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NONFRUSTRATED MAGNETOELECTRIC WITHINCOMMENSURATE MAGNETIC ORDERIN THE MAGNETIC FIELDA. V. Syromyatnikov *St. Petersburg Nulear Physis Institute188300, Gathina, St. Petersburg, RussiaReeived February 19, 2007We disuss a model nonfrustrated magnetoeletri in whih a su�iently strong magnetoeletri oupling pro-dues an inommensurate magneti order leading to ferroeletriity. Properties of the magnetoeletri in themagneti �eld direted perpendiular to the wave vetor desribing the spin helix are onsidered in detail. Anal-ysis of the lassial energy shows that in ontrast to the naive expetation, the onset of ferroeletriity oursat a �eld H1 that is lower than the saturation �eld H2. We have H1 = H2 at large enough magnetoelrtrioupling. We show that at H = 0, ferroeletriity ours at T = TFE < TN . A qualitative disussion of thephase diagram in the H � T plane is presented within the mean-�eld approah.PACS: 75.80.+q, 71.70.Ej, 77.80.-e1. INTRODUCTIONIn reent years, there has been a revival of interestin magneti ferroeletris in whih magneti and fer-roeletri orders oexist (magnetoeletris) [1, 2℄. Sys-tems in whih the ferroeletri and spiral magneti or-der our simultaneously attrat partiular attentionpresently beause of the reognition of the role thatsuh materials might play in fabriating novel magneto-eletri (ME) devies [3℄. A number of suh ompoundshave been obtained reently: RMnO3 with R = Gd,Tb, Dy [4�6℄; RMn2O5 with R = Ho, Y, Tb, Dy [7�9℄;Ni3V2O8 [10, 11℄; spinel oxides RCr2O4 with R = Co,Fe, Mn [12℄; MnWO4 [13℄ et. In the majority of thesematerials, the paraeletri phase with a ollinear spinstruture (sinusoidal spin density wave) appears belowthe Néel temperature TN . Upon further ooling, atT = TFE < TN , a transition ours to the phase inwhih the ferroeletri order oexists with an inom-mensurate elliptial (onial in RCr2O4) magneti spi-ral. Some of suh ferroeletri phases (e.g., RMnO3 andRCr2O4) are stable down to very small temperatures;in others, transitions to ollinear paraeletri phasesour below TFE . All experiments point to the keyrole of the nonollinear spin on�gurations indued by*E-mail: syromyat�thd.pnpi.spb.ru

frustrated exhange interations in produing the ele-tri polarization [2℄. Due to the frustration, TN andTFE are quite small in all ompounds found by now,with only one exeption, Ba0:5Sr1:5Zn2Fe12O22 [14℄, inwhih TFE is greater than room temperature. A �giant�ME e�et is observed in these materials as a very highsensitivity of the eletri polarization to the magneti�eld: the spin-�op transition in the magneti �eld is a-ompanied by rotation of the polarization through 90Æand by an anomaly in the dieletri onstant. The valueof the eletri polarization was found to be two to threeorders smaller than in the typial ferroeletris; there isno suh great in�uene of the eletri �eld on the mag-neti properties, whih indiates that the ME ouplingis small in these ompounds. Muh e�ort has been in-vested in �nding materials with a stronger ME ouplingand with higher transition temperatures, whih an beused in pratie.A phenomenologial treatment of the magneto-eletri oupling mehanism has been proposed basedon the Landau expansion and symmetry onsidera-tions [3; 15�17℄. A mirosopi mehanism of ferroele-triity of the magneti origin was reently proposedin Ref. [18℄, based on the idea that the spin urrentjs / [Si � Sj ℄ indued between the nonollinear spinsleads to the eletri moment P / [eij � js℄, where eij666



