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DECOHERENCE INDUCED BY MAGNETIC IMPURITIESIN A QUANTUM HALL SYSTEMV. Kagalovsky a;, A. L. Chudnovskiy b*a Shamoon College of Engineering84100, Beer-Sheva, IsraelbI. Institut für Theoretishe Physik, Universität HamburgD-20355, Hamburg, GermanyMax-Plank-Institut für Physik Komplexer Systeme01187, Dresden, GermanyReeived November 15, 2012Sattering by magneti impurities is known to destroy oherene of eletron motion in metals and semiondu-tors. We investigate the deoherene introdued in a single at of eletron sattering by a magneti impurityin a quantum Hall system. For this, we introdue a �titious nonunitary sattering matrix S for eletronsthat reprodues the exatly alulated sattering probabilities. The strength of deoherene is identi�ed by thedeviation of eigenvalues of the produt SSy from unity. Using the �titious sattering matrix, we estimatethe width of the metalli region at the quantum Hall e�et inter-plateau transition and its dependene on theexhange oupling strength and the degree of polarization of magneti impurities.DOI: 10.7868/S00444510130401491. INTRODUCTIONSattering by magneti impurities an a�et trans-port properties of eletron systems substantially. Apartfrom the prominent Kondo e�et, magneti impuritiesprovide a strong soure of deoherene at temperaturesexeeding the Kondo temperature [1, 2℄. The deo-herene e�et is manifested espeially strongly in sup-pressing the Anderson loalization in disordered sys-tems [3, 4℄. In partiular, sattering by magneti im-purities an reate a �nite metalli region near theinter-plateaux transition in the integer quantum Halle�et (IQHE) [5℄. The haraterization of the degreeof deoherene introdued by magneti impurities andevaluation of the orresponding phase oherene lengthprovide an important information for the interpretationof transport experiments. In the presene of deoher-ene, the dynamis of a physial system eases to beunitary [6℄. In this paper, we introdue a measure ofdeoherene based on the nonunitarity of a �titioussattering matrix onstruted after averaging the sat-tering probabilities over magneti impurities.*E-mail: alexander.hudnovskiy�gmail.om

This paper is organized as follows. In Se. 2, weonsider a toy model and show that the nonunitarityof the sattering matrix is related to the unertainty inthe phase of the wave funtion. The exat satteringmatrix for an eletron in a saddle-point potential in thequantum Hall regime and in the presene of magnetiimpurities is alulated in Se. 3. Our main results aregiven in Ses. 4 and 5, where we alulate the �titioussattering matrix, use it to determine the degree of de-oherene indued by magneti impurities, and �nallyestimate the width of the inter-plateaux transition. InSe. 6, we summarize our results and disuss possiblefurther appliations of the presented method.2. NONUNITARITY OF THE SCATTERINGMATRIX AS A MEASURE OFDECOHERENCEIn this setion, we show with a simple illustrativeexample that the deviation of eigenvalues of the prod-ut SSy (where S is a �titious sattering matrix) fromunity serves as a measure of the deoherene introduedby sattering. For this, we onsider a simple satteringproblem with a two-dimensional Hilbert spae. Twoorthogonal inoming states are parameterized as752



ÆÝÒÔ, òîì 143, âûï. 4, 2013 Deoherene indued by magneti impurities : : : 1 = 1p� os';  2 = 1p� sin'; (1)and the salar produt is de�ned as an integral over theangle ', h ij ji = 2�Z0  �i (') j(') d': (2)We assume that in the at of sattering, the states ex-periene both a potential sattering desribed by thetransmission amplitude t and the re�etion amplituder, (r2 + t2 = 1), and random phase shifts �1 and �2that desribe the deoherene e�et. Then the outgo-ing states are given by~ out1 = 1p� fr os('+ �1) + t sin('+ �2)g ; (3)~ out2 = 1p� f�t os('+ �1) + r sin('+ �2)g : (4)In this model, the