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THE RATIO OF THE CHARM STRUCTURE FUNCTIONSF 
k (k = 2; L) AT LOW x IN DEEP INELASTIC SCATTERINGWITH RESPECT TO THE EXPANSION METHODG. R. Boroun *, B. Rezaei **Physi
s Department, Razi University67149, Kermanshah, IranRe
eived February 2, 2012We study the expansion method for the gluon distribution fun
tion at low x values and 
al
ulate the 
harm stru
-ture fun
tions in the LO and NLO analysis. Our results provide a 
ompa
t formula for the ratio R
 = F 
L=F 
2 ,whi
h is approximately independent of x and the details of the parton distribution fun
tion at low x values.This ratio 
ould be a good probe of the 
harm stru
ture fun
tion F 
2 in the proton dedu
ed from the redu
ed
harm 
ross se
tions at DESY HERA. These results show that the 
harm stru
ture fun
tions obtained are inagreement with HERA experimental data and other theoreti
al models.1. INTRODUCTIONThe low-x regime of the quantum 
hromodynami
s(QCD) has been intensely investigated in re
ent yearsfor 
onsideration of the heavy quarks [1�5℄. Of 
ourse,the notion of the intrinsi
 
harm 
ontent of the pro-ton was introdu
ed over 30 years ago in Ref. [6℄. Thestudy of produ
tion me
hanisms of heavy quarks pro-vides us with new tests of QCD. In perturbative QCD(pQCD), physi
al quantities 
an be expanded into thestrong 
oupling 
onstant �s(�2). Extensions of the �s
ale to large values establish the theoreti
al analysisthat 
an be des
ribed with hard pro
esses. In the 
aseof heavy quark produ
tion, the heavy quarks 
an beprodu
ed from the boson�gluon fusion (BGF) a

ord-ing to Fig. 1. That is, in QCD 
al
ulations, the pro-du
tion of heavy quarks at HERA pro
eeds dominantlyvia the dire
t BGF where the photon intera
ts with agluon from the proton by the ex
hange of a heavy quarkpair.In this pro
esses all quark �avors lighter than 
harmare treated as massless, with the massive 
harm pro-du
ed dynami
ally in BGF. Charm produ
tion 
on-tributes at most 30% to the total deep inelasti
 s
atter-ing (DIS) 
ross se
tion at HERA [7℄. In the re
ent mea-surements of HERA [8℄, the 
harm 
ontribution to thestru
ture fun
tion at small x is a large fra
tion of the*E-mail: grboroun�gmail.
om; boroun�razi.a
.ir**E-mail: brezaei�razi.a
.ir
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xpFig. 1. The photon�gluon fusiontotal. This behavior is dire
tly related to the growthof the gluon density at small x, be
ause gluons 
oupleonly through the strong intera
tion. Consequently, thegluons are not dire
tly probed in DIS, only 
ontribut-ing indire
tly via the g ! q�q transition. This involvesthe 
omputation of the BGF pro
ess 
?g ! 
�
. Thispro
ess 
an be 
reated when the squared invariant massof the hadroni
 �nal state isW 2 � 4m2
 :In this paper, we apply the expansion of the gluondistribution at an arbitrary point to the 
harm stru
-ture fun
tions in deep inelasti
 s
attering. Then we480
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harm stru
ture fun
tions : : :present the ratio of the 
harm stru
ture fun
tions thatis independent of the gluon distribution and is usefulin extra
ting the 
harm stru
ture fun
tion from the re-du
ed 
harm 
ross se
tion experimental data.2. CHARM COMPONENTS OF THESTRUCTURE FUNCTIONSIn deep inelasti
 ele
tron�proton s
attering, theheavy-quark 
ontribution to heavy �avor is des
ribedby the rea
tione(l1) + P (p)! e(l2) +Q(p1)Q(p2) +X; (1)where we negle
t the 
ontribution of Z-boson ex
hangeand omit 
harged-
urrent intera
tions. The deep in-elasti
 ele
troprodu
tion 
ross se
tion for the heavyquark�antiquark in the �nal state 
an be written asd2�

dx dQ2 = 2��2xQ4 (1 + (1� y)2)F2(x;Q2;m2
)�� �1� y21 + (1� y)2R
� ; (2)where R
 denotes the ratio of the 
harm stru
ture fun
-tions and the kinemati
 variables are de�ned byx = Q22p � q ; y = p � qp � l ; Q2 = �q2:The deep inelasti
 
