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Inspired by the recent experiments [1, 2] indicating doubly magic nuclei that lie near the drip-line and encouraged
by the success of our relativistic mean-field (RMF) plus state-dependent BCS approach to the description of the
ground-state properties of drip-line nuclei, we develop this approach further, across the entire periodic table, to
explore magic nuclei, loosely bound structures, and halo formation in exotic nuclei. In our RMF+BCS approach,
the single-particle continuum corresponding to the RMF is replaced by a set of discrete positive-energy states
for the calculations of pairing energy. Detailed analysis of the single-particle spectrum, pairing energies, and
densities of the nuclei predict the unusual proton shell closures at proton numbers Z = 6, 14, 16, 34, and
unusual neutron shell closures at neutron numbers N = 6, 14, 16, 34, 40, 70, 112. Further, in several nuclei,
like the neutron-rich isotopes of Ca, Zr, Mo, etc., the gradual filling of low-lying single-particle resonant state
together with weakly bound single-particle states lying close to the continuum threshold helps accommodate
more neutrons but with an extremely small increase in the binding energy. This gives rise to the occurrence
of loosely bound systems of neutron-rich nuclei with a large neutron-to-proton ratio. In general, the halo-like
formation, irrespective of the existence of any resonant state, is seen to be due to the large spatial extension of
the wave functions for the weakly bound single-particle states with low orbital angular momentum having very
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small or no centrifugal barriers.
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1. INTRODUCTION

Experimental and theoretical studies of exotic nu-
clei with extreme isospin values constitute one of the
most active current areas of research in nuclear physics.
Experiments [1-7] with radioactive nuclear beams allow
studying very short-lived nuclei with large |N — Z| val-
ues. Especially, the neutron-rich nuclei with unusually
large isospin values are known to exhibit several inter-
esting features. For nuclei close to the neutron drip-
line, the neutron density distribution shows a much ex-
tended tail with a diffused neutron skin while the Fermi
level lies close to the single-particle continuum [6]. In
some cases, this may even lead to the phenomenon of
a neutron halo, as observed in the case of light nu-
clei [5, 6, 8], made of several neutrons outside a core
with the separation energy of the order of 100 keV or
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less. Interestingly, the possibility of the occurrence of
such structures was discussed by Migdal [9] already in
the early 1970s. Obviously, for such nuclei, due to the
weak binding and large spatial dimension of the outer-
most nucleons, the role of continuum states and their
coupling to the bound states become exceedingly im-
portant, especially for the pairing energy contribution
to the total binding energy of the system. Further,
in recent experiments with radioactive nuclear beams,
disappearance of traditional magic numbers and ap-
pearance of new magic numbers have been observed
in nuclei with exotic isospin ratios [6, 7]. Recently,
it has been demonstrated in two independent experi-
ments [3, 4] that 220, the heaviest isotope of oxygen
with the neutron number N = 16, is a doubly magic
nucleus. More recently, 1°°Sn was also found to be a
doubly magic nucleus [1] and the reaction cross section
of 22C, the drip-line nucleus, turned out to be signif-
icantly larger than those of its neighboring isotopes,
suggesting that >?C is a halo nucleus [5].
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Theoretical descriptions of drip-line nuclei in terms
of a few-body model or clusters [8, 10], shell model
[11, 12], and mean-field theories, both nonrelativistic
[13, 14] and relativistic mean field (RMF) [15-30] have
been well obtained. The advantage of the RMF ap-
proach is that it provides the spin—orbit interaction in
the entire mass region, which is consistent with the nu-
clear density [19]. This indeed has been found to be
very important for the study of unstable nuclei near
the drip-line [18]. It was recently shown in [26, 27]
that the RMF plus BCS approach wherein the contin-
uum is replaced by the discrete single-particle states for
the calculation of the pairing energy provides an alter-
native fast approach to the relativistic Hartree—Fock—
Bogoliubov (HFB) description [21, 25] of the drip-line
nuclei. In particular, it was demonstrated in [26, 27]
that the resonant states that lie close to zero energy
in the continuum and gradually come down to become
bound with an increasing neutron number play the cru-
cial role in producing extremely neutron-rich loosely
bound nuclei due to coupling of these resonant states
with the bound states near the Fermi level through
the pairing interaction. Evidently, the concentration
of the major part of the wave function of the reso-
nant state within the potential well and its proximity
to the Fermi surface, while being close to zero energy,
provide a favorable condition for the existence of ex-
tremely neutron-rich nuclei. This was amply demon-
strated in [26, 27] for the neutron-rich isotopes of Ca,
Ni, Zr, Sn and Pb nuclei.

Moreover, it has been shown [26] that irrespective
of whether any resonant state exists, the occupancy of
weakly bound neutron single-particle states having low
orbital angular momentum (I = 0 or I = 1), with a
well-spread wave function due to the absence or a very
small strength of centrifugal barrier, is conducive to the
occurrence of nuclei with a widely extended neutron
density. Such nuclei are found to have characteristi-
cally very small two-neutron separation energy and a
large neutron rms radius akin to that observed in halo
systems. The role of pairing correlations described here
is found to be consistent with the conclusions of non-
relativistic HFB studies of neutron-rich weakly bound
nuclei discussed recently in [13].

Encouraged by the success of our RMF+BCS ap-
proach [26] and the impetus provided by the recent ex-
perimental developments, especially the measurements
in [1-5], we use it to study the structure of even—even
nuclei covering the whole periodic region up to the
drip-lines to investigate the unusual proton and neu-
tron magic numbers and doubly magic nucleus and also
to identify the weakly bound nuclei with large skin or
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halo formation. For simplicity and transparency, we
do not consider the deformation degree of freedom. In-
deed, by using such an approach, we intend to use the
advantage offered by the analysis of results in terms of
spherical single-particle wave functions. This is espe-
cially true for the understanding of shell closures and
magicity, and behavior of single-particle states near the
Fermi surface, which in turn plays an important role in
producing weakly bound systems and halo structures.
Similarly, within such a framework, the contributions of
neutron and proton single-particle states to the density
profiles, pairing gaps, total pairing energy etc. which
are also equally important in the study of shell closures
and halo structures, can be demonstrated with clar-
ity. These aspects of the spherical framework indeed
make this approach very useful especially for the study
of poorly understood exotic nuclei. Nevertheless, we
eventually compare our results with those of the RMF
calculations taking deformation into account [30], in
particular, for the magic nuclei, to check if these nuclei
persist to be spherical due to the proton and neutron
shell closures.

