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ON THE PRODUCTION OF FLAT ELECTRON BUNCHESFOR LASER WAKEFIELD ACCELERATIONM. Kando, Y. Fukuda, H. Kotaki, J. Koga, S. V. Bulanov *, T. TajimaKansai Photon Siene Institute, Japan Atomi Energy Ageny619-0215, Kyoto, JapanA. Chao, R. PitthanStanford Linear Aelerator Center94025, California, USAK.-P. ShulerDESY, Deutshes Elektronen-Synhrotron22603, Hamburg, GermanyA. G. Zhidkov **, K. NemotoCentral Researh Institute of Eletri Power Industry240-0196, Kanagawa, JapanReeived April 3, 2007We suggest a novel method for injetion of eletrons into the aeleration phase of partile aelerators, pro-duing low-emittane beams appropriate even for the demanding high-energy linear ollider spei�ations. Wedisuss the injetion mehanism into the aeleration phase of the wake�eld in a plasma behind a high-intensitylaser pulse, whih takes advantage of the laser polarization and fousing. The sheme uses the struturallystable regime of transverse wakewave breaking, when eletron trajetory self-intersetion leads to the formationof a �at eletron bunh. As shown in three-dimensional partile-in-ell simulations of the interation of a laserpulse elongated in a transverse diretion with an underdense plasma, the eletrons injeted via the transversewakewave breaking and aelerated by the wakewave perform betatron osillations with di�erent amplitudesand frequenies along the two transverse oordinates. The polarization and fousing geometry lead to a way toprodue relativisti eletron bunhes with asymmetri emittane (�at beam). An approah for generating �atlaser-aelerated ion beams is brie�y disussed.PACS: 52.38.Kd, 41.75.Jv, 52.38.Hb, 52.38.-r1. INTRODUCTIONEletron aelerators with energies of many GeVand low emittane are needed for oherent light souresand linear olliders. The laser aeleration of hargedpartiles provides a promising approah toward suhdevelopment in a ompat way, avoiding some of theompliations arising due to additional requirementsof asymmetri emittane for linear olliders, as out-*Also at Prokhorov Institute of General Physis, RussianAademy of Sienes, 119991, Mosow, Russia.**E-mail: zhidkov�riepi.denken.or.jp

lined below. In the laser wake-�eld aelerator (LWFA)onept, eletrons are aelerated by the longitudinaleletri �eld reated in an underdense plasma by ashort high-intensity laser pulse [1℄. Eletrons injetedby onventional aelerators, self-injeted by nonlinearwakewave breaking (for details, see papers [2�4℄ andreview artiles [5℄ and the referenes therein), or in-jeted in a multiple laser pulse on�guration [6℄ anahieve energies substantially higher than the initialinjetion energies. Although the understanding andprodution of high-intensity (� nC) and low-emittane(� 2�3 mm � mrad) eletron beams via laser plasmainteration has made rapid progress [5; 7�12℄, applia-1052



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the prodution of �at eletron bunhes : : :tions to oherent light soures and linear olliders stilldemand further advanes. A symmetri emittane ofabout 1 mm �mrad is needed for oherent light souresto reah X-ray wavelengths of the order of 1Å [13℄. Lin-ear eletron�positron olliders need asymmetri emit-tanes and polarized eletrons, with the smaller vertialemittane required to be of the order of 0.1 mm �mrad.The asymmetri emittanes (�at beam1)) are needed toredue the beam-indued synhrotron radiation (beam-strahlung) in the interation (see below), and eletronpolarization is required beause the e�etive luminosityan be up to 2 orders of magnitude larger (dependingon the proess), as shown by the SLD experiment atthe Stanford Linear Collider (SLC) [14℄. Additionally,positron beam polarization is desirable beause ertainproesses an be measured with a higher signal-to-noiseratio due to the additional positron polarization, andit allows measuring transverse ross setions [15℄. Theapability to seletively suppress unwanted bakgroundproesses is espeially desired in the searh for newphysis.In produing 1 GeV range laser-aelerated eletronbunhes [12℄, a more quantitative evaluation of the dif-fering requirements of major appliations using GeVeletrons is needed. These requirements inlude, in theorder of inreasing beam quality, 1) �xed target�elet-ron beam interations, 2) synhrotron and oherentlight soures and 3) olliding eletron (positron) beamon�gurations.1) For �xed-target appliations, the eletron beamemittane is less important beause the luminosity isdetermined by the beam harge and the target thik-ness [16℄. In this appliation, the eletron polarizationan play a role and enhane the e�etive luminosity.2) In the ase of the GeV eletron beam use foroherent light soures, e.g., for lina light soures,low emittane is important, beause radiation from ahigh-emittane beam fails to be oherent. This ap-pliation requires small emittanes, of the order of1 mm �mrad for 1Å wavelength, but a small spot sizeis not neessary.3) For olliding eletron beams, the emittane de-termines the minimum ahievable spot size and is there-fore diretly related to the maximum luminosity. De-pending on the eletron energy, the required spot size is1) This paper addresses both laser-plasma and aeleratorphysis issues. One frequent onfusion in the nomenlature isthe use of the term ��at beam�. In aelerator physis, �atbeam means an asymmetri spot size (reated with an asym-metri emittane). In laser physis, a �at beam is one with alarge foal length, and the means to ahieve an asymmetri spotsize is a �line fous�.