ÆÝÒÔ, òîì 132, âûï. 3 (9), 2007 Nonfrustrated magnetoeletri with inommensurate magneti : : :is the unit vetor onneting spins i and j. This resultan be regarded as the inverse e�et of the Dzyaloshin-skii �Moriya interation. As a result, the e�etive MEinteration an be writen as [19℄VME = �[U� eij ℄ � [Si � Sj ℄ ; (1)where U stands for the orresponding ligand displae-ment. Taking the elasti energy U2=2 into aountshows that the proposed mehanism an lead to fer-roeletriity as soon as the nonollinear spin strutureexists.The ME oupling in (1) an produe a spiral in-ommensurate magneti order and eletri momenteven without frustration if � is large enough. In-deed, we onsider two spins and take the diret ex-hange oupling J between them, ME interation (1),and the elasti energy U2=2 into aount. Minimiza-tion of the total energy with respet to U and �,the angle between the spins, gives U = (�=)S2 sin�and sin� os� = J=(�S)2 sin�. The ME ou-pling onstant in TbMnO3, urrently one of the bestmagnetoeletris of this type, is estimated to be� � 1 meV/Å [17℄. With the harateristi value of given by 103 meV/Å2 and J � 1 meV, it follows fromthe above estimates that sin� os� � 103 sin�, whihleads to � = 0 and indiates that in magnetoeletriompounds that have been found presently, frustrationis indeed indispensable for the appearane of a non-ollinear magneti order leading to ferroeletriity. Asmentioned above, every e�ort is now made to �nd in-ommensurate magnetoeletris with a larger ferroele-tri moment. But the strong ME interation an pro-due a spiral inommensurate magneti order and a fer-roeletri moment without frustration. Thus, it an beseen from the above onsideration of two spins that if �were about 30 times larger than in TbMnO3, a nonzerosolution for � would appear. Moreover, it an beexpeted that among the magnetoeletri ompoundswith large enough � to be obtained (as we hope),nonfrustrated ompounds would have larger transitiontemperatures than frustrated ones, other things beingequal.Thus, it is instrutive to disuss nonfrustrated mag-nets with a strong ME oupling of form (1). Suh amagnet was reently onsidered in Ref. [19℄, where ol-letive magnetoeletri modes were disussed. In thepresent paper, we disuss a model similar to that inRef. [19℄, fousing on its properties in the magneti�eld direted perpendiular to wave vetor desribingthe spin helix. Analysis of the lassial energy pre-sented in Se. 2 shows that in ontrast to the naiveexpetation, the onset of ferroeletriity ours at a