This paper is organized as follows. In Sec. 2, a
brief description of the RMF model [18, 26] is given.
Section 3 is devoted to the discussion of our results
obtained with the thermomechanical analysis (TMA)
force parameterization. As a representative example
of extensive calculations, we describe and analyze the
results of our calculations for the chain of Si isotopes.
This is followed by a brief description of the main re-
sults of similar analyses for other nuclei exhibiting un-
usual shell closures and magicity as well as those repre-
senting loosely bound system with appreciable neutron
skin or even a halo formation. Finally, Sec. 4 provides
a summary of our results and conclusions.

2. RELATIVISTIC MEAN-FIELD MODEL

Our RMF calculations are carried out using the
model Lagrangian density with nonlinear terms both
for the o and w mesons along with the TMA parame-
terization described in detail in Refs. [18, 26],
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where the field tensors H, G, and F for the vector fields
are defined by

Hy, = 0pwy — Oywy,
Gl = Oupy, — Oupy, — 2gp €
F,, =0,A, —0,A,,

abe b ¢

PuPus

and other symbols have their usual meaning. As usual,
these RMF calculations are performed assuming “no-
sea” treatment [17], which amounts to neglecting the
effects of the Dirac sea.

Based on the single-particle spectrum calculated
by the RMF described above, we perform a state-
dependent BCS calculations [31, 32]. As we already
mentioned, the continuum is replaced by a set of
positive-energy states generated by placing the nucleus
in a spherical box. Then the gap equations have the
standard form for all the single-particle states, i.e.,

>

J2

1

((h?)0F V] (52%) 0T) o
V2 +1

Vin =N + Ay

X \/2j2 + 1A]'2,

where ¢, are the single-particle energies and A is
the Fermi energy, whereas the particle number con-
dition is given by >-.(2j + 1)v; = N. In the calcu-
lations, we use a delta force for the pairing interac-
tion, i.e., V.= —V,d(r) with the same strength Vp for
both protons and neutrons. The value of the interac-
tion strength V5 = 350 MeV fm? was determined in
Refs. [26, 27] by obtaining a best fit to the binding en-
ergy of Ni isotopes. We use the same value of V for
our present studies of isotopes of other nuclei. Apart
from its simplicity, the applicability and justification
of using such a d-function form of interaction was re-
cently discussed in Refs. [13], where it has been shown
in the context of HFB calculations that the use of a
delta force in a finite space simulates the effect of fini-
te-range interaction in a phenomenological manner (see
also Refs. [33, 34] for more details). The pairing matrix
element for the d-function force is given by

A

1=

1
2

(2)

()0t V] (%) 0F) =

- _;/_7‘;\/(2j1 +1)(2ja + 1) Ir, (3)

where

1
IR:/dT’[‘_2 (GZG]'Z + F‘f1 Fj2)2 (4)
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is the radial integral. Here, G, and F, denote the re-
spective radial wave functions for the upper and lower
components of the nucleon wave function expressed as

wa_ 1( iGa yjﬂlamﬂ )7

a r Fa a - ’IA‘ yjalama
and satisfy the normalization condition

(5)

(6)

In Eq. (5), the symbol YVj;, is used for the standard
spinor spherical harmonics with the phase i'. The cou-
pled field equations obtained from the Lagrangian den-
sity in (1) are finally reduced to a set of simple radial
equations [17], which are solved self-consistently along
with the equations for the state-dependent pairing gap
A; and the total particle number IV for a given nucleus.

/dr{lGozl2 + R} =1

3. RESULTS AND DISCUSSION

In what follows, as a representative example, we
first discuss our RMF results for the entire chain of
22748Gi isotopes; the predicted lightest and heaviest
bound isotopes amongst these are respectively 22Si and
48Gi. Interestingly, the results for the proton pairing
gaps, their pairing energy, proton single-particle spec-
tra, and the proton density profiles show that the pro-
ton shell closure occurs for all the isotopes of Si con-
sistently at Z = 14. The fully occupied proton single-
particle states are 1sy /5, 1p3/2, 1p1/2, and 1ds /5. How-
ever, the lightest isotope 22Si is found to be just bound.
Indeed, for this proton-rich isotope, due to a large
Coulomb interaction, the proton single-particle poten-
tial becomes quite shallow and the proton Fermi level,
having the energy er = 0.58 MeV, lies just above the
continuum threshold, whereas the last bound proton
single-particle state 1ds,, is bound just by 0.71 MeV.
The pairing energy contribution from protons for all the
isotopes indeed remains zero throughout. This unusual
magicity at Z = 14 is found to be due to a large gap
between the proton single-particle state 1ds/, and the
other two single-particle states 1d3 > and the 2s; /5 in
the s—d shell. This conclusion is also supported by the
rapidly decreasing proton density for all the isotopes
within a short radial distance.

In order to also demonstrate the probable neutron
shell closures in these isotopes, and hence identify the
doubly magic nuclei, we show in Fig. 1 the variation in
the pairing energy E, from neutrons (the proton con-
tribution being zero for all the Si isotopes), the two-
neutron separation energy Ss,, and the neutron single-
particle energy Eg, for the entire chain of Si isotopes
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Fig.1. RMF+BCS results for the Si isotopes showing
the neutron number N dependence of the (a) total pair-
ing energy, (b) two-neutron separation energy and its
comparison with the available experimental data [35],
and (c¢) relevant neutron single-particle energy spec-
trum along with the position of the neutron Fermi en-
ergy depicted by solid circles and connected by solid
line

as a function of the neutron number N. As can be seen
in Fig. 1a, the neutron pairing energy also vanishes for
each of the Si isotopes with neutron numbers N = 8,
14, 20, 28, 34, indicating the shell closures for both
the protons and neutrons. Thus, for the proton magic
number at Z = 14, apart from the traditional neutron
shell closures at N = 8, 20, 28, new shell closures ap-
pear at N = 14, 34, making the 22:28:3%:42,48Gj igotopes
doubly magic.