harm stru
ture fun
tions(Fk(x;Q2;m2
) for k = 2; L) in 
ross se
tion (2) isgiven by [9℄F 
k (x;Q2;m2
) = 2xe2
 �s(�2)2� �� 1Zax dyy Cg;k �xy ; �� g(y; �2); (3)where a = 1 + 4�; ��m2
Q2 ;g(x; �2) is the gluon density, and the mass fa
torizations
ale �, whi
h has been set equal to the renormalizations
ale, is assumed to be either�2 = 4m2
 or �2 = 4m2
 +Q2:Here, C
g;k is the 
harm 
oe�
ient fun
tion in the LOand NLO analysis:Ck;g(z; �)! C0k;g(z; �) ++ as(�2) �C1k;g(z; �) + C1k;g(z; �) ln �2m2
 � ; (4)

where as(�2) = �s(�2)4�and�s(�2) = 4��0 ln(�2=�2) � 4��1�30 ln ln(�2=�2)ln(�2=�2) (5)in the NLO analysis with�0 = 11� 23nf ; �1 = 102� 383 nf(nf is the number of a
tive �avors).In the LO analysis, the 
oe�
ient fun
tions BGF
an be found [9℄ asC0g;2(z; �) == 12 �[z2 + (1� z)2 + 4z�(1� 3z)� 8�2z2℄ �� ln 1 + �1� � + �[�1 + 8z(1� z)� 4z�(1� z)℄� ; (6)and C0g;L(z; �) = �4z2� ln 1 + �1� � + 2�z(1� z); (7)where �2 = 1� 4z�1� z :At the NLO, O(�em�2s), the 
ontribution of thephoton�gluon 
omponent, is usually represented interms of the 
oe�
ient fun
tions C1k;g and C1k;g . Thevirtual photon�quark(antiquark) fusion subpro
esses
an be negle
ted be
ause their 
ontributions to theheavy-quark leptoprodu
tion vanish in the LO and aresmall in the NLO [1; 10℄. In a wide kinemati
 range, the
ontributions to the 
harm stru
ture fun
tions in theNLO are not positive due to mass fa
torization and areless than 10%. Therefore, the 
harm stru
ture fun
-tions are dependent on the gluoni
 observables in theLO and NLO. The NLO 
oe�
ient fun
tions are onlyavailable as 
omputer 
odes [9; 10℄. But in the high-energy regime (� � 1), we 
an use the 
ompa
t formof these 
oe�
ients given in Refs. [11; 12℄.3. THE METHODWe 
al
ulate the 
harm stru
ture fun
tions by us-ing the expansion method for the gluon distributionfun
tion. As 
an be seen, the dominant 
ontributionto the 
harm stru
ture fun
tions 
omes from the gluon5 ÆÝÒÔ, âûï. 3 (9) 481
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t shape of thegluon distribution. We substitutey = x1� zin Eq. (3) to obtain the more useful formF 
k (x;Q2;m2
) = 2e2
 �s(�2)2� 1�xZ1� 1a dzC
g;k(1� z; �)��G� x1� z ; �2� ; (8)where G(x) = xg(x) is the gluon distribution fun
tion.The argument x=(1 � z) of the gluon distribution inEq. (8) 
an be expanded at an arbitrary point z = �as x1� z ����z=� = x1� � 1Xk=1 �1 + (z � �)k(1� �)k � : (9)The above series is 
onvergent for jz � �j < 1. Usingthis expression, we 
an rewrite and expand the gluondistribution asG� x1� z� = G� x1� ��++ x1� � (z � �)�G� x1� a��x +O(z � �)2: (10)Retaining terms only up to the �rst derivative in theexpansion and integrating, we obtain our master for-mulaF 
k (x;Q2;m2
) = 2e2
 �s(�2)2� Ak(x) ��G� x1� � �1� �+ Bk(x)Ak(x)�� ; (11)where Ak(x) = 1�xZ1� 1� C
g;k(1� z; �) dz; (12)and Bk(x) = 1�xZ1� 1� (z � �)C
g;k(1� z; �) dz; (13)where C
g;k is de�ned in Eq. (4) in the LO and NLOanalysis and � has an arbitrary value 0 � � < 1. Equa-tion (10) 
an be rewritten asF 
k (x;Q2;m2
) == 2e2
 �s(�2)2� �kG� x1� � (�k � �); �2� : (14)

