � q2 + k2)2 + ��(q+ � k2)2 : (31)In the 
onsidered limit, this expression be
omesR(1)(2) � 1b1q2 h(2��q� � q1 + q̂�q̂1)�� �4(q� � k2)2(q2)2 � k22q2��� 2q� � k2q2 (k̂2q̂1 + 2��k2 � q1)℄ + (�� ! �+);jk2j � jq2j: (32)
This expression vanishes after angular averaging. It 
anbe shown that the quantity M (1)(3) also vanishes in thelimit of wide-angle pair produ
tion and is proportionalto jq2j=jqj � 1, whi
h is in agreement with [3℄.For the amplitude M (2)(2) 
onsidered in Eq. (22), thequantity R(2)(2) plays the role of a 
ut-o� parameter inthe region jkij > jqj. From very general arguments, it
an be written in the formReR(2)(2) � [k�1 (q1 � k1)�k�2 (q2 � k2)� ℄?(q2)2 R���� ; (33)with some dimensionless tensor matrix R���� indepen-dent of ki and qi. Expanding expression (25), we ob-tainZ d2k1d2k2�2 ReR(2)(2)k21k22(q1 � k1)2q(q2 � k2)2 �� I(q2)2 4(�+ � ��)(�� + �+)2 ln q2maxq21 ln q2maxq22 ; (34)739 2*
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leus radius.Su
h a logarithmi
 enhan
ement is absent if the num-ber of the ex
hanged photons from ea
h ion ex
eeds two(Fig. 5). In fa
t, the amplitudesM (2)(n),M (n)(2) , n > 2 
on-tain only the �rst power of the large logarithm, whereasM (m)(n) , m;n > 2 do not 
ontain su
h a fa
tor at allbe
ause the 
orresponding loop momenta integrals are
onvergent in both infrared and ultraviolet regions andwe 
an safely put jq1(2)j = 0 in loop integrations.Thus, the di�erential 
ross se
tion for the 
onsid-ered kinemati
s is determined by the interferen
e term�M (1)(1)��M (2)(2) , whi
h has the form (for 
omparison, wealso present the Born term)d�0db1dx = 16(Z1Z2�2)2�4 �� x2+(1�x)2q21q22(q2)2b1 d2q1d2q2d2q; (35)d�intdb1dx = 16(Z1Z2�2)3q21q22q2+q2� 1� 2xb1 �� ln q2maxq21 ln q2maxq22 Q d2q1d2q2d2q�; (36)whereQ = q� � (q1 � q�)(1� x)q2� + x(q� � q1)2 ++ q+ � (q+ � q1)xq2+ + (1� x)(q1 � q+)2 ;x = ��b1 ; � < x; b1 < 1� �; � = 4m2x(1� x)q2� :We note that expression (36) is symmetri
 under simul-taneous substitutions q+ $ q� and �+ $ �� due tothe C-even nature of the interferen
e.Finally, from a very straightforward generalizationof (33), it 
an be shown that the set of amplitudes withan odd number of ex
hanges with one or both nu
lei issuppressed in the limit of wide-angle produ
tion:M (2m)(2n+1) � O� jq1jjqj �; M (2m+1)(2n) � O� jq2jjqj �;M (2m+1)(2n+1) � O� jq1jjq2jjq2j �: (37)4. MULTIPHOTON EXCHANGEWe generalize the above pi
ture to the 
ase of mul-tiple photon ex
hanges (m;n > 2). Using the relation