�eld H1 that is lower than the saturation �eld H2.We have H1 = H2 at strong enough �. We show thatat H = 0, ferroeletriity ours at T = TFE < TN . Aqualitative disussion of the phase diagram in theH�Tplane is presented within the mean-�eld approah inSe. 3. Setion 4 ontains our onlusions.2. CLASSICAL ENERGYWe disuss a magnetoeletri with the ferromag-neti interation Jxyij in the xy plane and the antiferro-magneti interation Jzij along the z axis with the MEoupling of form (1). The orresponding Hamiltonianhas the formH = 12X(i;j) JzijSiSj � 12 Xhi;ji Jxyij SiSj ++ �Xi [URi � ex℄ � [SRi � SRi+ex ℄ ++ 2Xi U2i +HXi Szi ; (2)where (i; j) and hi; ji respetively denote nearest neigh-bors along the z axis and in the xy plane, ex is the unitvetor along the x axis, the lattie onstant is taken tobe equal to unity, � and  are positive onstants, andthe last term is the Zeeman energy in the �eld diretedalong the z axis (see Fig. 1). At H = 0, spins lie in thexy plane and their rotation is desribed by the wavevetor q = (q; 0; 0). There is a uniform displaementUi = U = (0; U; 0) along the y axis. The eletri polar-ization of the sample P is proportional to NU, whereN is the number of spins in the lattie. When H 6= 0,the spins ant in the diretion opposite to the �eld di-retion and make an angle � < �=2 with the z axis(see Fig. 1). Magnetoeletris with the ferromagnetiexhange along the z axis or the antiferromagneti ex-hange in the xy plane an be onsidered on equal foot-ing. We disuss the orresponding results qualitativelyin Se. 4.To �nd q, U , and �, we must minimize the lassialenergy with respet to U , q, and �. The lassial energyis given byEN = 2JzS2 os2 � � JxyS2(os2 � + sin2 � os q)�� �S2U sin2 � sin q + 2U2 �HS os �; (3)where S is the spin value. The equations for the min-imum of Eq. (3) have two solutions: (i) that with aollinear spin struture, q = U = 0, and (ii) that with667
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Fig. 1. Projetions of spins on xy and xz planes are shown in the nonollinear phase of the magnetoeletri disussed. Themagneti �eld H, the eletri polarization P, and the anting angle � of spins in the magneti �eld are showna spiral spin struture, q 6= 0 and U 6= 0. The lastsolution is given byU = �S2 sin2 � sin q; (4a)jxy = os q sin2 �; (4b)H = 2�2S3 os � �sin2 � + 2jz � jxy�; (4)where two dimensionless onstants are introdued asjxy = Jxy(�S)2 ; jz = Jz(�S)2 : (5)Stability onditions of the solutions are determinedfrom the requirement of positive de�niteness of the bi-linear form �2E=(�x�y), where x; y = U; q; �. In par-tiular, the stability riteria of (4) are given byq 6= 0; (6a)os � <r1� jxy + 2jz3 : (6b)It an be seen from Eq. (4b) that this solution exists ifjxy < 1: (7)We assume below that ondition (7) holds. The othersolution of Eq. (3) gives the ollinear spin strutureU = q = 0; (8a)os � = ( H=H2; H � H2;1; H > H2; (8b)where H2 = 4SJz. Solution (8) is stable at su�ientlylarge �elds, suh that the onditionos � >p1� jxy (9)

0 1

H̃

cos θ̃ cos θFig. 2. Plot of the right-hand side of Eq. (4) as a fun-tion of os �. Values of ~H and ~� are given by Eqs. (13)and (12), respetivelyis satis�ed. We onlude from Eqs. (7) and (9) thatif (7) does not hold, only the ollinear spin strutureexists. In ontrast, when (7) is satis�ed, the ollinearsolution is stable only at H > Hso1 , whereHso1 = 4SJzp1� jxy; (10)whih is found using Eq. (8b) and assuming the equal-ity in Eq. (9). The angle �so1 orresponding to the �eldHso1 is given by os �so1 =p1� jxy: (11)We note that Eq. (4b) gives q = 0 at � = �so1 .We now turn to the transition between the spiraland ollinear on�gurations. At H = 0 and � = �=2,the spiral on�guration is realized. As is lear fromEq. (4), the angle � is an ambiguous funtion of H . A668



ÆÝÒÔ, òîì 132, âûï. 3 (9), 2007 Nonfrustrated magnetoeletri with inommensurate magneti : : :plot of the right-hand side of Eq. (4) is presented inFig. 2. It shows a maximum at � = ~�, whereos ~� =r1� jxy + 2jz3 : (12)If the right-hand side of Eq. (12) is larger than unity, itfollows that ~� = 0 in the onsideration presented belowand only the regime with � > ~� remains. Aording toEq. (6b), we should take the solutions of Eq. (4) with� > ~�. The value of the magneti �eld orrespondingto the maximum in Fig. 2 is given by~H = 4�2S3 �1 + 2jz � jxy3 �3=2 : (13)It an be easily shown using Eqs. (10) and (13) and theCauhy inequality that ~H � Hso1 . Then, analysis showsthat the type of the phase transition is determined bythe value of the angle �so1 at whih inequality (9) turnsinto the equality. Two regimes are possible at whihwe have ontinuous and disontinuous transitions, re-spetively: �so1 < ~� and �so1 > ~�. It an be easily shownusing Eqs. (11) and (12) that �so1 < (>)~� is equiva-lent to jxy + jz < (>)1. We disuss these two regimesseparately. A. Continuous transitionThe transition is ontinuous if �so1 > ~�, i.e., ifjxy + jz > 1: (14)The angle � dereases as the �eld inreases and the spi-ral solution turns into the ollinear one at H = Hso1 : qand U redue gradually to zero as H approahes Hso1and � approahes �so1 ; at H = Hso1 , we have � = �so1 ,q = U = 0, the stability riterion of spiral solution (6a)eases to hold and ollinear solution (8) beomes stable(riterion (9) begins to hold). All spins beome parallelto the �eld diretion at H = H2. As a result, we ob-tain the phase diagram shown in Fig. 3a orrespondingto the line T = 0.B. Disontinuous transitionThe transition is disontinuous if �so1 < ~�, i.e., ifjxy + jz < 1: (15)This regime orresponds to a larger spin�lattie ou-pling (larger �) than that disussed above. In thisase, the angle �1 annot be reahed gradually be-ause, in partiular, the spiral solution is unstable at

