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CONTROLLING CHAOS IN THE BOSE�EINSTEIN CONDENSATEFuzhong Cong, Zhixia Wang *, Hongtu Hua, Shihun Pang, Shouyu TongAviation University of Air Fore130022, Changhun, ChinaReeived July 26, 2011The spatial struture of the Bose�Einstein ondensate (BEC) is investigated and spatially haoti distributionsof the ondensates are revealed. By means of hanging the s-wave sattering length with a Feshbah resonane,the haoti behavior an be well ontrolled to enter into periodiity. Numerial simulation shows that there aredi�erent periodi orbits aording to di�erent s-wave sattering lengths only if the Lyapunov exponent of thesystem is negative.1. INTRODUCTIONEighty years after its predition, the Bose�Einsteinondensate (BEC) was observed in trapped gases of ru-bidium, sodium, and lithium [1℄. The mean �eld theory(the Gross�Pitaevskii (GP) equation) has been quitesuessful in quantitatively reproduing many experi-mental observations [2℄.The ahievement of BEC in dilute alkali vapors hasopened the �eld of weakly interating degenerate Bosegases. Experimental and theoretial progress has beenmade in studying the properties of this new state ofmatter. Several remarkable phenomena, whih stronglyresemble well-known e�ets in nonlinear optis, havebeen observed in the BEC, suh as four-wave mixing,vorties, dark and bright solitons, and haos [3�13℄.In a realisti experimental setting, an external eletro-magneti �eld is used to produe, trap, and manipulatethe BEC. In early experiments, only the harmoni po-tential was used, but a wide variety of potentials annow be onstruted experimentally. Among the mostfrequently studied both experimentally and theoreti-ally are periodi lattie potentials. The optial lat-tie is reated as a standing-wave interferene patternof mutually oherent laser beams. With eah lattiesite oupied by one mass of alkali atoms in its groundstate, the BEC in optial latties shows a number ofpotential appliations, suh as an atomi interferome-ter, detetors for quantum omputers, an atom laser,and quantum information proessing on the nanometersale. Optial latties are therefore of partiular inter-*E-mail: wzx2007111�126.om

est from the perspetive of both fundamental quantumphysis and appliations [8℄.Numerous experimental studies have on�rmedthe general validity of the time-dependent nonlinearShrödinger equation, also alled the GP equation,used to alulate the ground state and exitations ofvarious BECs of trapped alkali atoms. The dynamisof the system are desribed by a Shrödinger equationwith a nonlinear term that represents many-body inter-ations in the mean-�eld approximation. This nonlin-earity allows introduing haos into a quantum system.The existene of BEC haos has been proved, and thehaos properties have also been extensively investigatedin many previous works. Naturally, haos, whih playsa role in the regularity of the system, auses instabilityof the ondensate wave funtion. The study of haos innonlinear deterministi systems has been underway formany years. In addition to addressing basi questionson the mehanisms and preditions of haos, the abili-ty to ontrol it to a regular state is also an importantsubjet for relevant studies.For the purpose of appliations, the ontrol of haoshas been antiipated. Chaos ontrol in BEC has al-ways been a widely attrative �eld sine the pioneeringwork [14℄. Controlling haos an be separated into twoategories: feedbak (ative) ontrol and nonfeedbak(passive) ontrol. The general method for feedbakontrol is to push the state of a system onto a stablemanifold of a target orbit, that is, to stabilize the unsta-ble target orbits embedded within a haoti attrator.The main purpose is to ontrol the haos into stablestates in the BEC by means of hanging the s-wavesattering length by using the Feshbah resonane. Wean fore the system to a stable periodi orbit.432