This result shows that the 
harm stru
ture fun
tionsF 
k (x;Q2) at x are 
al
ulated using the gluon distribu-tion at x1� � (�k � �):Therefore, this gluon distribution at (x=(
��))(�k��)
an be simply extra
ted from the 
harm stru
ture fun
-tions (F 
2 and F 
L) at low x a

ording to the 
oe�
ientsin the limit x ! 0 given in Table 1. Moreover, thereis a dire
t relation between the 
harm stru
ture fun
-tions and gluon distribution via the well known Bethe�Heitler pro
ess 
?g ! 
�
.We de�ne the ratio of the 
harm stru
ture fun
tionsand use Eq. (14), so we obtain the equationR
 = �L�2 G� x1� � (�L � �)�G� x1� � (�2 � �)� : (15)We observe that the right-hand side of this ratio is in-dependent of x and of the gluon distribution input a
-
ording to the 
oe�
ients in Table 1. In the low-xrange, we have R
 � �L�2 ; (16)whi
h is very useful in extra
ting the 
harm stru
turefun
tion F 
2 (x;Q2) from measurements of the doublydi�erential 
ross se
tion of in
lusive deep inelasti
 s
at-tering at DESY HERA, independent of the gluon dis-tribution fun
tion. Therefore, we 
an determine the
harm stru
ture fun
tion in the redu
ed 
ross se
tionfrom the double-di�erential 
harm 
ross se
tion asF2(x;Q2;m2
) = e�

(x;Q2)1� y21+(1�y)2R
 ; (17)where R
 is de�ned in Eq. (16) and Table 1 and e�

 istaken from Ref. [13℄. The error bars in our determina-tion 
an be des
ribed by the expression (Table 1)ÆF 

2 = F 

2 2664Æe�

e�

 + y21 + (1� y)2 ÆR
1� y21 + (1� y)2R
3775 : (18)4. RESULTS AND DISCUSSIONFor the 
al
ulation of the 
harm stru
ture fun
-tions (F 

2 and F 

L ), we 
hoose � = 0:224 GeV andm
 = 1:5 GeV; we re
all that the dominant un
ertaintyin QCD 
al
ulations arises from the un
ertainty in the482



ÆÝÒÔ, òîì 142, âûï. 3 (9), 2012 The ratio of the 
harm stru
ture fun
tions : : :Table 1. The 
onstant values in this analysis at Q2 values in the limit x! 0Q2, GeV2 �2 Æ�2 �2 Æ�2 �L Æ�L �L Æ�L R
 ÆR
8.5 0.4645 1:95 � 10�3 1.8393 2 � 10�4 0.0504 4 � 10�4 1.7853 1 � 10�4 0.1085 4:5 � 10�412 0.5763 3:7 � 10�3 1.8083 3:5 � 10�4 0.0730 9 � 10�4 1.7453 1:5 � 10�4 0.1267 8 � 10�415 0.6546 5:45 � 10�3 1.7883 5 � 10�4 0.0901 1:45 � 10�3 1.7200 1 � 10�4 0.1377 1:1 � 10�320 0.7611 8:45 � 10�3 1.7632 7 � 10�4 0.1145 2:45 � 10�3 1.6883 2 � 10�4 0.1505 1:6 � 10�325 0.8469 0.0114 1.7447 1 � 10�3 0.1347 3:6 � 10�3 1.6654 2:5 � 10�4 0.1590 2:1 � 10�335 0.9795 0.0173 1.7190 1:35 � 10�3 0.1659 5:8 � 10�3 1.6343 3 � 10�4 0.1693 2:9 � 10�345 1.0800 0.0227 1.7016 1:65 � 10�3 0.189 7:9 � 10�3 1.6139 3:5 � 10�4 0.1749 3:6 � 10�360 1.1953 0.0300 1.6838 2:05 � 10�3 0.2144 0.0107 1.5936 3:5 � 10�4 0.1793 4:45 � 10�3120 1.4709 0.052 1.6500 3:1 � 10�3 0.2681 0.019 1.5568 3:5 � 10�4 0.1820 6:5 � 10�3200 1.6698 0.0718 1.6307 3:85 � 10�3 0.2996 0.026 1.5387 3 � 10�4 0.1791 7:85 � 10�3300 1.8252 0.089 1.6187 4:3 � 10�3 0.3198 0.0316 1.5283 2 � 10�4 0.1748 8:8 � 10�3

0 50 100 150 200 250 300 3500:050:100:150:20R
 = F 
L=F 
2

Q2; GeV2Fig. 2. The ratio R
 evaluated as a fun
tion of Q2 inthe NLO analysis from Eq. (16). The error bars are thetheoreti
al un
ertainty using the renormalization s
ales�2 = 4m2
 and �2 = 4m2
 +Q2
harm quark mass. Sin
e the 
ontribution of the lon-gitudinal 
harm stru
ture fun
tion to the DIS 
harm
ross se
tion (i. e., Eq. (2)) is proportional to y2, it fol-lows that the F 