� < ~� > �so1 . Therefore, the transition is of the �rst or-der in this ase. When H reahes Hso1 , q does not van-ish and the spiral solution remains stable. At the sametime, the ollinear solution is also stable at H > Hso1 ,but the energy of the spiral solution is lower than thatof the ollinear one at H = Hso1 . As the magneti �eldis further inreased, the ground state energies of thesetwo solutions ome together and the transition ourswhen they beome equal. The orresponding �eld anbe greater or lower than H2. In the �rst ase, all spinsin the ollinear phase are parallel to the �eld (�fo1 = 0);in the seond ase, �fo1 6= 0 and all spins beome par-allel to eah other at H > H2 only. In the seondsenario, using Eqs. (3), (4), and (8), it is easy to �ndthe ritial �eldHfo1 = 2SJz 1� jxy + jzpjz : (16)The transition is aompanied by a derease in the an-gle �, from �fo1 given byos �fo1 =pjz (17)to �so1 given by Eq. (11), and in the wave vetor q ofthe spiral swithes, fromos qfo1 = jxy1� jz (18)to q = 0. Then we are led to the part of the phase dia-gram in theH�T plane shown in Fig. 3b orrespondingto the line T = 0.We obtain that Hfo1 < H2 ifpjxy +pjz > 1: (19)If � is so large that this riterion does not hold, thereis only one ritial �eld H, and we are led to the lineT = 0 on the phase diagram shown in Fig. 3. Theexpression for H is quite ompliated and we do notpresent it here.We now disuss the phase diagrams at T > 0.3. FINITE TEMPERATURESWe �nd the equation for the phase transition linebetween ollinear and spiral phases within the mean-�eld approximation (MFA). The energy in (3) is a fun-tion of T . Working in the MFA, we assume that thespin value is redued by thermal �utuations,S(T ) = S�1� TTN � ; (20)669
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Fig. 3. Phase diagram in the H�T plane of the mag-netoeletri disussed in some limit ases indiated ineah plane (the onstants j are given by Eqs. (5) andj(0) = j(T = 0)). There is an inommensurate mag-neti order with the wave vetor q and eletri momentP in phase I. Spins are parallel to eah other and areanted by a �nite angle to the magneti �eld in para-eletri phase II. All spins are parallel to the magneti�eld and P = 0 in phase III. Solid and dashed lines re-spetively denote lines of seond and �rst-order phasetransitions. Inreasing � orresponds to passing fromplane (a) to (b) and (). a) The line of the phase tran-sition between I and II is given by Eq. (21) within themean-�eld approximation. b) The transition between Iand II is of the seond and �rst order above and be-low T �, respetively, where T � is given by Eq. (22).The line of phase transitions in this ase is given withinthe MFA by Eqs. (21) and (23) above and below T �,respetively. ) There is only one ritial �eld H atT = 0 in this regime. The temperatures T � and T ��are given by Eqs. (22) and (24)where TN = 2S2(Jz + 2Jxy) within the MFA, S � 1,and T � TN . For simpliity, we neglet the dependeneof the onstants �, , and J on T in Eq. (3). As soon asthe spin value depends on T , all S-dependent quantitiesourring in the above disussion are also funtions ofT . In partiular, using Eqs. (10) and (16), we an �ndthe phase transition line in the H � T plane betweenthe spiral and ollinear phases. This line is di�erent inthe ase of the seond-order and �rst-order phase tran-sitions at T = 0, i.e., at jxy(T = 0)+jz(T = 0) > 1 andjxy(T = 0)+ jz(T = 0) < 1, whih should be disussedseparately.A. Seond-order phase transition at T = 0(jxy(T = 0)+ jz(T = 0) > 1)Evidently, the phase transition line starting at(H = 0; TN) must lead to the point (H2; T = 0). It