ÆÝÒÔ, òîì 141, âûï. 3, 2012 Controlling haos in the Bose�Einstein ondensate2. CONTROLLING CHAOS IN THE BECThe BEC system onsidered here is reated in aharmonially trapped potential and is then loaded intoan optial lattie. For the system onsidered here, thisis similar to the ase of the linear juntion linking ofmany BECs. Thus, a damping e�et aused by similarelements or other fators may also exist. With theseonsiderations, the system is governed by the quasi-one-dimensional GP equation [15℄i~(1� i�)� �t = � ~22m �2 �x2 ++ g0j j2 + v1 os2(k�) ; (1)wherem is the atomi mass,  is the marosopi quan-tum wave funtion, andg0 = 4�~2amharaterizes the interatomi interation strength, herea is the s-wave sattering length: a > 0 orrespondsto a repulsive interation and a < 0 orresponds to anattrative interation. Furthermore, the term propor-tional to  represents the damping e�et that was usedin Ref. [15℄, � = x + vLt, and vL is the veloity of thetraveling lattie.Due to the omplexity of Eq. (1), we fous our inte-rest only on the traveling wave solution of this equationand write it in the form = '(�) exp [i(�1x+ �1t)℄ ; (2)where �1 and �1 are two undetermined real onstants.For simpliity, we use the dimensionless variablesand parameters� = k�; v = 2mvL~k ; � = ~�1Er ;� = �1k ; I0 = v1Er ; (3)where I0 is the optial intensity, k is the laser wavevetor, and Er = ~2k2=2m is the reoil energy.Writing the omplex funtion ' in the form' = R(t)ei�(t);where R and � are real funtions, and letting  = 0, weobtain two oupled equationsd2Rd�2 �Rd�d� � (v + 2�)Rd�d� �� (� + �2)R� gR3 = I0 os2(�)R;2dRd� d�d� +Rd2�d�2 + (v + 2�)dRd� = 0: (4)
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Fig. 1. The maximum Lyapunov exponent �max asa funtion of the optial intensity I0 with v + 2� == 0:0001, g = �0:5, � + �2 = 2, 1 = 0Clearly, the square of the amplitude R is just thepartile number density beausejRj = j'j = j j;and � is the phase of '. It is not di�ult to see thatwhen the phase is related to the spae-time variablelinearly, i. e., d�d� = � 1R2 � v2 � �� ;2 ÆÝÒÔ, âûï. 3 433
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Fig. 2. The attrators with the initial onditions (R; dR=d�) = (p2 ; 0), 1 = 0, � = 0, � = 2:0, g = �0:5
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ÆÝÒÔ, òîì 141, âûï. 3, 2012 Controlling haos in the Bose�Einstein ondensatewhere 1 is a onstant, we obtain the unoupled equa-tiond2Rd�2 �R� 1R2 � v2 � ��2 � (v + 2�)1R ++ (v+2�)22 R�(�+�2)R�gR3 = I0 os2(�)R: (5)Here g = 8�ak is the dimensionless strength [16℄.3. NUMERICAL SIMULATIONWe alulate the Lyapunov exponent of the BECsystem. Figure 1 shows the maximum Lyapunov expo-nent �max as a funtion of the optial intensity I0. Themiddle point-drawing line stands for zero value. Theparameters are:v + 2� = 0:0001; g = �0:5; � + �2 = 2; 1 = 0:The initial onditions areR(0) = p2 ; dR(0)d� = 0: (6)Using the fourth Runge�Kutta algorithm, we solveEq. (5) numerially, and illustrate the attrators in theequivalent phase of (R; dR=d�). The initial onditionsare (R; dR=d�) = (p2 ; 0). The three Lyapunov expo-nents are di�erent.Figure 2a: I0 = 0:3, v = 0:0001, �1 = 0:03122,�2 = 0, and �3 = �0:03122.Figure 2b: I0 = 0:28, v = 0:0001, �1 = 0:15013,�2 = 0, and �3 = �0:15013.Figure 2: I0 = 0:95, v = 0:0001, �1 = 0:3122,�2 = 0, and �3 = �0:3122.Figure 2d: I0 = 0:001, v = 0:2, �1 = 0:00734,�2 = 0, and �3 = �0:00734.Figure 2e: I0 = 0:0095, v = 0:0001, �1 = 0:00793,�2 = 0, and �3 = �0:00793.Figure 2f: I0 = 0:015, v = 0:0001, �1 = 0:00778,�2 = 0, and �3 = �0:00778.Figure 2g: I0 = 0:057, v = 0:0001, �1 = 0:00745,�2 = 0, and �3 = �0:00745.The BEC system is in a haoti state.To ontrol the haos in the BEC, we adjust theinteration by hanging the s-wave sattering length,that is, hanging the value of g. In this paper, we onlyonsider the e�et of the s-wave.Figure 3 shows the maximum Lyapunov exponentas a funtion of the s-wave sattering length g. Themiddle point-drawing line stands for the zero value. We�nd that in many ranges, for example,�0:161 < g < �0:16; and � 0:1582 < g < �0:1578;
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Fig. 3. The maximum Lyapunov exponent �max as afuntion of the s-wave sattering length g with 1 = 0,� = 0, � = 2:0, I0 = 0:95, v = 0:0001
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