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QUANTUM TELEPORTATION THROUGH AN ENTANGLEDSTATE COMPOSED OF DISPLACED VACUUMAND SINGLE-PHOTON STATESS. A. Podoshvedov *Shool of Computational Sienes, Korea Institute for Advaned Study130-722, Seoul, South KoreaReeived July 18, 2007We study the teleportation protool of an unknown marosopi qubit by means of a quantum hannel om-posed of the displaed vauum and single-photon states. The sheme is based on linear optial devies suhas a beam splitter and photon number resolving detetors. A method based on onditional measurement isused to generate both the marosopi qubit and entangled state omposed from displaed vauum and single-photon states. We show that suh a qubit has both marosopi and mirosopi properties. In partiular, weinvestigate the quantum teleportation protool from a marosopi objet to a mirosopi state.PACS: 42.50.Dv, 03.67.Hk, 03.65.Ta1. INTRODUCTIONQuantum teleportation, �rst proposed by Bennettet al. [1℄, is a tehnique for moving an unknown statearound in the presene of a quantum ommuniationhannel linking the sender to the reipient. Severalexperiments were implemented to demonstrate quan-tum teleportation [2; 3℄. In the teleportation experi-ment in [2℄, entanglement of photons with di�erent po-larizations was used. In the teleportation experimentin [3℄, the quantum hannel was a two-mode squeezedstate. Presently, there is growing interest in the useof Shrödinger-at states [4℄ for quantum informationproessing. Entangled oherent states were proposedto teleport a qubit enoded in a Shrödinger-at statein [5℄. It was shown in [6℄ how quantum informationproessing an be implemented using even and odd o-herent superposition states. Quantum information pro-essing based on entangled oherent states is desribedin [7℄. There is a sole drawbak of the appliation ofentangled oherent states to quantum omputation: itis extremely di�ult to prepare them in pratie [8℄.In this paper, we study a quantum teleportationprotool with the help of an entangled state onstrutedfrom displaed vauum and single-photon states [9�11℄.The onditional mehanism of generation of both the*E-mail: sap�kias.re.kr

marosopi qubit and the entangled state omposedof the displaed vauum and single-photon states isused [12�14℄. We show that suh a marosopi qubitreveals both mirosopi and marosopi properties.A sheme of quantum teleportation from a marosopiobjet to a mirosopi one is studied. The problemof the use of displaed states in quantum informationproessing is fresh and enables an additional degree offreedom. The photon state is determined by its num-ber, while the phase is ompletely random. The dis-plaed state is obtained from a number state by addinga nonzero value to the �eld amplitude. By displaingin phase spae, a �eld amplitude is added to this state,and the photon number has a ontribution from the o-herent omponent of the �eld. The displaed state be-omes phase dependent, whih allows using new pairs ofquasi-orthogonal entangled states (whih may be usedin other quantum protools). The study of the quan-tum teleportation through the entangled states om-posed of the displaed state may be onsidered an ex-tension of the previously proposed protool based onentangled oherent states [5℄, whih an be performedonly in the presene of highly e�ient and preise pho-toounting. Highly e�ient photodetetors that pre-isely distinguish between m and m + 1 must be usedin [5℄. Our proposal redues the requirements on theparameters of registering devies.505



