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eRe
eived De
ember 11, 2007Gauss�Bonnet gravity provides one of the most promising frameworks to study 
urvature 
orre
tions to theEinstein a
tion in supersymmetri
 string theories, while avoiding ghosts and keeping se
ond-order �eld equa-tions. Although S
hwarzs
hild-type solutions for Gauss�Bonnet bla
k holes have been known for a long time theKerr�Gauss�Bonnet metri
 was missing. In this paper, a �ve dimensional Gauss�Bonnet solution is analyti
allyderived for spinning bla
k holes and brie�y outlined.PACS: 04.62.+v, 04.70.Dy, 04.70.-s1. INTRODUCTIONIn any attempt to perturbatively quantize gravityas a �eld theory, higher-derivative intera
tions mustbe in
luded in the a
tion. Su
h terms also arise inthe e�e
tive low-energy a
tion of string theories. Fur-thermore, higher-derivative gravity theories are intrin-si
ally attra
tive be
ause in many 
ases they displayfeatures of renormalizability and asymptoti
 freedom.Among su
h approa
hes, Lovelo
k gravity [1℄ is espe-
ially interesting be
ause the resulting equations of mo-tion 
ontain no more than se
ond derivatives of themetri
, in
lude the self intera
tion of gravitation, andare free of ghosts in the expansion around �at spa
e.The four-derivative Gauss�Bonnet term is most prob-ably the dominant 
orre
tion to the Einstein�Hilberta
tion [2℄ when 
onsidering the dimensionally extendedEuler densities used in the Lovelo
k Lagrangian, whi
h*E-mail: alexeyev�sai.msu.ru**E-mail: Aurelien.Barrau�
ern.
h***E-mail: grain�lps
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straightforwardly generalizes the Einstein approa
h in(4 + n) dimensions. The a
tion is therefore given bySGB = 116�G Z dDxp�g��2�+R++ �(R����R���� � 4R��R�� +R2)�; (1)where � is a 
oupling 
onstant of dimension (length)2and G is the D-dimensional Newton 
onstant de�nedas G = 1=MD�2� in terms of the fundamental Plan
ks
ale M�. Gauss�Bonnet gravity was shown to exhibita very ri
h phenomenology in 
osmology (see, e.g., [3℄and the referen
es therein), high-energy physi
s (see,e.g., [4℄ and the referen
es therein) and bla
k-hole the-ory (see, e.g., [5℄ and the referen
es therein). It alsoprovides interesting solutions to the dark energy prob-lem [6℄, o�ers a promising framework for in�ation [7, 8℄,allows a useful modi�
ation of the Randall�Sundrummodel [9℄, and, of 
ourse, resolves most divergen
es as-so
iated with the endpoint of the Hawking evaporationpro
ess [10℄.814
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k holes : : :Either in D dimensions or in 4 dimensions with adilaton 
oupling (required to make the Gauss�Bonnetterm dynami
al), Gauss�Bonnet bla
k holes and theirri
h thermodynami
al properties [11℄ have only beenstudied in the nonspinning (i.e., S
hwarzs
hild-like)
ase. Although some general features 
an be derivedin this framework, it remains largely unrealisti
 be-
ause both astrophysi
al bla
k holes and mi
ros
opi
bla
k holes possibly formed at 
olliders [12�14℄ are ex-pe
ted to be rotating (i.e., be Kerr-like). Of 
ourse,the latter � whi
h should be 
opiously produ
ed atthe Large Hadron Collider if the Plan
k s
ale is in theTeV range as predi
ted by some large-extra-dimensionmodels [15℄ � are espe
ially interesting for the Gauss�Bonnet gravity be
ause they 
ould be observed in thehigh-
urvature region of general relativity and allow adire
t measurement of the related 
oupling 
onstant [4℄.The range of impa
t parameters 
orresponding to theformation of a nonrotating bla
k hole being of zeromeasure, the S
hwarzs
hild or S
hwarzs
hild�Gauss�Bonnet solutions are mostly irrelevant. This is alsoof experimental importan
e be
ause only a few quantashould be emitted by those light bla
k holes, evadingthe Gibbons [16℄ and Page [17℄ arguments usually ad-du
ed to negle
t the angular momentum of primordialbla
k holes.It should be underlined that D-dimensional spin-ning bla
k hole solutions are anyway very importantwithin di�erent theoreti
al frameworks (e.g., in 
onser-vation law studies) [18℄. Thanks to perturbation theoryseveral attempts were made [19℄ to derive the solution.In what follows, we fo
us on an analyti
al approa
h.2. 5D-SOLUTIONTo investigate the detailed properties of bla
k holesin the Lovelo
k gravity, it is mandatory to derive thegeneral solution, i.e., the metri
 for the spinning 
ase.In 
ontrast to the numeri
al attempts that were pre-sented in Ref. [20℄ for degenerate angular momenta, wefo
us on the exa
t solution in 5 dimensions.The Einstein equations in Gauss�Bonnet gravitywith a 
osmologi
al 
onstant � are given byR�� � 12g��R == �g��+�"12g���R����R�����4R��R��+R2��� 2RR�� + 4R�
R
� +4R
ÆR
Æ�� � 2R�
Æ�R
Æ�� #; (2)