2 term dominates at y � 0:08 and therelation e�

 = F 

2 holds to a very good approxima-tion. Hen
e, the 
ontribution of the se
ond term in theright-hand Eq. (2) 
an be signi�
ant only at y > 0:08.Therefore, for y > 0:08, the ratio of the 
harm stru
turefun
tions is very useful. We see from Fig. 2 that thisratio agrees with the results Refs. [4℄ and [11℄ at low x.In the NLO analysis, it de
reases as Q2 in
reases, andthis is familiar from the Callan�Gross ratio. As we 
ansee in this �gure, this ratio has a value 0:1 < R
 < 0:2in a wide region of Q2.

We now extra
t F 

2 from the H1 measurements ofthe redu
ed 
harm 
ross se
tion [13℄ in Eq. (17) withrespe
t to Eq. (16) for Q2 � 8:5 GeV2. Our NLO re-sults for the 
harm stru
ture fun
tion are presented inTable 2, where they are 
ompared with the experimen-tal values from H1 data; they are 
ompatible with theHVQDIS and CASCADE programs [14; 15℄ as we 
ansee from Table 11 in Ref. [13℄ (arXiv:1106.1028v1). Theerror bars in Table 2 are a

ording to the theoreti
alun
ertainty related to the freedom in the 
hoi
e of therenormalization s
ales in the ratio of the 
harm stru
-ture fun
tion and the experimental total errors relatedto the results in Ref. [13℄ a

ording to Eq. (18). A
omparison between our obtained values for the 
harmstru
ture fun
tion and the existing data indi
ate thatthe ratio R
 
an be determined with reasonable pre
i-sion at any y value.To test the validity and 
orre
tness of our obtained
harm stru
ture fun
tions with respe
t to the gluon dis-tribution fun
tion in Eq. (14), we obtained the 
harmstru
ture fun
tions from the gluon distribution input,whi
h is usually taken from NLOGRV [9℄ or Blo
k [16℄parameterizations. The gluon distribution input is de-pendent on the point of expansion �. To estimate thetheoreti
al un
ertainty resulting from this, we 
hoose� = 0 and � = 0:8 in the renormalization s
ale�2 = 4m
2 +Q2:In Figs. 3�6, we observe that the theoreti
al un
ertaintyrelated to the freedom in the 
hoi
e of � is very smallat the renormalization s
ales. As 
an be seen fromFigs. 3 and 4, the better 
hoi
e for the expansion point483 5*



G. R. Boroun, B. Rezaei ÆÝÒÔ, òîì 142, âûï. 3 (9), 2012Table 2. The 
harm stru
ture fun
tion determined based on the redu
ed 
harm 
ross se
tion data a

ompanied witherrorsQ2, GeV2 x y e�

 Æe�

 , % F 

2 (Ref. [13℄) ÆF 

2 , % F 

2 (Our Results) ÆF 

28.5 0.00050 0.167 0.176 14.8 0.176 1.0 0.1763 14.88.5 0.00032 0.262 0.186 15.5 0.187 1.0 0.1869 15.612 0.00130 0.091 0.150 18.7 0.150 1.0 0.1501 18.712 0.00080 0.148 0.177 15.9 0.177 1.1 0.1773 15.912 0.00050 0.236 0.240 11.2 0.242 1.0 0.2441 11.412 0.00032 0.369 0.273 13.8 0.277 1.1 0.2764 14.020 0.00200 0.098 0.187 12.7 0.188 1.1 0.1871 12.720 0.00130 0.151 0.219 11.9 0.219 1.1 0.2194 11.920 0.00080 0.246 0.274 10.2 0.276 1.0 0.2756 10.320 0.00050 0.394 0.281 13.8 0.287 1.1 0.2859 14.035 0.00320 0.108 0.200 12.7 0.200 1.1 0.2002 12.735 0.00200 0.172 0.220 11.8 0.220 1.0 0.2206 11.835 0.00130 0.265 0.295 9.70 0.297 1.0 0.2973 9.835 0.00080 0.431 0.349 12.7 0.360 1.1 0.3575 13.060 0.00500 0.118 0.198 10.8 0.199 1.1 0.1983 10.860 0.00320 0.185 0.263 8.40 0.264 1.0 0.2640 8.560 0.00200 0.295 0.335 8.80 0.339 1.0 0.3385 8.960 0.00130 0.454 0.296 15.1 0.307 1.0 0.3047 15.6120 0.01300 0.091 0.133 14.1 0.133 1.2 0.1331 14.1120 0.00500 0.236 0.218 11.1 0.220 1.1 0.2194 11.2120 0.00200 0.591 0.351 12.8 0.375 2.9 0.3712 13.6200 0.01300 0.151 0.161 11.9 0.160 2.7 0.1604 11.9200 0.00500 0.394 0.237 13.5 0.243 2.9 0.2419 13.8300 0.02000 0.148 0.117 18.5 0.117 2.9 0.1173 18.5300 0.00800 0.369 0.273 12.7 0.278 2.9 0.2777 12.9for the 
harm stru
ture fun
tion F 
2 is � � 0:5 be-
ause this point is favored by the 
urrent data. Thismeans that in this kinemati
 region, the longitudinalmomentum of the gluon xg is more than three timesthe value of the longitudinal momentum of the probed
harm quark�antiquark in the BGF pro
ess. We 
om-pared our results for the 
harm stru
ture fun
tion tothe DL model [17�19℄, H1 data [13℄, and the 
olordipole model [20℄. In Figs. 5 and 6, the better 
hoi
e ofthe expansion point for the longitudinal 
harm stru
-ture fun
tion F 
L is � � 0:8, as 
ompared only to the
olor dipole model [20℄. As 
an be seen from these�gures, the in
rease in the 
harm stru
ture fun
tionsF 
k (x;Q2) toward low x is 
onsistent and 
ompatiblewith the experimental data and theoreti
al models.