S. A. Podoshvedov ÆÝÒÔ, òîì 133, âûï. 3, 20082. GENERATION OF AN ENTANGLEDCHANNEL FROM DISPLACED VACUUMAND SINGLE-PHOTON STATESWe start with the problem of generation of an en-tangled state omposed of the displaed vauum andsingle-photon states. Parametri down onversion ina nonlinear rystal is used for the prodution of thedesired state. A high-energy pump photon may splitinto two lower-energy photons that are normally emit-ted into symmetrially oriented diretions. The modesinto whih the photons are emitted are alled the signaland idler modes. Starting from the input vauum �eldin the signal and idler modes, spontaneous parametridown onversion ours. To generate a single-photonadded state, a seed oherent state must be ejeted,e.g., into the signal mode. We use the simple modelwhere the pump mode is lassial and interats withtwo modes at frequenies !1 and !2. Two nonlinear�(2) rystals are plaed in the modes of two power-ful �elds. Anilla oherent states j�i1j�i3 are used asshown in Fig. 1. Dynamial desription of the systemof oupled onverters involves four modes with the or-responding annihilation operators â1, â2, â3, and â4desribed by the HamiltonianĤ = i~��ây1ây2 � â1â2 + ây3ây4 � â3â4� (1)in the interation piture [15; 16℄. The oupling oe�-ient � in (1) is onneted with the nonlinear seond-order suseptibility tensor �(2) and also involves alassial pump. The oupling onstants of two on-verters are assumed to be idential to eah other,�1 = �2 = �. The input wave funtion to Hamilto-nian (1) is j	INi = j�i1j0i2j�i3j0i4. If the parametri
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Fig. 1. Experimental arrangement of the system of ou-pled onverters. Two parametri onverters with type-Iphase mathing are inserted in the routes of powerful�elds. An additional oherent state with the amplitudejp2�i is injeted into the system through the beamsplitter (BS) with the Hadamard unitary operation

gain of the system of the oupled onverters (g � 1,where g = �t) is su�iently low, the �nal output stateis desribed byj	OUT i = exp �i Ĥt~ ! j	INi �� �1 + g �ây1ây2 � â2â1 + ây3ây4 � â3â4����j�i1j0i2j�i3j0i4 = j�i1j0i2j�i3j0i4+gp1+j�j2�� (j�; 1i1j�i3j10i24 + j�i1j�; 1i3j01i24) : (2)We now use a beam splitter to superimpose thefollowing modes. Input�output relations at a losslessbeam splitter an be haraterized by the SU(2) Liealgebra [25℄. A beam splitter an be onsidered afour-port devie with the input�output relations in theHeisenberg piture given by" ây1ây2 #out = B " ây1ây2 #in == " T R�R� T � #" ây1ây2 #in ; (3a)where T and R are the transmittane and re�etivityof the beam splitter. A very simple way to desribe theation of a beam splitter is to �x the phase relationsby using two �=2 phase shifters inserted into both theinput and output modes suh that the beam splitter isdesribed by the Hadamard transformation" ây1ây2 #out = H " ây1ây2 #in == 1p2 " 1 11 �1 #" ây1ây2 #in : (3b)It is worth mentioning that the standard Hadamardgate in quantum omputation is a single-qubit gate,while we use unitary matrix (3b) as a two-qubit oper-ation. For a single inident partile, the ation of thebeam splitter with matrix (3b) is desribed by the stan-dard Hadamard transformation (H j0i ! (j0i+j1i)=p2,H j1i ! (j0i � j1i)=p2). The general ase of the beamsplitter with matrix (3b) involves both inoming modesoupied by photons.We ombine modes 2 and 4 on the beam splitterwith matrix (3b), whih givesĤ24j	OUT i = j�i1j0i2j�i3j0i4 ++ gp1 + 2�2 j	+i13j10i24 � gj	�i13j01i24; (4)where we introdue the marosopi entangled states506



ÆÝÒÔ, òîì 133, âûï. 3, 2008 Quantum teleportation through an entangled : : :j	�i13 = (j�ij�; 1i � j�; 1ij�i)13p2(1� j�j2=(1 + j�j2)) ; (5)where j�i = exp��j�j22 � 1Xl=1 �lpl! jli (6a)is the oherent state andj�; 1i = âyj�iph�jââyj�i == exp(�j�j2=2)�p1 + j�j2 1Xl=1 �llpl! jli (6b)is the one-photon added oherent state [17; 18℄. De-pending on the measurement outome of two photo-detetors plaed behind the beam splitters in modes 2and 4, the output an be divided into two groups ifdetetor D2 �res or if D4 does. Eah outome ofthe measurement projets the state Ĥ24j	OUT i on ei-ther j	+i13 or j	�i13 depending on whih detetorliked. The states j	�i are orthogonal to eah other:h	�j	+i = 0. It is worth noting that some