and the 5-dimensional metri
 of the spheri
ally sym-metri
 Kerr�S
hild type 
an be written asds2 = dt2 � dr2 � (r2 + a2) sin2 �d�21 �� (r2 + b2) 
os2 �d�22 � �2d�2 �� 2dr a sin2 �d�1 + b 
os2 �d�2!�� � dt� dr � a sin2 �d�1 � b 
os2 �d�2!2; (3)where �2 = r2 + a2 
os2 � + b2 sin2 �and � = �(r; �) is the unknown fun
tion.The �� 
omponent of the Einstein equations isA�00 +B�02 + C�0 +D� +E = 0; (4)where A = r�2(4�� � �2);B = 4�r�2;C = 2"4��(�2 � r2)� �2(�2 + r2)#;D = 2r(2r2 � 3�2);E = 2r��4:Equation (4) 
an be split into two relations respe
tivelyinvolving only � and z � ��0 as independent unknownfun
tions. It is then possible to introdu
e a new fun
-tion f(r; 
), where
 = a2 
os2 � + b2 sin2 �;su
h that the equations are equivalent to the system�00+2��2+r2r�2 �0�2r2�3�2�4 �����f(r; 
)r�4 = 0; (5)z0 + 2�2 � r2r�2 z � 12 f(r; 
)�r�2 = 0: (6)With the new fun
tion p(r; 
) introdu
ed via thetransformation f(r; 
) = �4r �p(r; 
)�r ; (7)the se
ond equation 
an be solved (with pr �� �p(r; 
)=�r), leading toz = 12 (R prdr + 2C21�)(r2 + 
2)�r2 = (��0); (8)815
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onstants of integration in the ith equa-tion. This equation 
an be integrated to obtain�2 = 1� Z  pr2 + 
2r2 ! dr + 2C21 r2 � 
2r + C20: (9)The �rst equation results in� ==  C12r�C11(r2�
2)�r Z (pr�2r2�)(r2�
2)r dr++ (r2 + 
2) Z (pr + 2�r2) dr! 1r(r2 + 
2) ; (10)where a simple integration by partsZ pr r2 � 
2r dr = pr2 � 
2r � Z pr2 + 
2r2 dr (11)yields�r(r2 + 
2) = C12r + C11(r2 � 
2) ++ r Z  pr2 + 
2r2 ! dr + �r36 (r2 + 
2): (12)With the same integral 
ombinationQ = Z  pr2 + 
2r2 ! dr; (13)the system leads to the quadrati
 equation��2 � (r2 + 
2)� ++�C32 + C31 r2 � 
2r + �r26 (r2 + 2
2)� = 0; (14)where C3i are new integration 
onstants obtained froma 
ombination of C2i and C1i.Taking the asymptoti
 forms at in�nity into a