These single-particle shell structures revealed by the
neutron dependence of the pairing energy are also ex-
hibited in the variation of two-neutron separation ener-
gies, Ss,,, shown in Fig. 1b. An abrupt decrease in the
Say, value for the isotopes with a neutron magic number
is evidently seen. Beyond N = 34, Ss,, becomes nega-
tive and we therefore reach the drip-line at N = 34 for
7 = 14. An extensive study of isotones also confirms
the proton shell closure at Z = 14. Indeed, from the
neutron single-particle structure seen in Fig. 1¢, we find
that the single-particle energy gaps found for 7 = 14
are also maintained for the neutron number N = 14.
Further, it is expected from the isospin symmetry con-
siderations [12] that the mirror nuclei with N = 14 and
7 =8, 20, 28, 34 should also exhibit similar shell clo-
sures. Calculation results show that among these, the
bound mirror nuclei 220 and ?4Ca are indeed doubly
magic, whereas the remaining *?Ni and *®Se are un-
bound due to an excessively large Coulomb repulsion
of protons in these neutron-deficient nuclei.
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We next note that, as can be seen from Fig. 1b
depicting the separation energy, the Ss, value for the
isotopes with N = 30-34 is rather small. The last
neutrons in these nuclei fill the single-particle states
2p3 /5 and 2p; /5, which lie close to the Fermi level near
the continuum threshold. Just above these two states
lies the 3s;/5 state, which remains in the continuum
and does not come down to be bound even if more
neutrons are added beyond N = 34. This is because
it has no centrifugal barrier and its wave function is
widely spread beyond the range of the potential. This
fact consequently plays a crucial role in determining
the neutron drip-line at N = 34, and we hence have
48Gi as the heaviest bound isotope for the element Si.

However, for the 4446:48Gj isotopes, the wave func-
tions of the last neutrons, which occupy the low-
angular-momentum single-particle states 2ps/,, and
2py /2 with a small centrifugal barrier, also have a con-
siderable spread outside the potential region, albeit not
to the extent the neutron 3s; /, state mentioned above.
Therefore, these neutrons are somewhat loosely bound.
Consequently, a sudden increase in the neutron rms ra-
dius occurs for these isotopes, as is shown explicitly
in Fig. 4 below. Also, because the last filled states for
the 44:46:48Gj jsotopes lie near the continuum threshold,
these nuclei have small S5, values. Moreover, since
the single-particle states 2ps;/, and 2p;,» have mod-
erate single-particle energy gaps with respect to both
the 1f;,, and 3s; /5 single-particle states, we have the
neutron number N = 34 as a magic number. A de-
tailed study of the pairing interaction energy and the
wave function of the single-particle states shows that
the neutron single-particle state 2 f5 /2, which lies in the
continuum at around 1.9 MeV, is a resonant state.

However, because it lies at a higher energy than the
last filled states near the Fermi level, its contribution to
the pairing correlation energy is rather negligible. Nev-
ertheless, it is worthwhile at this point to emphasize the
role of the location of such a resonant 2f5/, state and
that of the single-particle state 3s;/5: in fact, had this
resonant state been at lower energy, its coupling to the
nearby bound single-particle states (for example, 2p; />
and 2p3/,) due to pairing interaction would be large.
This would result in a further addition of neutrons to
the resonant state and thus an extension in the position
of the neutron drip-line beyond N = 34. Moreover, due
to this role of accommodating more neutrons to keep
the system bound, the resulting potential becomes con-
ducive to bringing down the 3s; /o state very close to
the Fermi level and the coupling to the bound states
to become partially or fully occupied. The filling of
such an s state lying at the threshold of the contin-
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uum gives rise to a halo formation in nuclei. Such a
role of an single-particle resonant state combined with
that of the position of an s state has been shown pre-
viously [26] to give rise to a large halo formation in the
extremely neutron-rich Ca isotopes.

The results described above are further supported
by the calculated proton and neutron density distri-
butions, wherein it is seen that the densities fall off
rapidly for the closed shell 22:28:34:42,48G; isotopes com-
pared with other isotopes with neutron density tails
extending beyond the potential region. Also, the cal-
culated radii are found to be in agreement with the
available measurements [36-38]. Hence, the important
prediction of these calculations is that in addition to
the isotopes 28:3442Gi heing doubly magic, the 22Si and
48Gi isotopes are also doubly magic. The isotope *¥Si
lies on the neutron drip-line, whereas 22Si falls on the
proton drip-line. These two isotopes respectively con-
stitute examples of neutron- and proton-rich doubly
magic drip-line nuclei. So far, the heaviest isotope of Si
observed experimentally is *3Si, and it would be inter-
esting to find an experimental confirmation of heavier
isotopes, especially the doubly magic *8Si at the neu-
tron drip-line.

To check the possible dependence and sensitivity
of the results on the force parameterization, we have
also carried out these calculations using other popular
RMF parameterizations, the NL3 and NLSH, given in
detail in Refs. [21] and [22]. A comparison of the re-
sults for the Si isotopes shows that these forces (the
TMA, NL3, and NLSH parameterizations) essentially
yield similar results. Indeed, the results for the sepa-
ration energy, proton and neutron radii, density pro-
files and drip lines, and so on are almost identical for
all the Si isotopes. The same is found to be true for
the proton and neutron single-particle spectra except
for a small deviation in the NL3 results for the proton
single-particle spectrum of 22Si and that for the neu-
tron single-particle spectrum of *>Si compared with the
TMA and NLSH results. To elaborate, whereas the
TMA and NLSH results show shell closures for both
protons and neutrons in 22Si and #2Si, the NL3 results
indicate that 22Si has shell closure only for neutrons,
and similarly 42Si exhibits shell closure only for pro-
tons. However, it follows from the detailed study of
the pairing energy, single-particle pairing gaps, and oc-
cupancies of the single-particle levels that the deviation
from the shell closures in these two nuclei for the NL3
force is in fact rather small.