In = 1�n�1 ��Z d2k1 : : : d2kn�1(k21+�2) : : : (k2n�1+�2)[(q�k1�: : :�kn�1)2+�2℄== n lnn�1(q2=�2)q2 (38)and taking the 
ombinatorial fa
tor 1=n! 
oming fromthe symmetri
 integration over �i and �i into a

ount,we have to repla
e any single photon ex
hange with anin�nite set of photons by multiplying the amplitude byeikonal fa
tors of the type expfi'i(q2)g with the phase'i(q2) = ��Zi ln(q2=�2). The s
attering amplitudesof an ele
tron and a positron di�er only by the sign ofthe phase (whi
h is positive for ele
trons) [9℄. This re-pla
ement is shown in Fig. 6, where the double photonline 
orresponds to in�nitely many photons.Using the same te
hnique as in [17℄, we 
an see thatthe amplitude relevant to Fig. 7a and Fig. 7b 
an bewritten as~R(1)(1) = B exp��i['1(q21)� '2(q22)℄	++ ~B exp�i['1(q21)� '2(q22)℄	 : (39)The intera
tions of the ele
tron and the positron withthe Coulomb �eld di�er only by signs. Althoughthis expression is infrared-unstable in the 
ase whereZ1 6= Z2, the regularization parameter � enters it in astandard way.We now 
onsider the 
lass of diagrams shown inFig. 7
. In subse
tion 2.2, we obtained expressions (16)in the 
ase where m = n = 2, with ReR1(34)2 = 0. It
an be shown that higher-order terms with any evennumber of photons from the same nu
leus atta
hed tothe lepton world line between two photons from othernu
lei do not 
ontribute to the amplitude of the pro-
ess under 
onsideration. This follows from the relation(sign�)2k+1 = sign�.The general stru
ture of the amplitude 
orrespond-ing to Fig. 7
 
an be 
onstru
ted using the lowest-ordertrun
ated amplitude (without single-photon propaga-tors) R(1)(2),740
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�q+ �q+ �q+p02 p2 p02

p1 p01 p1 p01 p1 p01q� q� q�np2 p02 p2a b 

m nm

Fig. 5. Some Feynman diagrams for amplitudes of the type M (2)(n) (a), M (n)(2) (b), and M (m)(n) (
) with m;n � 2p01p1
p02p2

p1
p2 p02 � 1Xi=1p01
Fig. 6. The representation of all eikonal ex
hanges~R(1)(2) = 
os('1(q21))q21 R(1)(2) �� exp�i['2(k2)� '2((q2 � k)2)℄	 ;R(1)(2) = 1i� (q̂� � q̂2 + k̂)?(�q̂+ + k̂)?��(q+ � k)2 + �+(q� � q2 + k)2 �� ln �+(q� � q2 + k)2��(q+ � k)2 : (40)
The further generalization is obvious. For instan
e,we give the expression 
orresponding to the diagram inFig. 7d,~R(2)(2) = 
os('1(k21)) exp ��i'1((q1 � k1)2)��� 
os('2(k22)) exp �i'2((q2 � k2)2)� R1324: (41)From the above 
onsideration, we 
on
lude that thegeneral stru
ture of the matrix element M (m)(n) 
orre-sponding to m photon ex
hanges from one ion (with4-momenta ki) and n ex
hanges from the other (with4-momenta �i) 
an be s
hemati
ally written as

p1 p1 p1p01 p01 p01
p1p2 p02 p2 p02 p2 p02
p2 p02 p2 p2

q� q�
p01 p01a b 


d e f
q��q+ �q+�q+

�q+ �q+q� q�q�p1 p01p1p02 p02�q+
Fig. 7. The Feynman diagrams for the amplitudes withmany photon ex
hanges. The double photon line rep-resents any number of ex
hanged photons, the doublezigzag line represents only an odd number of ex
hangedphotonsM (m)(n) = isN1N2(Z1�)m(Z2�)n �216n!m! �� Z d2k1� : : : d2km�1� d2�1� : : : d2�n�1� 1k21 : : :k2m �� 1�21 : : :�2n �u(q�) �R(m)(n) p̂2s v(q+); (42)where m and n satisfy the 
ondition jm � nj � 1. Atthis stage, we omit phase fa
tors in the stru
ture R(m)(n)(in order to understand the problem 
learly), and it 
antherefore be written as�R(m)(n) = �R(1)(1) + �R(1)(2) + �R(2)(1) + �R(2)(2) + �R(2)(3) ++ �R(3)(2) + �R(3)R(3) + �R(3)L(3) : : : ; (43)741