deoherene violates the orthogo-nality of the outgoing states. The ompletely oherentsattering is realized in the ase �1 = �2. The degree ofdeoherene inreases with the di�erene �1��2. It ismaximal for �1��2 = ��=2, when initially orthogonalstates beome linearly dependent after sattering. Inthe notation used, a state goes into itself by oherentre�etion (the amplitude r), and it goes into the otherstate by oherent transmission (the amplitude t). Wenow introdue a (nonunitary) sattering matrix for aninoherent sattering proess aording to the relation ~ out1~ out2 ! = Sinoh  1 2 ! ==  ~r1 ~t1�~t2 ~r2 !  1 2 ! : (5)The omparison with Eqs. (3) and (4) allows identify-ing the elements of the matrix Sinoh as~r1 = h ~ out1 j 1i = r os�1 + t sin�2; (6)~t1 = h ~ out1 j 2i = t os�2 � r sin�1; (7)~t2 = h ~ out2 j 1i = t os�1 � r sin�2; (8)~r2 = h ~ out2 j 2i = r os�2 + t sin�1: (9)The deviation of the sattering matrix Sinoh fromunitarity an be haraterized by the produts of thismatrix with its hermitian onjugate. We note that forinoherent sattering, the matries Sinoh and Syinoh nolonger ommute. However, expliit alulation showsthat the produts SinohSyinoh and SyinohSinoh havethe same eigenvalues, whih are given by

�1 = 1+sin(�1��2); �2 = 1� sin(�1��2): (10)Therefore, our toy model shows that the deviation ofthe eigenvalues of the produt SS+ from unity is de-termined by the phase unertainty after one satteringevent, and hene it is diretly related to the strengthof deoherene. Moreover, those deviations are inde-pendent of the parameters r and t haraterizing theoherent potential sattering in the hosen model.3. EXACT SOLUTION FOR THE ELECTRONSCATTERING PROBABILITIES AVERAGEDOVER MAGNETIC IMPURITIESWe study the e�et of spin-�ip sattering by mag-neti impurities on the IQHE transition. We adopt themodel of point-like exhange interation between spinsof impurities and eletron spins Hint = JI � s, where Iand s respetively denote the spins of impurities and ofthe eletron. Throughout the paper, we assume spin-1/2 impurities. In the absene of spin-�ip sattering,there are two Zeeman-split ritial energies for eahLandau level, where the QH deloalization transitionours. It was found in Ref. [5℄ that the spin-�ip sat-tering results in the appearane of a �nite region ofdeloalized states around the ritial QHE states. Inthis paper, we estimate the width of the inter-plateauxtransition analytially based on the evaluation of theoherene length due to sattering by magneti impu-rities.In general, sattering of eletrons by impurity spinsindues many-eletron Kondo orrelations. In this pa-per, however, we onsider the regime when the Kondotemperature is very low and Kondo orrelations aresuppressed. Sattering of an eletron by a saddle-pointpotential in a strong perpendiular magneti �eld andin the presene of a magneti impurity was studied inRef. [5℄.Following Ref. [7℄, we introdue the dimensionlessmeasure of energy � = (E + J=4)=E1, where E1 isthe energy parameter haraterizing the shape of thesaddle-point potential. Furthermore, we let Æ = J=E1denote the dimensionless strength of exhange intera-tion. This interation results in two exhange-split en-ergies �1;2 = ��Æ=2. Using the expressions for transmis-sion and re�etion oe�ients, we onstrut the sat-tering matrix at the node relating the inoming andoutgoing waves as (see Fig. 1)10 ÆÝÒÔ, âûï. 4 753
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(11)where the 4 � 4 bloks R and T desribe the re�e-tion and transmission amplitudes. Here, we use thenotationt1;2 = 1p1 + e���1;2 ; r1;2 =q1� t21;2; (12)s22 = (r1 + r2)=2; s23 = (r1 � r2)=2; (13)s26 = (t1 + t2)=2; s27 = (t1 � t2)=2: (14)The absolute value squared of a sattering matrix ele-ment in Eq. (11) gives the quantum sattering proba-bility between the orresponding initial and �nal statesof the eletron and impurity. Given the density matrixof the impurity spin, we an alulate the satteringprobability for the eletron only, averaged over the im-purity states. In what follows, we assume the densitymatrix of the magneti impurity to have the diagonalform �I = diag(w"; w#): (15)