Our findings of unusual magic numbers N = 34 at
the neutron drip-line and Z = 14 at the proton drip-line
are in agreement with the systematic RMF calculations

Son, MeV
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Fig.2. Calculated results obtained in the RMF+BCS

approach showing the variation of two-neutron sepa-

ration energy Sa, with an increasing neutron number

N. The lines connect the nuclei with the same isospin

value Ty = (N —Z)/2=-2,-1,0,1,2,...,10, 11,

12. At the magic numbers, a sudden decrease in the
separation energy is evidently seen

including deformation in Ref. [30], whose results are
tabulated in Table, which shows that the 2248Si nuclei
have the spherical shape. Experimental measurement
for the 2248Si isotope would be extremely interesting in
order to test the drip-line and these new unusual shell
closures.

The above encouraging description of the entire
chain of Si isotopes in the spherical framework gave us
strong motivation to extend these investigations to the
entire chart of the nuclei up to the drip-lines, especially,
to study the occurrence of shell closures, the existence
of weakly bound nuclei, and the possibility of halo for-
mation in detail. As has been demonstrated above,
these features of nuclei are primarily governed by the
single-particle structures, the location of possible res-
onant states, the coupling due to the pairing interac-
tion between bound and unbound states, especially the
resonant states near the Fermi level, and changes in
the total number of protons and neutrons, which in
turn govern the shape of proton and neutron poten-
tials. Again, as in the case of Si isotopes, these studies
have also been carried out in terms of pairing energy,
two-neutron and two-proton separation energies (Say,
and Sap), single-particle proton and neutron spectra,
and rms radii and density distribution profiles for the
protons and neutrons to obtain the magic numbers and
to identify the halo formations.

Ag an illustration, Fig. 2 shows the two-neutron sep-
aration energy Sa, with an increasing neutron number
N. The various curves in the figure connect the nuclei
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Table. Doubly magic nuclei with their quadrupole deformation parameter for matter distribution 2., [30]

Doubly magic Doubly magic Doubly magic Doubly magic
nucleus Fam nucleus Pam nucleus Pam nucleus Fam
3Hes 0.00 22014 0.00 18Sis4 0.00 T8Niso 0.00
SHeg 0.00 240146 0.00 saCayy 0.00 S8 Niro 0.00
$2Cs 0.00 28049 0.00 30 Caqg 0.00 116Seg,y 0.00
$Cs 0.00 22Sig 0.00 15 Casg 0.00 1008nx, 0.00
2046 0.00 28Si1g 0.34 89Cauo 0.00 132Sng, 0.00
10g 0.00 34Siag 0.00 35 Niag 0.00 16896 0.00
$00s 0.00 12Sisg 0.37 59Niag 0.00 208Ph126 0.00

with the same isospin component Ty = (N —Z2)/2 rang-
ing from —2 to 12. In this figure, the results for nuclei
with neutron numbers N only up to 54 are displayed.
Plots of Sy, covering nuclei with higher N, and anal-
ogous plots for the two-proton separation energy Ss,
with increasing Z values exhibit similar characteristics
and are not displayed here in order to save space. In
Fig. 2 and in similar plots for heavier nuclei, a sudden
decrease in the two-neutron separation energies Ss,, is
clearly seen at the major shell closures corresponding to
the traditional neutron magic numbers N = 8, 20, 28,
50, 82, 126. Analogously, a decrease is observed in the
two-proton separation energies Ssp, (not shown here)
at the traditional proton magic numbers Z = 8, 20,
28, 50, 82. These major neutron and proton shells are
generally seen to persist well into regions belonging to
proton-rich and neutron-rich nuclei while approaching
the drip-lines. For these magic numbers, the chains of
bound isotopes and isotones are relatively large. Such
magic numbers may be termed strong magic numbers.
However, there are instances, especially in the neutron-
rich cases, where a major shell structure is weakened
and the associated magic number disappears with the
emergence of a new magic number. For example, the
present approach yields that for the neutron-rich Ca
isotopes, the magicity for N = 50 disappears, while
N = 40 becomes a new magic number. This is due to
an appreciable gap between the 1f5/> and 1gg/o states
as the 1gg/» state is shifted upward closer to the 3s-2d
shells. Indeed, as seen in Fig. 2, the neutron number
N = 40 shows magicity for other nuclei corresponding
to curves for Tz values ranging from 7 to 12. Thus,
N = 40 is found to be a magic number for the nuclei
568, 58Ar, 60Ca, 52Ti, 54Cr, and %%Fe with Z values
between 16 and 26.

In a similar manner, we find that nuclei in differ-
ent regions of the periodic table lying between the beta

4 JKDOT®, Beim. 4

stability line and the drip-lines exhibit shell closures
at other N or/and Z values due to the variations in
the neutron and proton single-particle structures with
changing N or/and Z values.

Indeed, besides the traditional magic numbers, the
lightest nuclei show magicity at Z = 6 for the neutron
number from N = 4 to N = 16, and analogously at
N = 6 for the proton number from Z =2 to Z = 8 is
found in our calculations. It appears that the magicity
at Z = 6 and N = 6, and similarly for several other Z
and N values up to 34, holds in a symmetric manner
for the neutron-rich and proton-rich nuclei, although
due to the Coulomb repulsion, highly proton-rich nu-
clei are found to be unbound in comparison to neutron-
rich cases. The single-particle structure shows that in
lighter nuclei, the occurrence of these magic numbers is
caused by the increased spacing between the 1ps /> and
1p; /> states. Among these, the nuclei *He, *C and
140 etc., appear to be doubly magic. Moving up, we
find Z = 14 to be a magic number for all the isotopes
with even N values ranging between 8 and 34. Among
these, the 22:28:34,42,:48Gj jsotopes are predicted to be
doubly magic, as is described in detail in the context
of Si isotopes above. Similarly, N = 14 is found to be
a magic number for nuclei with even Z values between
8 and 20, as can be seen in Fig. 2.