ount(and therefore �nding the values of the integration 
on-stants, M being the Arnowitt�Deser�Misner (ADM)mass), we obtain� = �2 �r�4 � 4�M � 23��r2(2�2 � r2)2� ; (15)where the ��� bran
h should be 
hosen so as to re-
over the usual Kerr solution in the limit �! 0. When� ! 0, we re
over the pure Kerr 
ase [21℄. In 
ase ofa vanishing rotation (a = b = 0), the obtained solution
orresponds to the one suggested in Ref. [22℄. When

used in metri
 (3), this leads to the exa
t Kerr�Gauss�Bonnet�(anti)de Sitter solutions of Einstein equations.Be
ause only the �� 
omponent of the �eld equationswas used to derive this result, the 
ompatibility withthe other 
omponents was 
arefully 
he
ked. Althoughthe equations are far too intri
ate to allow analyti
 in-vestigations, numeri
al results show that they are in-deed satis�ed.3. TRANSFORMATION TO THEBOYER�LINGUIST FORMTo obtain the value of the horizon radius rh, it isne
essary to transform metri
 (3) ba
k to the Boyer�Linguist form withdt0 = Adt+B dr + Cd�;d�01 = Dd�1 +E dr + F d�;d�02 = Dd�2 +H dr + F d�:Taking into a

ount that the pro
esses relevant forthermodynami
al investigations o

ur in the vi
inity ofthe horizon,M=�2 
an be 
onsidered a small parameterand used for a Taylor expansion of � as� � M�2 + 8M2��6 :As a ne
essary 
ondition, the Boyer�Linguist parame-terization imposes vanishing 
oe�
ients for nondiago-nal 
omponents ex
ept for dt d�1 and dt d�2. This leadsto a system of light equations with light variables. Thesolutions are expli
itly the Boyer�Linguist parameteri-zation of the Kerr�Gauss�Bonnet metri
.Solving those equations (without substituting thedire
t expression of �(r; �)), we obtain thati) all the 
oe�
ients before the 
omponents d� dx(where x is an arbitrary 
oordinate) vanish automati-
ally, as in the 
lassi
al Kerr 
ase;ii) the 
oe�
ients A and D 
an be set equal to 1 tore
over the 
lassi
al 
ase;iii) other 
oe�
ients are:B = B1=B2;E = E1=E2;H = H1=H2;where B1 = ��6a(r2 + b2);816



ÆÝÒÔ, òîì 133, âûï. 4, 2008 Kerr�Gauss�Bonnet bla
k holes : : :B2 = r4�6 + 8M2�a2 
os2 �r2 �M�4a2 
os2 �r2 ++ �6b2r2 + �6b2a2 �M�4r4 + r2�6a2 + 8M2�r4 ��M�4b2r2 + 8M2�b2r2 +M�4b2 
os2 �r2 �� 8M2�b2 
os2 �r2;E1 = �(a2 + r2)�6b;E2 = r4�6 + 8M2�a2 
os2 �r2 �M�4a2 
os2 �r2 ++ �6b2r2 + �6b2a2 �M�4r4 + r2�6a2 + 8M2�r4 ��M�4b2r2 + 8M2�b2r2 +M�4b2 
os2 �r2 �� 8M2�b2 
os2 �r2;