approximately equal to 400 nm for 100 GeV eletrons,and 5 nm (small dimension) for 1 TeV olliders [17℄. Re-quired for olliders in addition are the eletron beampolarization (80% or more) and �at beams with thebeam size aspet ratio about 100, in order to reduebeamstrahlung losses and eletron�positron pair pro-dution [14; 18℄.The onditions to have beams of high eletri hargeand low emittane are ontraditory, beause spaeharge e�ets make the transverse emittane grow [19℄.As is known, the emittane is alulated as the spotsize �x times the divergene �0x, both determined at abeam waist (or a pin hole); that is, the transverse emit-tane is " = �x�0x. In addition, the normalized emit-tane, de�ned as "N = e", is an adiabati invariantunder beam aeleration, where e is the eletron rela-tivisti gamma fator. The values of emittane quotedabove refer to the normalized emittanes.If we onsider LWFA-produed eletrons, we seefemtoseond-range eletron bunhes aelerated tohundreds of MeV, and driven out of the plasma. Theenergy spetrum has a quasi-mono-energeti form [8�12; 20℄, mainly beause fast eletrons reah the maxi-mum energy and are loalized at the top of the sep-aratrix in the x, px phase plane [21; 22℄. We remarkonerning two properties of LWFA ejeted relativistieletrons: a) the bunh length times the energy spread,the longitudinal emittane, is omparable to that ofonventional radiofrequeny soures (in the range ofMeV�ps), while the very short bunh length is ahievedeven without bunh ompression, and b) the miron-size transverse spot of the initial eletron bunh orre-sponds to the laser spot size, whih may in turn leadto a small transverse emittane. At present, the emit-tane requirements, inluding the asymmetry, are sat-is�ed with the use of expensive damping rings, whihoften yield long bunhes and therefore require subse-quent bunh ompressions. There is another researhand development e�ort underway to produe asymmet-ri beams using radiofrequeny guns [23℄.In the present paper, we onsider the regime whenthe eletron injetion into the aeleration phase of awake�eld ours due to nonlinear wave-breaking of aLangmuir wave, as in Refs. [8�11℄. As is well known,there are several other injetion mehanisms, e.g., theoptial injetion proposed in Ref. [6℄ and experimen-tally realized in Ref. [24℄. Disussing the optial in-jetion is beyond the sope of this paper. The break-ing of the Langmuir wave, known sine Refs. [25; 26℄,has been studied theoretially and experimentally (seeRef. [5℄ and the referenes therein). It is importantto note that the realization of resiliene against wave-1053