Moreover, taking N = 14 with Z = 8, 14, 20 pro-
vides doubly magic nuclei 220, 28Si, and 3*Ca. Next,
we find that Z = 16 is a proton magic number for the
proton-rich isotopes 267283, Similarly, our calculations
predict the appearance of N = 16 as a magic num-
ber for the neutron rich nuclei 22C, 240, and 26Ne, as
is also seen in Fig. 2. Moreover, out of these three,
22C and 20 are observed to be doubly magic nuclei,
which is in agreement with recent experiments [3-5].
The magicity at N or Z = 16 results due to the in-
creased spacing of the single-particle energy levels 2s;
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and 1ds /5 from the single-particle state 1ds/,. Further
up, calculations show the magicity at Z = 34 for the
neutron-rich isotopes ''4116Se. Out of these two, the
116Ge isotope is found to be doubly magic. Similarly,
N = 34 is found to be a magic number for neutron-
rich nuclei with Z ranging from 12 to 16 due to the
large spacing of neutron 2pz/, and 2p;, states from
the 1f5/» state. With Z = 14, this yields the doubly
magic nucleus *8Si. Thus, interesting results of the cal-
culations are the prediction of unusual proton magic
numbers at Z = 6, 14, 16, 34, and neutron magic num-
bers at N = 6, 14, 16, 34, 40, 70, 112 in addition to
the traditional magic numbers. In contrast to the neu-
tron case, no proton magic numbers are predicted at
Z =40, 70, 112.

These predictions of doubly magic nuclei are also
found to be consistent with the results in Ref. [30],
showing no deformation for these nuclei, as can be seen
in Table, where we tabulated the quadrupole defor-
mation parameter for matter distribution Js,, for all
predicted doubly magic nuclei by our RMF+BCS ap-
proach. The quadrupole deformation parameter has
been calculated by assuming deformed nuclei of axi-
ally symmetric shapes [30]. Interestingly, except the
28,42Gj puclei, all predicted doubly magic nuclei are of
spherical shape, was the reason to analyze and discuss
the results for these nuclei with negligible deformation
in the framework of the spherical RMF+BCS descrip-
tion for convenience. In such a spherical framework,
the contributions of neutron and proton single-particle
states to the density profiles, pairing gaps, total pair-
ing energy, etc., which are also equally important in the
study of exotic phenomena, can be demonstrated with
clarity.

The density profiles of the investigated nuclei show
that the well-bound nuclei, which do not include nuclei
close to drip-lines, exhibit rapid decrease in the radial
neutron density p,, and proton density p, distributions
as the radial distance increases beyond the range of
the nuclear potential. By contrast, the loosely bound
neutron-rich nuclei due to spread in the single-particle
wave functions of the loosely bound neutrons exhibit
extended tails in their radial density distributions p,,,
giving rise to a large skin thickness and even to a halo
formation in some cases.

A similar situation in principle should occur also
for the proton-rich loosely bound systems. But this is
generally not the case because excessively proton-rich
nuclei do not remain bound due to the Coulomb repul-
sion. In Fig. 3, to demonstrate that the density has a
large spatial extension for loosely bound and especially
for halo nuclei, we display the radial distances r(py,)

T T
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<& -1
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A 1
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v 34
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32 40
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Fig.3. Variation in the radial distances r(p,) for dif-

ferent nuclei at which the neutron density distribu-

tion p, as a function of the increasing neutron num-

ber N diminishes to an arbitrarily chosen small value

107° fm~2. The lines connecting different nuclei with

the isospin value Tz = (N — Z)/2 ranging from —2 to
5 are been drawn to guide the eyes

at which the neutron density value decreases to an ar-
bitrarily chosen small value, for example, 1076 fm=3.
This figure shows the results only for nuclei with the
isospin component Tz ranging from —2 to 5.

In Fig. 4, for some selected nuclei, we also display
the radii for the proton and neutron distributions, 7,
and r, (along with the available experimental data),
in order to show that for neutron-rich weakly bound
systems and halo nuclei, there is a sudden jump in the
growth of neutron radii in passing from one isotope to
another. Indeed, it is found that the neutron density p,
for the lightest neutron-rich nuclei °~'°He, '*Be, and
16220 etc., diminishes to the value 107% fm—3 only
at a much larger radial distance r(p,) > 12 fm, indi-
cating its wide spatial extension with a slow fall off, as
can be seen for some of these nuclei in Fig. 3. In what
follows, we only briefly discuss the results of our calcu-
lations for the neutron-rich He, Be, and C isotopes for
the purpose of illustration.

It can be seen from Fig. 3 that the radial distance
r(pn) of about 7 fm for the neutron density fall off for
“He suddenly jumps to about 13 fm for He. This in-
dicates a 2n-halo formation with *He as the core. The
calculated binding energies of *He and ®He show only a
minor gain of 1.31 MeV from *He to ®He, in agreement
with the experimental data for binding energy [35]. Be-
cause of the weakly bound structure, there is a sudden
jump in the neutron distribution radius r, from ‘He
to %He, as can be seen in Fig. 4. The halo nature of
the SHe isotope is further supported by the following
features. The neutron single-particle energy spectrum
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Fig.4. Variation in the rms radii of neutron r,, and proton r, distributions obtained in our RMF+BCS calculations for He,

Be, C, Si, Ca, and Mo isotopes as a function of the increasing neutron number N. A sudden large increase in the neutron

radii is observed for some isotopes. Available experimental data [6, 7, 36-40, 43] for the rms radii r, and r, are respectively

shown with filled circles and squares for the purpose of comparison. In the plots for Si, Ca, and Mo isotopes, the solid line

depicts a rough estimate for the neutron radius given by r, = 9N/ where the radius constant r¢ is chosen to provide
the best fit to the theoretical results

shows that the single-particle state 1ps/s occupied by
the last two neutrons is located close to the zero en-
ergy, whereas the Fermi level also lies just below the
continuum threshold.