H1 =Mr2(8M�a2 
os2 � � �4a2 
os2 � � �4r2 ++8M�r2��4b2+8M�b2+�4b2 
os2 ��8M�b2 
os2 �);H2 = r4�6 + 8M2�a2 
os2 �r2 �M�4a2 
os2 �r2 ++ �6b2r2 + �6b2a2 �M�4r4 + r2�6a2 + 8M2�r4 ��M�4b2r2 + 8M2�b2r2 +M�4b2 
os2 �r2 �� 8M2�b2 
os2 �r2:After substituting these 
oe�
ients in metri
 (3) andsome rearrangements, the metri
 be
omesds2 = dt2 � (r2 + a2) 
os2 � d�21 � (r2 + b2) sin2 � d�22 � �2d�2 ��M�2 + 8M2��6 ��� �dt+ a sin2 � d�1 + b 
os2 � d�2�2 � ��6�(r2 + a2)(r2 + b2)� r2�2�M�2 + 8M2��6 �� dr2; (16)where � is a 
oe�
ient whose value is irrelevant be-
ause this investigation requires only the denominatorof the last term (the g11 
omponent of the metri
),whi
h is �6 �(r2 + a2)(r2 + b2)� r2�2�� : (17)4. THERMODYNAMICAL PROPERTIESTo investigate the bla
k hole topology, we muststudy singular points of the metri
 
omponent g11, i.e.,study the zeros of expression (17):(r2 + a2)(r2 + b2)� r2�2� = 0: (18)This is an 8th-order equation for � when � is Taylor ex-panded in the lowest order in �. As shown in Ref. [23℄,the 
osmologi
al 
onstant 
an 
hange the temperature.In what follows, we restri
t our study to the � = 0
ase. Using the value of � in (15), we obtainM = M�4�r4�4 ; (19)whereM� = r4+�8 � 4�(r2+ + a2)2(r2+ + b2)2 ++ 4�r2+�4(r2+ + a2)(r2+ + b2) + r8+�4and r+ is the horizon radius. As � ! 0, this leads tothe usual Kerr 
ase.

We emphasize that the anglular variable � is in-
luded in expression (19) (as �2 = r2+ + a2 
os2 � ++ b2 sin2 �), whi
h indi
ates a good 
hoi
e of 
oor-dinates. To remove this dependen
e, we must set� = �=4. This allows 
omputing the temperature,whi
h requires the surfa
e gravity given by�2 = �14gttgij(�igtt)(�jgtt)����r=r+ : (20)In the 
onsidered 
ase, this leads to� = �14(1 + �) �grr(�r�)2 + g��(���)2�����r=r+ : (21)After substituting all the values, this formula be
omes� = �14(1 + �)0BBB��1�2 � � ��� ��2�2 1CCCA ; (22)where�1 = (�r2 
os2 �(a2 � b2)� (r2 + a2)(r2 + b2) ++ �r2(r2 + b2))� ��r��2 ;�2 = � 
os2 �(a2 � b2) + (r2 + b2):7 ÆÝÒÔ, âûï. 4 817



S. Alexeyev, N. Popov, M. Startseva et al. ÆÝÒÔ, òîì 133, âûï. 4, 2008

0 2018161412108642

r+

0.05

0.10

0.15

0.20

T

Bla
k-hole temperature T (y axis, relative Plank val-ues) versus the bla
k-hole size r+ (x axis, relative Plankvalues) in the pure Kerr 
ase (lower line) and the Kerr�Gauss�Bonnet 
ase (upper line)The bla
k hole temperature T 
an be easily 
om-puted as T = �=2�. The pure Kerr 5D-formula, asgiven in [24℄, leads toT = r2+�04�(r2+ + a2)(r2+ + b2) ; (23)where � = (r2+ + a2)(r2+ + b2)r2+ :The �gure displays the pure Kerr temperature andthe Kerr�Gauss�Bonnet temperature. As expe
ted,both values be
ome very 
lose for large masses. Theydi�erer by about 5% in the limit of very small massesfor � = 1 in Plan
k units.5. DISCUSSION AND CONCLUSIONSIf, as is suggested by geometri
al argumentsand by low-energy e�e
tive superstring theories, theGauss�Bonnet gravity is a realisti
 path toward the fullquantum theory of gravity, then Kerr�Gauss�Bonnetbla
k holes are probably among the most importantobje
ts to understand the physi
al basis of our World.This arti
le has established the solution of Einsteinequations in the 5-dimensional Gauss�Bonnet theory.This allows investigating into the details of the physi
sof �realisti
� spinning bla
k holes, from both a pure