methodsto onditionally generate a one-photon added oherentstate in the pumping modes were studied in [19℄. Wedeal with onditional generation of the entangled stateomposed of the oherent and single-photon added o-herent states in the signal and idler modes in thesheme in Fig. 1, not a�eting transformation proessesin the pumping modes as is the ase in most experimen-tal situations [20℄.We note some properties of the j	�i states [15; 16℄.The onurrene, as a measure of the amount of en-tanglement, of the state j	�i is equal to one indepen-dently of the value of the parameter �, while the on-urrene of the state j	+i is C(j	+i) = 1=1 + 2j�j2,whih is less than one if j�j > 0 and rapidly dereasesas � inreases. If the size � of the state j	+i ap-proahes in�nity (� ! 1), the onurrene tends tozero (C(j	+i) ! 0). Beause the state j	�i has themaximum possible amount of entanglement, it an bepresented in terms of orthogonal states, namely, dis-plaed vauum and single-photon states [9�11℄j	i13 = (j0; �ij1; �i � j1; �ij0; �i)13p2 ; (7)where the omponents of the state are given byj0; �i = D̂(�)j0i � j�i; (8a)j1; �i = D̂(�)j1i == ��� j�i � p1 + j�j2�� j�; 1i! ; (8b)

where D̂(�) = exp(�ây � ��â) is the unitary displae-ment operator [20℄.A remark on the notation used is in order. The dis-plaed single-photon j1; �i state should not be onfusedwith the single-photon added oherent state j�; 1i.There is a di�erene between them beause either an-nihilation or reation operators do not ommute withthe unitary displaement operator ([â; D̂(�)℄ 6= 0). Inthe limit ase as � ! 0, the states j1; �i and j�; 1iapproah the one-photon state j1i. Coherent and one-photon added oherent states are not orthogonal toeah other (h�j�; 1i = ��=p1 + j�j2 ) and their salarprodut approahes unity as � ! 1. On the on-trary, the state j1; �i is always orthogonal to the o-herent state with the same amplitude �, irrespetiveof the value of � (h�j1; �i = 0). Therefore, we an in-terpret the displaed vauum and single-photon statesas basis states (logial zero and logial one) for a log-ial qubit in the framework of quantum information.Below, we let j0; �i � j�i denote a oherent state byanalogy with j1; �i. Then the well-known Shrödinger-at state [7; 8℄ an be rewritten in our notation asj�i+ j � �i � j0; �i+ j0;��i up to normalization fa-tor. Suh a representation of the Shrödinger-at statere�ets the di�erene of the mehanisms of generatingthe states. The Shrödinger-at state is generated dueto a nonlinear phase shift of one of the superpositionomponents [8℄, while the single-photon state is reatedowing to single-photon addition and displaement. Wesometimes all the states j1; �i and j0; �i a marosopisingle-photon state and a marosopi vauum, respe-tively.3. CREATION OF THE MACROSCOPICQUBIT AND ITS PROPERTIESWe onsider generation of an unknown marosopiqubit omposed of the displaed vauum and single-photon states. The superposition statej�i = Aj0; �i+Bj1; �i; (9)where A and B are arbitrary amplitudes (withjAj2 + jBj2 = 1), an be generated through a pho-ton-number onditional measurement. We take a beamsplitter with unitary matrix (3a) and ombine thesingle-photon added oherent state with an amplitude�1 (mode 1) with the anilla oherent state with anamplitude �2 (mode 2) through a beam splitter. Themixing result is given by507