Further addition of two neutrons to ®*He does not
result in extra growth of the spatial extension of the
neutron distribution. Consequently, for He, the radial
distance of the neutron density fall off r(p,) remains
almost similar to that for °He, as is seen in Fig. 3.
The calculated radii r,, for the neutron distributions
for He and 8He are respectively 3.19 fm and 3.21 fm.
This suggests that ®He is not formed of ®He as a core
and two valence neutrons. In a recent measurement
using the Li(p, 2p)®He reaction, the r,, value 2.85 fm
was deduced for He in [39]. Previous measurements [6]
yielded r, = 2.61 fm for ®He and r, = 2.64 fm for 8He.
Our calculated r, values compare with these measure-
ments reasonably well, as is shown in Fig. 4. Also, it
is found that for the isotope 8He, the neutron number
N = 6 is a magic number. This makes 8He a dou-
bly magic system. Our detailed results indeed show

that addition of two neutrons to ®He tends to provide
just a little more binding and stability for the 8He nu-
cleus without increasing its spatial dimension. This is
also reflected in the rms charge radii of the isotopes
6He and 8He. The calculated rms charge radius of 8He
is found to be r., = 1.98 fm, to be compared with
rer, = 2.05 fm for He. Tt is interesting to note that our
calculated values of rms charge radii compare very well
with the recently measured values r., = 1.93 fm for
8He and rc;, = 2.07 fm for ®He [40]. A slight decrease
in the rms charge radius from ®He to 8He is indicative
of a difference in the correlations of the 2n+*He system
compared to the 2n + 2n+*He system. An interpreta-
tion of 8He as a weakly bound halo-like system [40, 41]
of (2n + 2n) plus *He as a core appears to be consis-
tent with our calculations. Thus, 8He appears to be
an interesting system in the sense that it is a weakly
bound doubly magic super-neutron-rich isotope of He
with halo characteristics located at the neutron drip-
line.

If two more neutrons are added to ®He, it is found
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that the resulting isotope '°He becomes just unbound
via the two-neutron emission. This is because the neu-
tron single-particle state 1p; /5, which lies in the contin-
uum just above the zero energy for all *~8He isotopes,
remains almost unaffected by increasing the number
of neutrons. It moves down only to become weakly
bound with an single-particle energy of 0.57 MeV while
the neutron Fermi level moves up and now lies in the
continuum at ep = 0.14 MeV. The next single-particle
state above 1p; 5 is the 25/, state lying close to the
continuum threshold at 0.17 MeV. The total binding
energy of '°He is found to be 29.68 MeV, to be com-
pared with the binding energy of 30.75 MeV for 8He.
Therefore, 1°He is unstable with respect to 2n-emission
by Ss, = 1.08 MeV.

Our results are consistent with the experiments
[35, 42] on spectroscopy of ®He. The isotope '°He is
found to have an excessively large extension of the neu-
tron density distribution, resulting in the large value
of radial distance r(p,) = 16 fm for density fall off,
and is not shown in Fig. 3 because it lies outside the
scale of the plot. Again, a sudden jump in the neu-
tron radius r, is also obtained in passing from 8He to
10He, as can be seen in Fig. 4. Moreover, the neu-
tron single-particle spectrum shows that for '°He, the
neutron number N = 8 remains a magic number. Con-
sequently, '°He is also a doubly magic isotope like *He.
These features characterize a spatially extended config-
uration for '°He unbound via 2n-emission.

Calculations for the Be isotopes ~*Be and C iso-
topes 8722C yield results with features similar to those
of the He isotopes. The isotope ®Be is found to be
unbound via the emission of two protons in agreement
with the measurements in [35]. With the addition of
two neutrons, in passing from ®Be to ®Be, the proton
mean-field potential becomes deep enough to provide
stability to 8Be. The results for the isotope 1°Be show
the neutron number N = 6 to be a magic number.
In the case of '>Be, an appreciable gap of 4.3 MeV be-
tween the single-particle state 1p; /» and the next higher
single-particle state 2s; /> helps retain the usual magic-
ity for the neutron number N = 8.

The next isotope '“Be is found to exhibit an ex-
tended neutron density distribution. The value for the
density fall-off radius r(p,) is quite large, and is not
shown explicitly in Fig. 3 because it lies outside the
scale of the plot. The radius for the neutron distribu-
tion r,, shows a sudden jump from '?Be to Be, as
can be seen in Fig. 4. These features characterize the
2n-halo formation in '*Be. The last two neutrons are
found to occupy the single-particle state 2s;/,. This
neutron single-particle state lies just below the con-
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tinuum threshold at —0.29 MeV, whereas the neutron
Fermi energy is found to be —0.06 MeV. The occu-
pancy of the loosely bound single-particle state 2s; /o
and the location of the Fermi level very close to the
continuum together provide extremely favorable con-
ditions for the halo formation in '*Be. However, the
calculated rms neutron distribution radius r,, is some-
what larger than that extracted from the interaction
cross section measurements [6, 7, 43], as can be seen
in Fig. 4. A larger value of the calculated rms neu-
tron radius in comparison with the experimental data
indicates that the isotope '*Be is slightly underbound.
Indeed, the calculated binding energy value is found
to be smaller by about 1.8 MeV than the experimental
value 69.98 MeV.

Our calculations for the isotopes 3722C show that
the proton number Z = 6 remains a magic number
for the entire chain of isotopes due to a large energy
gap between the proton single-particle states 1ps/» and
1pi/2. Similarly, the neutron numbers N = 6 and
N = 16 are also found to be magic numbers in addition
to the traditional magic numbers 2 and 8. Moreover,
calculations show that the isotope #C is unbound to
2-proton emission, and the isotope 22C lies at the two-
neutron drip-line. These findings along with the calcu-
lated two-neutron separation energy for the C isotopes
are found to be in agreement with the available mea-
surements [35].