M. Kando, Y. Fukuda, H. Kotaki et al. ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007breaking in the relativisti regime in the longitudinaldiretion led to the original LWFA suggestion [1℄. Inthe non-one-dimensional ase and in the ase of an in-homogeneous plasma density, the wake wave-breakingaquires features that allow manipulation of the in-jeted eletron bunh parameters. For example, prop-erties of the transverse wake wave-breaking [27℄ wereused in Refs. [8; 20; 28℄ in order to explain nonlinearwake evolution and eletron aeleration in homoge-neous and inhomogeneous plasmas. In addition, longi-tudinal breaking was invoked to desribe eletron self-injetion in homogeneous plasmas [29; 30℄, and the on-trollable eletron injetion regimes in plasmas with atailored density pro�le [31℄.In what follows, we formulate an approah forproduing asymmetri emittane eletron bunhes byusing asymmetri laser pulse fousing for the laserwake�eld aeleration, when the transverse wake wavebreaking leads to the formation of an eletron bunhelongated along the transverse diretion.2. LASER LINE FOCUSIn laser systems based on hirped pulse ampli�a-tion (CPA), laser pulses have a Gaussian (TEM00)-likespatial pro�le. There are several shemes to ahieve aline fous with an asymmetri transverse spatial pro-�le. An astigmatism on the sagittal plane of a spheri-al mirror is used. This tehnique was applied to pro-due transient X-ray lasers. This sheme an generatea large aspet ratio of 300:1, but the fousing depth islimited and a time di�erene for arriving at the fousarises [32℄. A slightly misaligned o�-axis paraboli mir-ror generates astigmatism, resulting in an asymmetrifoal spot. A toroidal mirror an also be used. Here,we propose to use a pair of re�etive ylindrial mir-rors. Cylindrial mirrors are easy to fabriate and areost-saving. A large value of the astigmatism of ylin-drial mirrors plaed o�-axis an be improved when theinident angle is hosen properly. Figure 1 shows an ex-ample of the asymmetri laser foal spot in the on�gu-ration with a pair of ylindrial mirrors. In this parti-ular ase, the foal lengths in the perpendiular planesare equal to f1 = �500 mm and f2 = 1000 mm. In thison�guration, a round laser beam is transformed intoa 1:2 (horizontal and vertial sizes) asymmetri trans-verse pro�le as seen in Fig. 1b. To plot the asymmetribeam pro�le shown in Fig. 1, a plane-onvex lens op-tial system was onsidered. In the atual experiment,an o�-axis paraboli mirror an be used instead of thelens. We note that further studies are needed to exam-
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Fig. 1. An example of the optial system to ahieve anasymmetri foal spot from a symmetri laser beam:a) optial layout: 1 � symmetri laser beam, 2 �ylindrial releting mirrors, 3 � test fousing lens;b) near-�eld pattern on the test lens with the trans-verse size 50 � 100 mm2; ) far-�eld pattern in thefous region with the size 125 � 500 �m2ine the e�et of e�etive pulse elongation, whih oursif these line fous tehniques are used, for the wake�eldgeneration.3. STRUCTURE OF TRANSVERSE WAKEWAVE BREAKINGDue to a nonlinear dependene of the Langmuirwave frequeny on its amplitude, onstant-phase sur-faes in the wake wave give rise to a paraboloidalform [33; 34℄. The urvature of onstant-phase surfaesinreases with the distane from the laser pulse untilthe urvature radius R beomes omparable to the ele-tron displaement � in the wake, leading to eletron tra-jetory self-intersetion. This is the so-alled regime oftransverse wake breaking, whih may result in the ele-tron injetion into the aeleration phase [27℄. Alongthe lines of Ref. [27℄, we onsider a wake�eld plasmawave exited by a laser pulse of �nite width. The on-dition of the wake exitation determines the wake fre-queny and wavenumber !w and kw. Here, !w = kwvgand vg is the group veloity of the driver laser pulse.The wake wave frequeny, equal to the loal value ofthe Langmuir frequeny, depends on the transverse o-ordinates y and z. This dependene arises due to theplasma outward motion aused by the laser pulse pon-deromotive pressure and by the relativisti dependene1054