5. CONCLUSIONIn summary, we have used the expansion methodfor the low-x gluon distribution and derived a 
ompa
tformula for the ratio R
 = F 

L =F 

2 of the 
harm stru
-ture fun
tions in the NLO analysis. We observed thatthis ratio is independent of x and of the parton distri-bution fun
tion input, and is also useful in extra
tingthe 
harm stru
ture fun
tion from the redu
ed 
harm
ross se
tion. Based on the redu
ed 
harm 
ross se
-tion in the low-x region, an approximate method forthe 
al
ulation of the 
harm stru
ture fun
tion F 

2 ispresented. Careful investigation of our results shows agood agreement with the re
ent published 
harm stru
-ture fun
tions F 

2 and other theoreti
al models within484
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Fig. 3. The 
harm stru
ture fun
tion (F 

2 ) obtainedat Q2 = 20 GeV2 with respe
t to the input gluon distri-bution NLO�GRV parameterization [9℄. The solid line
orresponds to the expansion point � = 0 and the dash-dotted line 
orresponds to the expansion point � = 0:8.These are 
ompared with the DL �t [17�19℄ (dottedline), the 
olor dipole model [20℄ (dashed line), and H1data [13℄ (squares) a

ompanied with total errors atthe renormalization s
ale �2 = 4m2
 +Q2

0:1x10�4 10�3 0:010
0:20:1
0:3F 
L(x;Q2)

Fig. 5. The longitudinal 
harm stru
ture fun
tion (F 

L )obtained at Q2 = 20 GeV2 with respe
t to the in-put gluon distribution NLO�GRV parameterization [9℄.The solid line 
orresponds to the expansion point � = 0and the dash-dotted line 
orresponds to the expansionpoint � = 0:8. These are 
ompared with the 
olordipole model [20℄ (dashed line) at the renormalizations
ale �2 = 4m2
 +Q2

0.1

x

10−4 10−3 0.01

F c

2 (x, Q2)

0.6

0.8

0

0.2

0.4

Fig. 4. The 
harm stru
ture fun
tion (F 

2 ) obtainedat Q2 = 20 GeV2 with respe
t to the input gluon dis-tribution Blo
k �t [16℄. The solid line 
orresponds tothe expansion point � = 0 and the dash-dotted line
orresponds to the expansion point � = 0:8. Theseare 
ompared with the DL �t [17�19℄ (dotted line), the
olor dipole model [20℄ (dashed line), and H1 data [13℄(squares) a

ompanied with total errors at the renor-malization s
ale �2 = 4m2
 +Q2

0:1x10�4 0:0110�300:10:20:3F 
L(x;Q2)

Fig. 6. The longitudinal 
harm stru
ture fun
tion (F 

L )obtained at Q2 = 20 GeV2 with respe
t to the in-put gluon distribution Blo
k �t [16℄. The solid line
orresponds to the expansion point � = 0 and thedash-dotted line 
orresponds to the expanding point� = 0:8. These are 
ompared with the 
olor dipolemodel [20℄ (dashed line) at the renormalization s
ale�2 = 4m2
 +Q2485
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