A comparison of the shell gaps for the isotopes '2C
and C suggests that the neutron number N = 6 pro-
vides a much stronger magicity than the magicity for
N = 8, afeature also found to be true for the He and Be
isotopes. Consequently, the isotope '2C has the largest
binding energy per nucleon, and a relatively negligible
growth in the neutron distribution radius from °C to
12C in comparison to that from '2C to '*C, as can be
seen in Fig. 4. A comparison of the calculated rms pro-
ton and neutron radii with the available experimental
data depicted in Fig. 4 shows a reasonably good agree-
ment with measurements [7, 37, 43]. However, data on
the neutron radius r,, for the isotopes 1218C have large
error bars. It is gratifying to note that for the isotopes
1022 the relativistic Hartree-Bogoliubov (RHB) ap-
proach, which provides a unified description of mean-
field and pairing correlations, yields results [44] that are
very close to those obtained in the present RMF-+BCS
calculations.

A detailed analysis of the calculated results for the
1022 jsotopes shows that the neutron-rich **~22C iso-
topes are examples of a somewhat loosely bound sys-
tem due to simultaneous and gradual filling in of the
neutron single-particle 2s; /5 and resonant 1ds/, states
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Fig.5. a) Variation of the neutron single-particle en-

ergies obtained with the TMA force for the carbon iso-
topes '°722C as the neutron number increases. The
neutron Fermi energy is shown by filled circles con-
nected by solid line to guide the eye. b) Variation of
the position (o) and occupancy (2) (the number of
neutrons occupying the levels) of the neutron 1ds,,
and 2sy/, single-particle states in the 107221 isotopes
as the neutron number increases

in these isotopes. In Fig. 5a, to elucidate this point,
we display the variation in the neutron single-particle
spectrum as the neutron number N increases. The fi-
gure also shows the position of the Fermi level. Fi-
gure 5b explicitly shows the variation in the position
of neutron 2s; /5 and 1ds /5 single-particle states along
with their occupancy in terms of the number of neu-
trons. It is found that the neutron 1d;/, single-particle
state, which lies just above the continuum threshold
in 19712C, is a resonant state having a large pairing
gap A(lds/;). As the number of neutrons increases,
it moves down and becomes bound, as can be seen in
Fig. 50b.

Characteristically, the wave function of the resonant,
1ds5/, state is always confined within the potential re-
gion and therefore has an appreciable overlap with the
other lower bound states. This results in an increased
pairing gap and an enhanced contribution to the pair-
ing energy. Therefore, the neutron 1ds,, state, which
always lies above the 2s;,, state, begins to be par-
tially occupied already in '°C, even before the 2s;/,
state is totally filled. This simultaneous filling of the
two states continues until the drip-line isotope 22C is
reached when both the 2s; /5 and 1dj /5 are totally occu-
pied. The simultaneous filling of single-particle states
helps in accommodating more neutrons with a compar-
atively small increase in the total binding energy; con-
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sequently, we have somewhat loosely bound neutron-
rich isotopes 16=22C.

The neutron 2s,, state, which begins to be occu-
pied in the isotope '6C, essentially gives rise to an ex-
tended neutron density distribution. Consequently, a
large value of the density fall-off radius 7(p,) is ob-
tained for '*C in comparison to that for *C, as is evi-
dently seen from Fig. 3. Correspondingly, an enhance-
ment in the rms radius r,, for the neutron distribution
is also found in passing from *C to '°C, as is evident
from Fig. 4. The matter density of 16C extracted from
cross section measurements [6, 45, 46] also supports an
extended neutron tail in the isotope '®C. As can be
seen from Fig. 5, the 25,/ state tends to become more
bound with the increasing number of neutrons beyond
16C, and hence it becomes unlikely to have halo forma-
tion in the heavier neutron-rich ¥ ~22C isotopes. With
a further addition of neutrons to '°C, the density fall-
off radius r(p,) remains almost unchanged for the iso-
topes 18722(, as can be seen in Fig. 3. For the drip-line
nucleus 22C, the Fermi level moves just above the con-
tinuum threshold at ep = 0.43 MeV, as can be seen in
Fig. 5a. The neutron single-particle spectrum of the
22( isotope shows that the single-particle state next to
the fully occupied 1ds5/, state is higher in energy by
about 3.2 MeV in the continuum. Due to such a large
gap in the single-particle energy, the neutron number
N = 16 shows magicity. Thus, 22C represents another
example of a spherical drip-line nucleus for which the
neutrons are somewhat loosely bound. It is gratifying
to note that this result for 22C is in agreement with the
recent experiment in [5].

It is evident from the above discussion that the
ground-state properties of the even—even '6-22C iso-
topes are to an extent influenced by the gradual and
simultaneous filling of the close-lying neutron 2s; /, and
1ds)> single-particle states. These isotopes are some-
what weakly bound due to the wide spatial spread in
the wave function of the 2s; s, state. The single-particle
spectrum in Fig. 5 also suggests that the odd-neutron
isotopes 1°72!C with neutron numbers N = 9, 11,
13, 15 should be even more weakly bound than even-
neutron (nonmagic) isotopes because the binding en-
ergy of even-neutron isotopes has a sizable additional
contribution from the pairing energy of the last two
neutrons besides the single-particle energy contribu-
tions. This is especially interesting for the isotope 1°C
since the neutron single-particle spectrum in Fig. 5 ev-
idently provides support to a halo-like formation for
this isotope because the odd neutron fills the 2s; /, state
while it lies close to the zero energy as well as the Fermi
level.
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To check the force parameter dependence of these
results for He, Be, and C isotopes, we repeated these
RMF+BCS calculations using the NL3 and NLSH pa-
rameters [21, 22]. The calculated results, apart from
minor details, remained essentially close to those ob-
tained using the TMA force parameters. However, cal-
culations in [47, 48], similar to those in Ref. [30] in-
cluding the deformation degree of freedom, show that
some of the Be and C isotopes are highly deformed.
Nevertheless, our main conclusions remain unchanged.