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the prodution of �at eletron bunhes : : :of the Langmuir frequeny on the wave amplitude. Thedependene on the wave amplitude is determined bythe laser pulse transverse shape, whih an be approx-imated in the viinity of the axis asa(y; z) � a0 �1� (y=sy)2 � (z=sz)2� :It therefore has an ellipti form in the transverse plane.The wake frequeny near the axis may be approximatedby the simple expression!w(y; z) � !w;0 +�!w "� ysy�2 +� zsz�2# ;where sy and sz are related to the urvature radii in they and z diretions, and �!w is the di�erene betweenthe Langmuir frequeny outside and on the axis of thewake �eld, !w;0. From the expression for onstant-phase surfaes in the wake wave, w(x; y; z; t) = !w(y; z)�t� xvg� = onst;it follows that their urvature inreases with thedistane l from the laser pulse front: the urva-ture radii derease as Ry = !w;0s2y=2�!wl andRz = !w;0s2z=2�!wl with l =  wvg=!w;0.We write the equation for the onstant-phase sur-fae in the formM0(y0; z0) = � y202Ry + z202Rz� ex + y0ey + z0ez; (1)where ex, ey, and ez are the unit vetors along the x,y, and z axes. In a nonlinear wake, the atual positionof the onstant-phase surfae is given by the equationM(y0; z0) =M0(y0; z0) + �n(y0; z0); (2)where � is the amplitude of the eletron displaementand n(y0; z0) = �y0M� �z0Mj�y0M� �z0Mj (3)is the unit vetor normal to the onstant-phase surfae.In the ase where the surfae is given by Eq. (1), thenormal vetor isn(y0; z0) = "1 + � y0Ry�2 +� z0Rz�2#�1=2 ���ex + y0Ry ey + z0Rz ez� : (4)Writing Eq. (2) in omponents, we obtainx = y202Ry + z202Rz + �p1 + (y0=Ry)2 + (z0=Rz)2 ; (5)
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Fig. 2. The onstant-phase surfae for Ry = 1,Rz = 1:666, and � = 1:5, in the x, y, z spae (a);and its projetions on the (x; y) (b); and (y; z) ()planesy = y0 � �y0Ryp1 + (y0=Ry)2 + (z0=Rz)2 ; (6)z = z0 � �z0Rzp1 + (y0=Ry)2 + (z0=Rz)2 : (7)For a su�uiently large eletron displaement �,the map given by Eqs. (4)�(7) has a singularity, atwhih the onstant surfae folds. The ondition forthe singularity ourrene orresponds to the � valuefor whih the Jaobian of the transformation fromthe variables (y; z) to the variables (y0; z0) vanishes,j�(y; z)=�(y0; z0)j = 0. Assuming the urvature radiusin the z diretion to be larger than in the y diretion,Rz > Ry, in the limit of relatively small but �nite val-ues of y0=Ry and z0=Rz, we �nd that the position ofthe singularity in the y0; z0 plane is determined by theequation2Ry = � �2� 3(y0=Ry)2 � (z0=Rz)2� : (8)This equation has a solution if � � Ry, i.e., thedisplaement is larger than the urvature radius.For � > Ry, the urve determined by Eq. (8) isan ellipse with the semi-axes Ryp2(� �Ry)=3� andRzp2(� �Ry)=� in the y0 and z0 diretions.We plot the surfae in the x, y, z spae in whih� = 0 is the paraboloid x = y20=2Ry + z20=2Rz, y = y0,z = z0. With Eqs. (5)�(7), we obtain the onstant-phase surfaes in the ases with � 6= 0 presented inFigs. 2 and 3. In both ases, in Figs. 2 and 3, theprojetions of the onstant-phase surfae onto the x; yplane have the form of a �swallow tail�. This orre-sponds to one of the forms of fundamental atastrophes(see [35℄).When the displaement value is between the urva-ture radii, i.e., Ry < � < Rz , as in the ase shown in1055
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2Fig. 3. The onstant-phase surfae for Ry = 1,Rz = 1:666, and � = 2, in the x, y, z spae (a); and itsprojetions on the (x; y) (b); and (y; z) () planesFig. 2, the singularity in the (y; z) plane is elongatedalong the z axis. On the other hand, if Ry < Rz < �,the singularity in the (y; z) plane is elongated along they axis, as shown in Fig. 3. These types of singularitiesare typial, or, in other words, are struturally stable.In 3D on�gurations, they orrespond to the transversewave breaking with the injetion into the aelerationphase of �at eletron bunhes.In the axially symmetri geometry, when the urva-ture radii along the y and z diretions are equal to eahother, Ry = Rz , the injeted eletron bunh also hasan axial symmetry. However, this on�guration is notstruturally stable and small perturbations of a generaltype transform it into a struturally stable on�gura-tion with an axially nonsymmetri eletron bunh. Wepoint out that in the ase of a gradual inrease in thewake wave urvature, the �rst breaking ours when theeletron displaement beomes greater than the mini-mal urvature radius, e.g., when Ry < � < Rz , and theinjeted eletron bunh is elongated along the minimalurvature diretion as in Fig. 2.After the eletron trajetory self-intersetion hasourred, the injeted eletrons are aelerated andperform betatron osillations in the transverse dire-tion. This stage of the eletron bunh evolution is dis-ussed in Ses. 4 and 5 below, where we present theresults of the partile-in-ell (PIC) simulations and theanalyti theory of betatron osillations when the e�etsof the spae harge are taken into aount.4. RESULTS OF SIMULATIONS OFTRANSVERSE WAKE WAVE BREAKINGAND ELECTRON BUNCH INJECTIONThe paraboloidal strutures of the wake plasmawave have been seen routinely in the three-dimensional

partile-in-ell simulations of high-intensity laserpulse propagation in underdense plasmas (e.g., seeRefs. [36; 37℄, where the laser pulse frequeny upshiftingwas disussed in ounter- and o-propagating two-pulse-interation on�gurations). The paraboloidalwake plasma waves were observed in experimentsinvolving laser pulse interations with an underdenseplasma [34℄. In Refs. [10, 37℄, 3D PIC simulationsdistintly show the �swallow tail� struture in theeletron density distribution formed in the nonlinearwake wave. In this setion, we present 3D PIC simu-lation results for the eletron bunh injetion, whihlearly demonstrate the elongated eletron bunhgeneration during the transverse wake wave breaking.We use the eletromagneti relativisti PIC omputerode FPLaser3D [30℄, whih exploits the movingwindow tehnique and the density deompositionsheme of the urrent assignment with bell-shapedquasipartiles [38℄; this urrent-weighting shemesigni�antly redues the unphysial numerial e�etsof the standard PIC method.The �at eletron bunh injetion is seen in Fig. 4,where the results of the simulations of the ultrashortlaser-pulse interation with an underdense plasma tar-get are shown. A linearly polarized laser pulse with theeletri �eld along the z diretion and with the wave-length � = 0:8 �m has the irradiane I = 1020 W/m2.The pulse duration is 27 fs, and the pulse is fousedinto a spot with the diameter 16 �m. The laser pulsepropagates along the x diretion from the right to theleft in a plasma with the density ne = 1019 m�3.The simulations were performed with the use of �themoving window� tehnique in a simulation box of size80� 56� 56�3. The mesh sizes in the diretion of thelaser pulse propagation and in the transverse diretionare �x = �=20 and �y = �z = �=10, with 8 partiles(eletrons and protons) per ell. In Fig. 4, where theeletron density distribution in the z = 0 plane (a),in the y = 0 plane (b), and in the x + t = 315�plane () are presented, we distintly see fast eletronbunhes injeted into the seond period of the wakewave. The eletron bunh width in the z-diretion isapproximately two times larger than in the y-diretion.The �at eletron bunh formation is also seen in Fig. 5,where the density distributions of fast eletrons (withpx > 200 MeV/) in the z = 0 plane (a) and in they = 0 plane (b) are presented. We note that eletronosillations in the perpendiular diretions, along the yand z axes, have di�erent frequenies, as is distintlyseen in Fig. 5. The eletron energy spetrum presentedin Fig. 6 demonstrates a quasi-mono-energeti ompo-nent at the energy around 100 MeV with the maximal1056
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Fig. 4. Results of the 3D PIC simulations: the eletron density distribution in the z = 0 plane (a); in the y = 0 plane (b);and in the x+ t = 315� plane (). The laser pulse propagates from left to right in the x diretion
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Fig. 5. Fast eletron (with px > 200 MeV/) densitydistribution in the z = 0 plane (a); and in the y = 0plane (b)