The di�erene w"�w# denotes the polarization degreeof the magneti impurity. After averaging over mag-neti impurities, the resulting system loses quantumoherene, and it an be desribed in terms of satter-ing probabilities. Using the density matrix in Eq. (15),we an write the averaged probability of the eletronentering in the state with spin � to be re�eted (trans-mitted) into the state with spin �0 asR�0� =Xs;s0 �ssI jR�0s0;�sj2;T�0� =Xs;s0 �ssI jT�0s0;�sj2; (16)where s and s0 denote the initial and �nal spin states ofthe impurity. We note that the averaging applies onlyto the initial spin state of the impurity. Finally, theaveraged probability matrix for the eletron takes theform P =  R TT R ! ; (17)whereR =  w"r21 + w#s222 w"s223w#s223 w#r21 + w"s222 ! ;T =  w"t21 + w#s226 w"s227w#s227 w#t21 + w"s226 ! : (18)
4. INTRODUCTION OF A FICTITIOUSSCATTERING MATRIXWe now de�ne a �titious sattering matrix for thequantum mehanial amplitude of the eletron, whihorresponds to the exat probability matrix obtainedafter averaging over the magneti impurity states. Forthis, we onstrut a sattering matrix with elementssatisfying the following ondition: the squared modu-lus of eah element must be equal to the orrespondingprobability of matrix (17). Furthermore, we hoose theopposite signs of the elements in the two o�-diagonalbloks, whih ensures that the sattering matrix be-omes unitary in the absene of spin�spin interation,that is, for Æ = 0. Shematially, the sattering matrixaquires the formS =  pR pT�pT pR ! ; (19)where the square root is taken element-wise.754
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Fig. 2. a) Probability onservation as a sum of the elements squared in the �rst olumn in Eq. (19). The inoming wave issattered in the four (inluding spin) outgoing hannels. b ) Loss of the probability onservation by the sum of the elementssquared in the �rst row in Eq. (19). The single outgoing wave is not the sum of the four inoming hannels. Angular braketssymbolize the averaging over the initial distribution of impurity spins. Beause of the angular brakets, it is impossible tomap panel (b ) onto panel (a), whih is in ontradistintion to the reversibility of quantum mehanisBeing nonunitary in general, the �titious satter-ing matrix still has some properties of a unitary ma-trix that follow from the onservation of probability.For example, it follows from Eqs. (17), (18), and (19)that the sum of the elements squared in eah olumn inEq. (19) is equal to 1, whih desribes the total proba-bility for an eletron entering the node to be sattered(see Fig. 2a). For instane, the �rst olumn givesw"r21 + w#s222 + w#s223 + w"t21 + w#s226 + w#s227 == w"(r21 + t21) + w#(s222 + s223 + s226 + s227) == w" + w# = 1: (20)The sum of the elements squared in eah raw, whihwould orrespond to the probability of a time-reversedsattering proess, di�ers from 1 (see Fig. 2b). Thisis due to the breaking of the time-reversal invarianeintrodued by averaging only over the initial states ofthe magneti impurity. For example, the sum of theelements in the �rst raw givesw"r21 + w#s222 + w"s223 + w"t21 + w#s226 + w"s227 == w"(r21 + t21) + w#(s222 + s223 + s226 + s227) ++ (w"�w#)(s223+s227) = 1+(w"�w#)(s223+s227): (21)We note that Eq. (21) gives unity in the ase w" == w# = 1=2, whih orresponds to a ompletely un-polarized magneti impurity. In that ase, the timereversal symmetry seams to be restored. We an relatethe restoration of time reversalbility to the maximalpossible entropy of the impurity spin, whih, therefore,remains unhanged by the sattering and orrespondsto a time-reversible proess in terms of thermodyna-mis.