E. Barto², S. R. Gevorkyan, E. A. Kuraev, N. N. Nikolaev ÆÝÒÔ, òîì 127, âûï. 4, 2005where�R(2)(1) = 1i� (q̂��k̂)?(�q̂++q̂1�k̂)?��(�q++q1�k)2+�+(q��k)2�� ln �+(q� � k)2��(�q+ + q1 � k)2 ;�R(2)(3) = �R(3)(2) = 0;�R(3)R(3) = 1
1 + 
2 h�22 + 12 ln2 
1
2 i;
1 = ��(q� � k1)2(q� � k1 � k2 � �1)2 �� (�q+ + q2 � �1 � �2)2;
2 = �+q2�(q� � k1 � �1)2 �� (q� � k1 � k2 � �1 � �2)2;�R(3)(4) = 1d1 + d2 h�22 + 12 ln2 d1d2 i;d1 = �+(q� � �1)2(q� � �1 � �2 � k1)2 �� (q� � �1 � �2 � �3 � k1 � k2)2;d2 = ��(q� � �1 � k1)2 �� (q� � �1 � �2 � k1 � k2)2 �� (�q+ + q2 � �1 � �2 � �3)2: (44)Here, �R(2)(2) is only the se
ond term in the right-handside in Eq. (23) and the index R(L) denotes two pos-sible 
on�gurations of photons for �R(3)R(3) (Fig. 7e) and�R(3)L(3) (Fig. 7f).Thus, the general algorithm for 
onstru
ting an ar-bitrary term is transparent. Unfortunately, we 
annotobtain a 
ompa
t expression for the whole amplitude.The reason is the in
reasing nonlinearity of the prop-agators with the order of intera
tion. The behaviorof the above denominators is very di�erent from theBorn-like 
ase, where the simpli
ity of propagators al-lows one to obtain eikonal-like expressions.The result of partial summation like (41) su�ersfrom infrared divergen
es and 
annot be 
onsidered �-nal. On the other hand, the �nal result (44) impliesthe summation over the 
lasses R(m)(n) of FD and must
ontain all the dependen
e on the �photon mass� � inthe form of a general phase fa
tor, proving the infraredstability of the 
ross se
tion. We believe that this ques-tion will be the subje
t of a separate investigation.5. CONCLUSIONSThe wide-angle lepton pair produ
tion in pe-ripheral intera
tions of ultrarelativisti
 heavy ions isan ar
hetype rea
tion for hard pro
esses in 
entralhadroni
 hard 
ollisions of heavy nu
lei. In the ele
-

tromagneti
 
ase, the expansion parameter Z1;2 � � 1makes the multiple photon 
ollisions m
 + n
 ! l+l�potentially important, and similarly, the e�e
t of mul-tiple gluon 
ollisions in 
entral 
ollisions is enhan
ed bya large number of nu
leons at the same impa
t param-eter. The 
ru
ial issue is whether su
h multiple photon
ollisions 
an be des
ribed by the Born 
ross se
tion interms of the 
olle
tive photon �elds of 
olliding nu
lei.We have obtained the expression for the amplitude forthe 2
 + 2
 ! l+l� pro
ess and have shown that its
ontribution is dominant in the wide-angle limit. Ourprin
ipal �nding is that the amplitude is manifestly ofa non-Born nature, whi
h is suggestive of the 
ompletefailure of the linear k?-fa
torization even in the Abelian
ase.The leading term of the multiphoton 
ollision 
on-tribution to the amplitude of the produ
tion of hightransverse momentum leptons, 2
 + 2
 ! l+l�, isfound to have a logarithmi
 enhan
ement, while su
han enhan
ement is absent in higher-order terms. Wepresented the algorithm that allows 
onstru
ting thefull amplitude in all orders. The obtained results 
anbe useful in appli
ation to the QCD pro
ess of produ
-tion of high-k? jets as well as the bound state 
reation(positronium, 
harmonium), the issue whi
h will beinvestigated elsewhere.We are grateful to the parti
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