10�3
10�1N

400100 E ; MeV10�2
Fig. 6. Eletron energy spetrumenergy equal to 200 MeV. The geometrial emittanefor the eletrons with the energy E > 100 MeV is esti-mated as 10�4� mm �mrad.In the ase under onsideration, the transverseasymmetry of the wake breaking and the eletronbunh generation ours due to the e�et of the lin-ear polarization of the laser. As found in Ref. [39℄, the

linearly polarized laser pulse generates axially asym-metri self-fousing hannels and a wake with di�erentamplitudes in the diretions along and perpendiular tothe polarization diretion. We note that the wake�eldaelerated eletron bunhes with an ellipti form inthe transverse diretion have been observed in the ex-periments in Ref. [40℄, where the transverse elongationwas attributed to the e�ets of the linear polarizationof the laser pulse driver.5. EQUILIBRIUM AND BETATRONOSCILLATIONS OF A TRANSVERSALLYELONGATED ELECTRON BUNCH WITHSPACE CHARGEIn this setion, we onsider the eletron bunh equi-librium on�guration inside the wake when its trans-verse size is substantially smaller than its length. Wedesribe betatron osillations of the bunh in the trans-verse diretion. We assume that the longitudinal (alongthe x axis) sale length of the fast eletron bunh ismuh greater than its sale length in the transverse di-retion. Below, we therefore assume that the wake�eldand the eletron bunh are homogeneous along the xaxis. Suh an approximation may be valid in the near-axis region of the wake when the injetion time is ofthe order of the eletron aeleration time.Betatron osillations of eletrons moving inside thewake wave our due to the transverse omponent ofthe wake eletri �eld vanishing along the axis and hav-ing a linear dependene on the transverse oordinatesy and z in the viinity of the axis: E? = Eyey +Ezezwith the omponents Ey and Ez dependent on the spe-i� form of the wake�eld. The e�ets of the magneti�eld, whih is self-generated in the regular wake wave,are substantially weaker than the eletri �eld e�ets(e.g., see Ref. [18℄), and we neglet them in our modelfor simpliity. On the other hand, the pinhing by the4 ÆÝÒÔ, âûï. 5 (11) 1057



M. Kando, Y. Fukuda, H. Kotaki et al. ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007magneti �eld generated by the eletri urrent arriedby fast eletrons partially ompensates the repellingfore due to the eletron spae harge and we inorpo-rate its e�ets into our desription.We assume that the transverse ross setion of thewake wave has an ellipti form with the semi-axes equalto RWA22 and RWA33, with RW being the transversesale length. The positive eletri harge density in thewake is en0. Using the Dirihlet formula for the ele-tri �eld of a uniformly harged ellipti ylinder (seeRef. [41℄ for the explanations of the Dirihlet formal-ism for the solution of the Poisson equation in onfoalellipsoidal oordinates), we write the transverse eletri�eld originating from the eletri harge separation in-side the wake asEWFy ey+EWFz ez = 4�en0A22 +A33 (A33yey+A22zez): (9)Within the framework of the test-partile approxi-mation, when we an neglet the e�ets of the eletriand magneti �eld produed by the fast eletron bunh,the relativisti eletron motion in the eletri �eld givenby Eq. (9) orresponds to the betatron osillations. Itis easy to obtain that the osillations are performedalong the y and z axes with the respetive frequenies!1 = !br A33A22 +A33 ; !2 = !br A22A22 +A33 ; (10)whih do not oinide. Here, !b = !pe=pe with theeletron gamma fator e and the Langmuir frequeny!pe = p4�n0e2=me. The struture of the mode isgiven by the relations Æa22Æa33 ! = 0BBB� X� C1;� exp(�i!1t)X� C2;� exp(�i!2t) 1CCCA ; (11)where C1;� and C2;� are onstants determined by theinitial onditions. Here and below, we assume for sim-pliity that the eletron gamma fator e is indepen-dent of time. The time dependene of e an easilybe inorporated into our model similarly to Ref. [21℄,where the betatron osillations were studied assumingan axial symmetry of the wake and eletron bunh.We now take the spae harge e�ets generatingeletri and magneti �elds from the eletron bunhinto aount. As was done above, in order to �ndthe eletri and magneti �elds Eb? and Bb? generatedby the ellipti ylindrial eletron bunh, we use theDirihlet formulas. We write expressions for the ele-tri and magneti �elds asEbyey +Ebzez = 4eNbr2b (a22 + a33) (a33yey + a22zez) (12)