S. A. Podoshvedov ÆÝÒÔ, òîì 133, âûï. 3, 2008Û(j�1; 1i1j�2i2) = 1p1 + j�1j2  Tp1 + j�1T � �2R�j2 j�1T � �2R�; 1i1j�1R + �2T �i2++Rp1 + j�1R+ �2T �j2 j�1T � �2R�i1j�1R+ �2T �; 1i2 ! : (10)In the ase where �1R + �2T � � 1, we an neglethigher-order photon-number states in the j�1R+�2T �iand j�1R + �2T �; 1i states and replae them with�nite superpositions up to (i)0 j0i + (i)1 j1i + (i)2 j2i,where (j)j are the respetive amplitudes (i = 0; 1 andj = 0; 1; 2) of the oherent and single-photon added o-herent states. When the state j0i2 is registered in theseond output mode of the beam splitter, this detetionprojets the �rst mode into a single-photon added o-herent state with the amplitude �1T��2R� [13℄. State(8) is onditionally generated if either the state j1i orthe state j2i is registered in the seond mode, whihan be performed by using a photon-number resolvingdetetors [21℄.We note some properties of the superposition of dis-plaed vauum and single-photon states (9). We on-sider readout of qubit (9) in the framework of quantuminformation proessing and assume that somebody gaveus either the j0; �i or the j1; �i state, whih we do notknow exatly. Our task is to determine whih state wewere given. We prepare a seond input hannel in thebeam splitter in a oherent state with the amplitude �1,j0; �1i2, and impose the restrition �R + �1T � = 0 onthe input onditions. Then, ombining the input statesj0; �i1 and j0; �1i2, we have the output j0; �=T �i1j0i2,while ombining the input states j1; �i1 and j0; �1i2,we haveÛ�R+�1T�=0 (j1; �i1j0; �1i2) == T ���1; �T �E1 j0i2 +R ���0; �T �E1 j1i2: (11)If an ideal detetor following the beam splitter in theseond output mode registers a single-photon impat,this de�nitely means that we obtained the j1; �i1 state.If the detetor does not lik, we an tell nothing de�-nite about the state that was sent. But we an dereasethe in�uene of the T j1; �=T �i1j0i2 term in (11) byhoosing a beam splitter with the transmittane T aslow as possible (jT j � 1) suh that limT�!1�1T � = ��.If we take the transmittane T very small, then it ispossible to laim that the state j1; �i1 was given in thease we registered nothing. The probability to mistakethe j0; �i1 state for the j1; �i1 state is jT j2 � 1.The same argument is appliable to state (9). If asingle photon hits a photodetetor in the seond mode,we de�nitely know that the j1; �i1 state was measured;if we do not register anything, we know it was thej0; �i1 state with �delityF = jAj2=(jAj2 + jBj2jT j2) � 1� jBj2jT j2=jAj2:

The �delity approahes 1 as jT j ! 0, whih on-�rms the possibility to almost de�nitely distinguish thestates j0; �i1 and j1; �i1 from eah other.We onsider the interferene properties of qubit (9).We alulate the Wigner funtion of superposition (8)with A = 1=p2 and B = � exp(i'a)=p2 . The Wignerfuntion of suh a state is evaluated asWj	Bi(x; y) = 4� ((x� x�)(x � x� � os'�) ++ (y � y�)(y � y� � sin'�))�� exp ��2 �(x� x�)2 + (y � y�)2�� ; (12a)where os'� = x�=pjx�j2 + jy�j2 andsin'� = y�=pjx�j2 + jy�j2. The Wigner funtion ofthe statistial mixture desribed by the density matrix� = (j0; �ih0; �j+ j1; �ih1; �j)=2 is given byW�(x; y) = 4� �(x� x�)2 + (y � y�)2��� exp ��2 �(x� x�)2 + (y � y�)2�� : (12b)The Wigner funtions of the balaned superpositionand statistial mixture are plotted in Fig. 2. TheWigner funtion of the statistial mixture has twopeaks, while one of the peaks is destroyed in the aseof the balaned superposition due to the interferenee�et inherent to superposition (9).For example, the marginal distribution, as a fun-tion of x, an be obtained by integrating the Wignerfuntion over y. We onsider the ase of a balanedsuperposition. The orresponding quadrature distribu-tion j	(x)j2 of the pure state is given byj	(x)j2 = 2r 2� �� ((x� x�)(x� x� � os'�) + 0:25)�� exp ��2(x� x�)2� : (13)The orresponding dependenes of the quadrature dis-tributions j	(x)j2 are plotted in Fig. 3 for both super-position state (13) and the statistial mixture. Theplots learly show the di�erene in behavior of puremarosopi qubit (9) and the statistial mixture. Thequadrature omponents of the pure state and of thestatistial mixture an be measured in experiments toobserve the di�erene.508