theoreti
al and a phenomenologi
al (in the frameworkof low-Plan
k-s
ale models) standpoint.Some improvements and developments 
an be fore-seen. First, it should be very wel
ome to obtain thesame kind of solutions for any number of dimensions.Unfortunately, the method introdu
ed in this arti
le isnot easy to generalize and a spe
i�
 study is requiredin ea
h 
ase. Then, it would be interesting to 
omputethe greybody fa
tors for those bla
k holes. Followingthe te
hniques in [25℄, it is possible (although notstraightforward) to obtain a numeri
al solution as soonas the metri
 is known, at least in the � = 0 
ase. TheKerr�Gauss�Bonnet�(anti)de Sitter situation is moreintri
ate be
ause the metri
 is nowhere �at, requiringa more detailed investigation, as suggested in Ref. [26℄.S. A. thanks the RFBR (grant � 07-02-01034-a).REFERENCES1. D. Lovelo
k, J. Math. Phys. 12, 498 (1971); J. Math.Phys. 13, 874 (1972).2. B. Zwieba
h, Phys. Lett. B 156, 315 (1985).3. C. Charmousis and J.-F. Dufaux, Class. Quant. Grav.19, 4671 (2002).4. A. Barrau, J. Grain, and S. O. Alexeyev, Phys. Lett.B 584, 114 (2004).5. S. Alexeyev and M. V. Pomazanov, Phys. Rev. D 55,2110 (1997).6. S. Nojiri, S. D. Odintsov, and M. Sasaki, Phys. Rev.D 71, 123509 (2005).7. J. E. Lidsey and N. J. Nunes, Phys. Rev. D 67, 103510(2003).8. F. Ferrer and S. Rasanen, E-print ar
hives,hep-th/0707.0499.9. J. E. Kim, B. Kyae, and H. M. Lee, Nu
l. Phys. B 582,296 (2000).10. S. Alexeyev, A. Barrau, G. Boudoul, O. Khovanskaya,and M. Sazhin, Class. Quant. Grav. 19, 4431 (2002).11. R. C. Myers and J. Z. Simon, Phys. Rev. D 38, 2434(1988).12. T. Banks and W. Fis
hler, E-print ar
hives,hep-th/9906038.13. S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87,161602 (2001).818



ÆÝÒÔ, òîì 133, âûï. 4, 2008 Kerr�Gauss�Bonnet bla
k holes : : :14. S. B. Giddings and S. Thomas, Phys. Rev. D 65,056010 (2002).15. N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali,Phys. Lett. B 429, 257 (1998).16. G. W. Gibbons, Comm. Math. Phys. 44, 245 (1975).17. D. N. Page, Phys. Rev. D 16, 2402 (1977).18. N. Deruelle and Y. Morisawa, Class. Quant. Grav.22, 933 (2005); N. Deruelle, E-print ar
hives,gr-q
/0502072; S. Deser, I. Kanik, and B. Tekin, Class.Quant. Grav. 22, 3383 (2005).19. G. W. Gibbons, H. Lu, Don N. Page, and C. N. Pope,Phys. Rev. Lett. 93, 171102 (2004); A. N. Aliev, Mod.Phys. Lett. A 21, 751 (2006); A. N. Aliev, Phys. Rev.D 75, 084041 (2007).

20. S. Alexeyev et al., J. Phys. Conf. Ser. 33, 343 (2006).21. D. C. Boulware and S. Deser, Phys. Rev. Lett. 55, 2656(1985).22. R. C. Myers and N. J. Perry, Ann. Phys. 174, 304(1986).23. J. Labbé, A. Barrau, and J. Grain, PoS(HEP2005)013,E-print ar
hives, hep-ph/0511211.24. S. W. Hawking, C. J. Hunter, and M. Taylor, Phys.Rev. D 59, 064005 (1999).25. J. Grain, A. Barrau, and P. Kanti, Phys. Rev. D 72,104016 (2005).26. P. Kanti, J. Grain, and A. Barrau, Phys. Rev. D 71,104002 (2005).

819 7*