is also lear that the phase transition line between thenonollinear and ollinear phases must start at (H1; 0)and end at (0; TFE), where TFE < TN . Using Eqs. (10)and (20), we an easily �nd the equation for Hso1 (T ):TTN = [Hso1 (0)℄2 � [Hso1 (T )℄22(4SJz)2 ; (21)whih gives a parabola in the H�T plane (see Fig. 3a).In partiular, we have TFE = TN [1 � jxy(0)℄=2 fromEq. (21). The requirement T � TN then implies thatjxy(0) � 1.B. First-order phase transition at T = 0(jxy(T = 0)+ jz(T = 0) < 1)The phase diagram is di�erent depending onwhether ondition (19) holds at T = 0.670



ÆÝÒÔ, òîì 132, âûï. 3 (9), 2007 Nonfrustrated magnetoeletri with inommensurate magneti : : :1. pjxy(0) +pjz(0) > 1It an be seen from Eqs. (5) that thermal �utua-tions inrease jxy and jz. Above a ertain temperatureT �, the sum jxy(T ) + jz(T ) then beomes larger thanunity. Hene, at T > T � and T < T �, whereT � = TN 1� jxy(0)� jz(0)2 (22)is found from the ondition jxy(T �) + jz(T �) = 1, thetransition is of the seond and �rst order, respetively.The seond-order phase transition line at T > T � isgiven by Eq. (21). The �rst-order phase transition lineat T < T � an be found using Eq. (16), with the resultTTN = Hfo1 (0)�Hfo1 (T )4SJz pjz(0): (23)We then pass to plane (b) in Fig. 3.2. pjxy(0) +pjz(0) < 1The phase diagram in this ase is shown in Fig. 3.The temperature T �� is found from the onditionpjxy(T ��) +pjz(T ��) = 1, with the resultT �� = TN �1�qjxy(0)�pjz(0)� : (24)At T < T ��, there are transitions from the spiral phaseto the ollinear one with all spins aligned along the �elddiretion (phase III). In ontrast, at T > T ��, there is�rst-order a transition to the ollinear phase with � 6= 0and then a seond-order phase transition to phase III.The phase transition between the spiral and ollinearphases is of the �rst and seond order at T < T � andT > T �, respetively, where T � is given by Eq. (22).4. CONCLUSIONSWe have disussed a nonfrustrated magnetoeletriwith Hamiltonian (2) in the magneti �eld with thespin�lattie oupling of form (1) assumed to be strongenough to produe the spiral spin struture induingferroeletriity. The ground-state energy was analyzed.We show that in ontrast to the naive expetation, theonset of ferroeletriity ours at H < H1, where H1is lower than the saturation �eld H2 if the onstant� in Eq. (1) is not too large. The type of the phasetransition between the ollinear paraeletri phase andthe spiral ferroeletri phase depends on values of theonstants j given by Eqs. (5): the transition is of theseond order if ondition (14) holds and of the �rst or-der if it does not hold. Moreover, if inequality (19) is
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