andBbyey+Bbzez = 4eNbvbr2b (a22 + a33) (a33zey�a22yez); (13)where rba22 and rba33 are the eletron bunh semi-axesin the transverse plane, vb and Nb are the eletron ve-loity along the x axis and the number of eletrons perunit length, and rb is a typial transverse size of thebunh.The equations of the motion of a �uid element ofthe eletron bunh in the transverse diretion are�tnb +r?(v?nb) = 0; (14)�tp? + (v? � r?)p? = e�E? � v? �B? � ; (15)where the eletron density nb(y; z; t) and the transverseomponent of the eletron momentump?(y; z; t) = py(y; z; t)ey + pz(y; z; t)ezdepend on the oordinates y and z and time t. Theoperator r? is given by r? = �yey + �zez.For the eletri and magneti �elds linearly depen-dent on the oordinates, as given by Eqs. (9), (12), and(13), the equations of the bunh motion admit a self-similar solution, whih desribes the �uid motion witha homogeneous deformation [42℄. Within the frame-work of the homogeneous deformation approximation,the relation between the Euler (xi) and Lagrange (x0i )oordinates has the formxi = aij(t)x0j ; (16)where aij is a deformation matrix with time-dependentomponents. Summation over repeated indies is as-sumed. Di�erentiating this relation with respet totime, we �nd that the veloity of the eletron �uid el-ement is given by vi = wij(t)xj with wij = _aika�1kj .Here, a�1kj is the inverse matrix to the matrix aij . Akinematial interpretation of the veloity gradient ma-trix wij is provided by analyzing the relative motion oftwo neighboring �uid partiles [43℄. The partiles weonsider are separated by Æxi. The relative veloity Ævian be written asÆvi = �jviÆxj = wijÆxj = �ijÆxj +
ijÆxj ;where �i = ey�y + ez�z ; the tensors �ij and 
ij aregiven by�ij = �jvi + �ivj2 ; 
ij = �jvi � �ivj2 = �"ijk!k2with "ijk being the antisymmetri Rii tensor. Thevetor !k is the �uid vortiity ! = r � v. The term1058



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the prodution of �at eletron bunhes : : :�ijÆxj desribes pure straining motion and 
ijÆxj de-sribes rigid-body rotation.In the approximation jp?j � px, the trans-verse omponent of the momentum an be writtenas p? = mee(vyey + vzez) with the gamma fatore = (1 � v2b=2)�1=2 alulated for the longitudinalenergy of fast eletrons. In this ase, we obtainpt;i = meewijxj � mee _aijx0j :In what follows, we onsider the ase of url-freemotion, r? � p? = 0, i.e., the vanishing matrix 
ij .This orresponds to the diagonal form of the defor-mation matrix: aij = diagf1; a22; a33g. Assuming theeletron density to be homogeneous and substitutingthe expression vi = wij(t)xj with wij = _aika�1kj for theeletron veloity in ontinuity equation (13), we �ndthat the eletron density inside the bunh is given bynb(t) = nb(0)�det aij(0)det aij(t)� : (17)In the ase under onsideration, det aij = a22a33.To illustrate the property of the motion with homo-geneous deformation, we onsider the simplest exampleof the dynamis of a pressureless gas for whih the de-formation matrix satis�es the equation �aij = 0 with theinitial onditions aij = Æij and _aij(0) = wij(0). Thesolution of this equation is aij(t) = Æij + wij(0)t. Theatastrophe orresponds to the situation where the de-terminant of aij vanishes, det aij(ts) = 0, and the beamdensity tends to in�nity in aordane with Eq. (17),nb(ts) = 1. If the initial matrix of the �uid veloitygradients is diagonal,wij(0) = diagf0; w22(0); w33(0)g;the deformation matrix is equal toaij(t) = diagf1; 1 + w22(0)t; 1 + w33(0)tg;with det aij(t) = (1 + w22(0)t) (1 + w33(0)t) :A singularity ours when either ts = �1=w22(0) orts = �1=w33(0). The singularity ours as a line in3D spae for w22(0) and w33(0) being equal and bothnegative, and the singularity appears as a surfae in 3Dspae when just one value among w22(0) and w33(0) isnegative. The generi ase orresponds to the situa-tion where just one value among w22(0) and w33(0) isnegative. This means that in the generi ase, the sin-gularity develops as a surfae. We note that suh a typeof singularity on a surfae has been studied in detail in