ÆÝÒÔ, òîì 133, âûï. 3, 2008 Quantum teleportation through an entangled : : :4. GENERATION OF AN ENTANGLEDCHANNEL WITH DIFFERENTAMPLITUDESIn Se. 2, we disussed a method of onditional gen-eration of the entangled state omposed of displaedvauum and single photon states (Eq. (7)) with equalamplitudes. We now onsider onditional generationof entangled state (7) with di�erent amplitudes. Themethod used in Se. 2 is not appliable to the gener-ation of entangled state (7) with distint amplitudes.We assume that the modes of the beam splitter areprepared in a oherent state with the amplitude p2�(jp2�i1) (mode 1) and in a state of a single-mode qubitonsisting of the vauum and single photonj�i2 = j�jp2 + j�j2  j0i � p2�� j1i!2 : (14)Experimental generation of an arbitrary superpositionof the vauum and single-photon states has been a-omplished using parametri down onversion with theinput signal mode prepared in a oherent state [22℄,employing the quantum sissor sheme [23℄, or ondi-tioning on homodyne measurements on one part of anonloal single photon in two spatial modes [24℄.The result of the unitary transformation with ma-trix (3b) isÛH  jp2�i1 j�jp2 + j�j2  j0i � p2�� j1i!2! == 1p2 + j�j2 �j1; �i1j�i2 ++ j�j��p1 + j�j2 j�i1j�; 1i2� ; (15)where ÛH is the evolution operator orresponding tothe Hadamard unitary transformation. We restritour attention to the events in whih no photons arereorded in the seond output hannel (Eq. (15)). Thenthe �rst output hannel of the beam splitter is ondi-tionally prepared in the state j1; �i beause one-photonadded oherent state (6(b)), unlike the oherent one,does not ontain the vauum state. The onditionallyprepared displaed single-photon state j1; �i an serveas a basis for generation of the entangled state withdi�erent amplitudes. To show this, we ombine j1; �i1with the anilla oherent state j0; �1i2 on a beam split-ter with arbitrary T and R parameters,

Û (j1; �i1j0; �1i2) == T j1; �T � �1R�i1j0; �R+ �1T �i2 ++Rj0; �T � �1R�i1j1; �R+ �1T �i2: (16)Choosing jT j = jRj = 1=p2 , we obtain a maximally en-tangled state. Imposing the ondition �R+ �1T � = 0,we prepare a maximally entangled state onsisting ofmarosopi and mirosopi objetsj	i = 1p2 �j1;p2�ij0i+ j0;p2�ij1i� (17)if T = R = �R� = 1=p2 and T � = �1=p2 .5. TELEPORTATIONWe onsider a teleportation sheme as an exampleof the use of the entangled state like (17). A typialsetup of the teleportation problem is as follows. Aliewishes to teleport unknown state (9) in mode 1 to re-mote olleague Bob by prior sharing state (16). Modes1 and 2 are at Alie's hands, while mode 3 is at Bob'sside. The initial state of the joint system is given byj
i123 = j�i1j	i23: (18)We onsider the ase where all three amplitudes of thestate j
i123 are not equal to eah other. We apply theÛH operation to state (18) and �nally obtainÛH j
i123 = 12 j1; (�1 + �2)=p2 i1 �� j0; (�1 � �2)=p2 i2 (Aj0; �3i3 +Bj1; �3i3)�� 12 j0; (�1 + �2)=p2 i1j1; (�1 � �2)=p2 i2 �� (Aj0; �3i3 �Bj1; �3i3) + Ap2 ��j0; (�1+�2)=p2 i1j0; (�1��2)=p2 i2j1; �3i3++ Bp2 �j2; (�1 + �2)=p2 i1j0; (�1 � �2)=p2 i2 �� j0; (�1+�2)=p2 i1j2; (�1��2)=p2 i2� j0; �3i3: (19)Alie must now perform a photon-number measure-ment by plaing detetors behind the beam splitter andthen send her results to Bob, to do the orrespondingunitary operations. To simplify Alie and Bob's aim,we take �1 = �2 and �3 = 0 (jn; � = 0i � jni). Thenformula (19) beomes509
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Fig. 2. Wigner funtion of the superposition state j	i = (j0; �i� exp(i'�)j1; �i)=p2 (a) and statistial mixture desribedby the density operator � = (j0; �ih0; �j+ j1; �ih1; �j)=2 (b) for � = 0:5 and Q� = �=4ÛH j
i123 = 12 j1;p2�i1j0i2 (Aj0i3 +Bj1i3)�� 12 j0;p2�i1j1i2 (Aj0i3 �Bj1i3) ++ Ap2 j0;p2�i1j0i2j1i3 ++ Bp2 �j2;p2�i1j0i2 � j0;p2�i1j2i2� j0i3: (20)
O�-shelf photon ounters have e�ienies around 65%and an only di�erentiate between zero and more pho-tons. However, Takeuhi et al. [21℄ developed anavalanhed photodetetor that an disern 0, 1, and2 photons with 90 
% e�ieny. We use suh detetorsassuming that they are ideal. Then, in the ase of regis-tration of a single photon in Alie's seond mode, state510