For oxygen isotopes, the calculations show that
14,16,22.24() are doubly magic nuclei. The isotopes
26:28() are found to be bound, which is at variance with
the experimental data [35], though consistent with the
results of other mean-field calculations including those
carried out with the deformation degree of freedom [30].
This discrepancy with respect to measurements needs
separate investigations.

The weakly bound structures and halos in the
neutron-rich isotopes of He, Be, and C demonstrated
in Fig. 4 are the lightest in the chains of nuclei with
the isospin component value 7'z lying between 1 and 5
(see Fig. 3). Besides these, the neutron-rich isotopes
44-48Gj described earlier provide a similar example of
the occurrence of loosely bound systems with large neu-
tron skin, as is shown in Fig. 4. The possibility of halo
formation is found to be lower in heavier nuclei. How-
ever, for several neutron-rich nuclei, for example, the
heavier isotopes of Ca, Zr, Mo, etc., in the vicinity of
the neutron drip-line, it is found that further addition
of neutrons causes a rapid increase in the neutron rms
radius with a very small increase in the binding energy
(Sa2n & 20 keV to 1.5 MeV), thereby indicating the oc-
currence of very weakly bound structures, as is shown
in Fig. 4 for the Ca and Mo nuclei.

In the case of neutron-rich Ca isotopes, this is es-
sentially caused by the gradual filling of the loosely
bound single-particle neutron state 3s;/» and the res-
onant 1lgg/p state [26]. Similarly, weakly bound iso-
topes of neutron-rich Mo isotopes, as also in the case
of Zr isotopes, are found to occur due to the gradual
filling of the resonant 2f7 /5, 2f5/2, and 1hg/, states to-
gether with the loosely bound single-particle neutron
states 3p; > and 3ps/o. The gradual occupancy com-
mences at N = 84 in the isotope '?Mo. As men-
tioned above, preference for the occupancy of resonant
states stems from the fact that in contrast to loosely
bound single-particle states, the resonant states have
their wave functions entirely confined inside the po-
tential well, similarly to a bound state. This interest-
ing phenomenon of accommodating several additional
neutrons with an almost negligible increase in bind-
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ing energy is found to be due to pairing correlations
[26]. Also, due to the widely extended single-particle
wave function of the 3p;/, and 3ps/, states, a sudden
increase in the neutron rms radius occurs for the iso-
tope 12Mo at N = 84, as can be seen in the plot for
the Mo isotopes in Fig. 4. The gradual filling of these
states is completed at N = 112, which corresponds to
the drip-line isotope "*Mo. However, in Mo isotopes,
the single-particle state 4s; /, remains in the continuum
throughout without being occupied. This prohibits ex-
cessive growth in the rms neutron radius. The details
of these results will be published elsewhere.

4. SUMMARY

Inspired by the recent experiments [1-5] indicating
doubly magic nuclei and halo nuclei near the drip-line
and encouraged by the success of our relativistic mean-
field (RMF) plus state-dependent BCS approach to the
description of the ground-state properties of drip-line
nuclei [26, 28], we have further developed this approach,
across the entire periodic table, to explore the unusual
shell closures, doubly magic nuclei, loosely bound struc-
tures, and halo formation in exotic nuclei.

We used the Lagrangian density with nonlinear
terms for the ¢ and w mesons along with the TMA
force parameters [18]. State-dependent BCS calcula-
tions with a delta-function interaction with the same
interaction strength have been performed for the pair-
ing correlation energy. The calculated results compris-
ing the systematics for the pairing energy, pairing gaps,
two-neutron and two-proton separation energies, neu-
tron and proton radii, and the neutron and proton den-
sity distribution profiles have been analyzed to predict
the possible magic numbers and to explore and exam-
ine the occurrence of weakly bound nuclei including the
formation of halos.

In particular, the results for the entire chain of Si
isotopes show that the proton number Z = 14 repre-
sents a shell closure throughout up to the neutron drip-
line, which is found to be at N = 34. More interest-
ingly, it has been found that the isotopes 22:28:34,:42,:48G;
are doubly magic, indicating persistence of the neutron
shell closure at N = 8, 14, 20, 28, 34. These find-
ings, especially the fact that the heaviest and highly
neutron-rich *8Si nucleus is doubly magic, need exper-
imental confirmation.

Our calculations, especially in the case of neutron-
rich nuclei, show that the interplay of (i) variation of
energy of the proton and neutron single-particle states
due to change in the number of protons and neutrons,
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(ii) the position of resonant states, and (iii) the posi-
tions and angular momenta of the single-particle states
lying near the continuum threshold greatly influences
the shell closures and hence the magicity in nuclei. The
filling of single-particle s- or p-states lying close to the
continuum threshold gives rise to a sudden increase in
the rms radius, leading to a loosely bound system or
even a halo formation. Similarly, the low-lying resonant
states, especially those with high angular momenta,
help in accommodating an excessively large number
of neutrons, extending the neutron drip line to ex-
tremely neutron-rich isotopes. Indeed, among the light-
est nuclei, the isotopes 6~8He and ' Be exhibit halo-
like characteristics with wide spatial extensions in neu-
tron densities. Also, the neutron-rich carbon isotopes
16=22C are found to represent a weakly bound system
due to the interplay of the 2s;/, and resonant 1ds />
states lying close to the continuum threshold. The
neutron-rich Si isotopes 4446:48Si provide another ex-
ample of loosely bound isotopes near the drip-line due
to the filling of the low-angular-momentum single-par-
ticles states 2p3/» and 2p;/,. Several medium-heavy
nuclei are found to exhibit loosely bound neutron-rich
isotopes due to the interplay of the resonant and weakly
bound single-particle states, as was described briefly in
the case of Ca and Mo isotopes.

Our calculations predict the unusual proton magic
numbers at Z = 6, 14, 16, 34 and unusual neutron
magic numbers at N = 6, 14, 16, 34, 40, 70, 112. These
results are found to be consistent with the experimen-
tal systematics [35] of two-proton S, and two-neutron
So,, separation energies.
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