appliations of nonlinear dynamis of the gravitationalinstability [44℄ and in the theory of magneti �eld linereonnetion in high-ondutivity plasmas [45℄.Beause the number of eletrons per unit length ofthe elliptial ylinder with the semi-axes a = rba22 andb = rba33 is equal to Nb = nb�r2ba22a33, we an rewriteEq. (17) as nb = Nb=�r2ba22a33. From Eqs. (9), (12),(13), (15), and (16), we obtain a system of ordinarydi�erential equations for the matrix aij omponents:�a22 = � 4�e2mee �A33n0a22A22+A33� Nb�r2b2e (a22+a33)� ; (18)�a33 = � 4�e2mee �A22n0a33A22+A33� Nb�r2b2e (a22+a33)� : (19)We see a similarity between these equations and theequations for the harged partile beam dynamis inhigh-energy aelerators, whih are obtained within theframework of the Kaphinskij �Vladimirskij approxi-mation [46℄ (e.g., see Refs. [47; 48℄).Using the notationa = rba22; b = rba33; K2 = 4�n0e2A33me2e(A22 +A33) ;and K3 = 4�n0e2A22me2e(A22 +A33)and inorporating the transverse emittane e�ets, werewrite Eqs. (18) and (19) asa00 +K2a = "22a3 + �a+ b ; (20)b00 +K3b = "23b3 + �a+ b ; (21)where "2 and "3 are the transverse emittane values inthe y and z diretions, � = Nb=�n0r2b2e is a dimension-less spae-harge parameter, and the primes denote dif-ferentiation with respet to the variable s = t. Prop-erties of this system of equations are disussed in detailin Ref. [47℄.Equations (20) and (21) an be presented in theHamiltonian form with the Hamiltonian depending onthe anonial oordinates a and b and on the anonialmomenta �2 and �3. It is given byH(�2; �3; a; b) = 12 ��22 + �23 +K2a2 ++ K3b2 + "22a2 + "23b2�� � ln(a+ b); (22)1059 4*
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Fig. 7. Isoontours of the potential funtion �(a; b)for a) K2 = 2:5, K3 = 5, "2 = 1, "3 = 1, and � = 1and b) for K2 = 1, K3 = 2:25, "2 = 1, "3 = 1, and� = 5from whih we onlude that for a > 0 and b > 0, thebunh performs nonlinear osillations around the equi-librium. In Fig. 7, we plot isoontours of the potentialfuntion,�(a; b) = 12 �K2a2 +K3b2 + "22a2 + "23b2��� � ln(a+ b); (23)for K2 = 2:5, K3 = 5, "2 = 1, "3 = 1, and � = 1in frame (a), and for K2 = 1, K3 = 2:25, "2 = 1,"3 = 1, and � = 5 in frame (b). From the form of thepotential funtion �(a; b), we an see that in the gen-eral ase, the frequenies of the osillations along the yand z diretions are di�erent and depend on the osil-lation amplitudes. If the emittanes "2 and "3, whihare determined by the injetion mehanism, vanish, asin Fig. 7b, the isoontours of �(a; b) an interset theaxis at a = 0 or b = 0. This orresponds to the asewhere one semi-axis of the bunh beomes equal to zeroin nonlinear osillations and the bunh aspet ratio for-mally tends to in�nity. We note that in the axially sym-metri on�guration, the spae-harge e�et preventsthe bunh radius from vanishing. For a �at eletronbeam, the spae-harge e�ets are not strong enoughand the bunh demagni�ation in one of the diretionsbeomes possible.The transverse equilibrium of the eletron bunhin the wake orresponds to the loal minimum of thefuntion �(a; b) given by Eq. (23). It is obtained bya stati solution of Eqs. (20) and (21) for whih theterms in the right-hand sides vanish. We onsider the

ase where the emittanes vanish. Solving these alge-brai equations with "2 = 0 and "3 = 0, we obtainaeq =r�K2K3 ; beq =r�K3K2 (24)for the equilibrium. We point out that in equilibrium,the eletron bunh has an ellipti ross setion withthe aspet ratio aeq=beq equal to the aspet ratio of thewake: aeq=beq = A22=A33. The eletron density insidethe bunh in the equilibrium is equal toneqb = Nb�r2bab = n02e : (25)It is 2e times greater than the ion density in the plasma.The harateristi transverse size rb of the bunh anbe found as rb =s Nb�n02e ; (26)i.e., the dimensionless spae harge parameter� = Nb=�n0r2b2e is equal to unity, � = 1, for theequilibrium on�guration.Using de�nition (26) of the transverse size rb of thebunh and linearizing Eqs. (20) and (21) in the viinityof the equilibrium solution (24) with "2 = 0, "3 = 0,aeq =pA22=A33, and beq =pA33=A22, i.e., represent-ing the funtions a and b as a = aeq+Æa and b = beq+Æbwith Æa� a and Æb� b, we obtainÆ�a = �!2b �� A33A22 +A33 + A22A33(A22 +A33)2 � Æa++ A22A33(A22 +A33)2 Æb� ; (27)Æ�b = �!2b � A22A33(A22 +A33)2 Æa++ � A22A22 +A33 + A22A33(A22 +A33)2 � Æb� : (28)These equations desribe osillations with the frequen-ies !b1 = !b; !b2 = !br 2A22A33A22 +A33 : (29)As we see, for A22 � A33, the frequeny !b2 is muhlower than !b1. We also see that the frequeny val-ues in the ase where the spae-harge e�et is takeninto aount, Eq. (29), are di�erent from the frequen-ies in Eq. (10) obtained within the framework of thetest-partile approximation.1060