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Fig. 3. Quadrature distribution j�(x)j2 of the super-position state and statistial mixture for � = 2 andQ� = 0. Curves 1 and 2 respetively orrespond to thesuperposition state and the statistial mixture. Twoseparated peaks of the statistial mixture transform toone peak of pure superposition(20) ollapses into an unknown state Aj0i3�Bj1i3, buton Bob's side. Alie sends one bit of lassial informa-tion informing him about the result of her measurementand, �nally, Bob needs to shift a phase of a single pho-ton by �. If Alie registers nothing, she must onsideroutomes of her �rst mode, in other words, she mustbe able to distinguish the states j0; �i, j1; �i, and j2; �ifrom eah other. This an be done if she ombines thestates with the anilla oherent state j0; �1i with theamplitude �1 on a beam splitter with arbitrary trans-mittane and re�etivity (3a). The results of mixing ofthe states j0; �i, j0; �1i and j1; �i, j0; �1i (Eq. (11)) arepresented above. Superimposing j2; �i1 and j0; �1i10 ,on a beam splitter, we obtainÛ�R+�1T�=0 (j2; �i1j0; �1i10) == T 2 ���2; �T �E1 j0i10 +p2TR ���1; �T �E1 j1i10 ++R2 ���0; �T �E1 j2i10 (21)if �R + �1T � = 0. As T ! 0 (R ! 1), the pho-ton-number resolving detetor registering a single pho-ton projets output state (20) on (Aj0i3 + Bj1i3) onBob's side. Alie has only to inform Bob about thisand Bob has nothing to do. Thus, we desribed a typeof quantum information delivered from a marosopistate to a mirosopi one. The suess probabilityof the teleportation protool is 0.5 and is independentof the amplitudes of partiipating states. Therefore,quantum teleportation through a oherent entangledhannel requires photon detetion being able to dis-

tinguish odd-photon-number states from even ones [7℄,whih is impossible in pratie with the urrent level oftehnology.In onlusion, we have investigated the possibilityto apply displaed states to quantum information. Weshowed di�erent methods of onditional generation ofboth marosopi qubits and entangled states on-struted from the displaed states. All the methods arebased on the use of linear optial elements inludingphonon-number-resolving photodetetors. We showedthe possibility to teleport an unknown marosopiqubit to a mirosopi state if partiipants share aquantum hannel of speial form. It is plausible thatthe proposed sheme of quantum teleportation basedon displaed states an be realized in pratie. Weaddress the displaed states as marosopi objetsbeause they are haraterized by some parameter �that an take large values. But the measurementsperformed to distinguish the oherent state from thedisplaed single photon are nevertheless intrinsiallymirosopi, in that we must be able to distinguishbetween vauum and one-photon impat, whih aremirosopially distint. In this sense, the laim thatthe states are marosopi may be disputed. To laimabout marosopi states, one should show that thestates are distinguishable for photon-number measure-ments with a limited resolving power [26℄. This maybeome the subjet of the future investigation.This work was supported by the IT R&D programof MIC/IITA (2005-Y-001-04, Development of nextgeneration seurity tehnology).REFERENCES1. C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa,A. Peres, and W. K. Wootters, Phys. Rev. Lett. 70,1895 (1993).2. D. Bouwmeester, J. W. Pan, K. Mattle, M. Eibl,H. Weinfurter, and A. Zeilinger, Nature 390, 575(1997).3. A. Furusawa, J. L. Sorensen, S. L. Braunstien,C. A. Fuhs, H. J. Kimble, and E. S. Polzik, Siene282, 706 (1998).4. E. Shrödinger, Naturwissenshaften 23, 807 (1935).5. X. Wang, Phys. Rev. A 64, 022302 (2001);S. J. van Enk and O. Hirota, Phys. Rev. A 64, 022313(2001); S. J. van Enk, Phys. Rev. A 67, 022318 (2003);H. Jeong, M. S. Kim, and J. Lee, Phys. Rev. A 64,052308 (2001).511
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