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the prodution of �at eletron bunhes : : :The struture of the mode is desribed by the rela-tions ÆaÆb ! = 1A222 +A233 �� A33 A22�A22 A33 !0BBB� X� C1;� exp(�i!b1t)X� C2;� exp(�i!b2t) 1CCCA ; (30)where C1;� and C2;� are onstants given by the initialonditions. This expression orresponds to the skewedellipse form of the potential energy isoontours in theviinity of the bunh equilibrium position presented inFig. 7b.6. DISCUSSION AND CONCLUSIONIn onlusion, a method is suggested for eletroninjetion via transverse wake wave breaking, when theeletron trajetory self-intersetion leads to the for-mation of an eletron bunh elongated in the trans-verse diretion. In this sheme, we use a laser pulsefoused into an elongated spot. This results in awake�eld generation loalized in the axially nonsym-metri region with the omponents of the transverseeletri �eld not equal to eah other. With the aidof atastrophe theory, we demonstrate that a stru-turally stable regime of transverse wake breaking leadsto the transversally elongated eletron bunh genera-tion. Three-dimensional partile-in-ell simulations ofthe laser pulse interation with an underdense plasmashow that eletrons injeted via the transverse wakewave breaking form a bunh with an aspet ratio largerthan unity, whih qualitatively on�rms the theory.Eletrons aelerated by the wake perform betatronosillations with di�erent amplitudes and frequeniesalong two transverse oordinates. An exat analyti so-lution of the eletron hydrodynamis equations demon-strates the spae-harge e�ets, whih modify the ele-tron bunh equilibrium and the frequenies and stru-ture of the mode of betatron osillations.For a typial total number of eletrons in the bunhaelerated by the wake equal to Ntot = 1010, whihorresponds to the harge 1.6 nC, and the bunhlength 10 �m, the eletron number per unit length isNb = 1013 m�1. If the plasma density and eletrongamma fator are n0 = 1019 m�3 and e = 500, ex-pression (26) yields the bunh size in the transversediretion as rb � 0:01 �m. In this ase, betatron fre-quenies (29) are !b1 � 1014 s�1 and !b2 � 1:4 �1013 s�1,if we assume that the aspet ratio A22=A33 equals 100.

One of the most important appliations of laser-produed relativisti eletrons is to generate positronbunhes for their injetion into onventional aeler-ators. To obtain polarized positron beams, an addi-tional irularly polarized laser pulse (ounterpropa-gating with the eletron bunh) may be used to gener-ate longitudinally polarized gamma-ray photons, whihthen ollide with a thin-�lm target [49℄.The emittane of laser-aelerated ions an alsobe manipulated by hanging the struture of eitherthe target irradiated by the laser pulse or the formof the fousing system. In the �rst ase, we referto the double-layer target proposed in Ref. [50℄ inorder to produe beams with ontrolled quality, andstudied in detail via omputer simulations [51℄ andexperiments [52℄. The authors of Ref. [50℄ proposedusing two-layer targets in whih the �rst layer onsistsof heavy multiharged ions and the seond layer (thinand narrow in the transverse diretion) onsists oflight ions (e.g., protons). Elongating the thin protonlayer in one diretion results in the generation of a�at proton beam. A more omplex form of the protonlayer may be used to provide a uniform irradiationof the target, whih is required in the appliationsof laser-aelerated ions for hadron therapy. Theseond ase uses an ion fousing tehnique orre-sponding to a thin hollow ylindrial shell irradiatedby a femtoseond high-power laser pulse when theion bunh �ies through it. As demonstrated in theexperiments in Ref. [53℄, this tehnique allows simul-taneously fousing the proton beam and uting it intoquasi-monoenergeti beamlets. The use of an elliptialylinder shell provides a way for transverse emittanemanipulation. In addition, a phase rotator, whih alsoprodues quasi-monoenergeti ion beamlets [54℄ whenits transverse eletri �eld is made anisotropi, anprodue �at ion beams.This work is supported by the Japanese Ministry ofEduation, Siene, Sports and Culture, Grant-in-Aidfor Speially Promoted Researh No. 15002013. Oneof the authors (M. K.) is supported by the JapaneseMinistry of Eduation, Siene, Sports and Culture,Grant-in-Aid for Young Sientists (B), No. 17740272,2005. REFERENCES1. T. Tajima and J. M. Dawson, Phys. Rev. Lett. 43, 267(1979).1061
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