However, even in the ase of an unpolarized impu-rity, the �titious sattering matrix is not unitary be-ause of the deoherene introdued by averaging overthe magneti impurity. Formally, the di�erent rowsand olumns of the matrix S are not orthogonal. Thisis a manifestation of the violation of the orthogonalityof two quantum states by phase deoherene (the toymodel for that proess is disussed in Se. 2).Now we apply the analysis in Se. 2 to the �ti-tious sattering matrix Eq. (19). The nonunitary ma-trix S does not ommute with its hermitian onjugateSy. However, it is easy to show that the produts SySand SSy have the same eigenvalues. Calulating theeigenvalues of SyS, we obtain two doubly degenerateeigenvalues that an be written as�1;2 = 1�pa2 + b2; (22)where a = �SyS�12 and b = �SyS�14. We note thatthe eigenvalues are symmetri with respet to unity. Inthe limit of a weak spin�spin interation, Æ � 1, thedeviation of the eigenvalues from unity is given by =pa2 + b2 � �Æ4 r0t0 ��pw" �pw# �2 ++ �2Æ216 r20t20 �w3=2" + w3=2# �2�1=2 ; (23)where r0 and t0 denote the re�etion and transmissionamplitudes in Eq. (12) alulated for Æ = 0. Aor-ding to the arguments given in Se. 2, the parameter serves as a measure of the deoherene introdued bythe magneti impurity. Moreover, omparing Eqs. (23)and (10), we onlude that  measures the phase un-ertainty aquired after a single inoherent sattering755 10*
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Fig. 3. Deoherene parameter  as a funtion of theexhange oupling strength Æ. Energy � = 0. Solid line:polarization w" � w# = 0:2. Dashed line: polarizationw" � w# = 0. The inset shows details of the behaviorof (Æ) at small Æevent. For a �nite polarization of the impurity, thedeoherene parameter  inreases linearly with Æ, � �Æ4 r0t0 �pw" �pw# � : (24)The dependene on Æ beomes stronger with the degreeof polarization of the impurity.By ontrast, for the ompletely unpolarized impu-rity (w" = w# = 1=2), the deoherene parameter inreases with Æ muh slower, as Æ2, � �2Æ2r20t2016p2 : (25)This result is in aord with the restoration of the timereversal invariane of �titious sattering matrix (19)for an unpolarized impurity, whih dereases the deo-herene. Figure 3 shows the dependene of the deo-herene parameter  given by Eq. (23) on the exhangestrength Æ for the ompletely unpolarized (w"�w# = 0,dashed line) and a weakly polarized (w" � w# = 0:2,solid line) magneti impurity. The dependene forsmall Æ � 1 is shown in the inset in detail. Aord-ing to Eq. (25), there is a purely quadrati dependenefor the unpolarized impurity (dashed line). For a weakpolarization, a solid line exhibits a transition from thelinear part in aordane with Eq. (24) to the nonlinearbehavior at larger Æ, desribed by Eq. (23). Figure 3shows that the deoherene parameter  saturates atlarge values of Æ.The dependene of the deoherene parameter  onthe polarization of the magneti impurity in shown in
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Fig. 4. Deoherene parameter  as a funtion of theimpurity polarization w"�w#. Energy � = 0, exhangeoupling Æ = 0:1Fig. 4. Aording to the foregoing, the deoherene isminimal for the ompletely unpolarized impurity, andit inreases monotonially with the impurity polariza-tion.5. PHASE COHERENCE LENGTH AND THEINTER-PLATEAUX TRANSITIONBROADENING DUE TO MAGNETICIMPURITIESWe now apply the results in the preeding setionto the estimation of the phase oherene length due tosattering by magneti impurities. In what follows, weevaluate the energy width of the metalli region ap-pearing at the inter-plateaux transition in the integerquantum Hall e�et.The phase oherene length an be de�ned as thelength of path after whih the phase unertainty frommultiple ollisions beomes of the order of 1. Beausethe phase unertainty in a single at of sattering is arandom quantity, the parameter  evaluated in Eq. (23)should be understood as the dispersion of the distribu-tion of random sattering phases, =phÆ�2i: (26)The total phase unertainty after multiple satteringevents is evaluated as a sum of random phases, and itis given by 
Æ�2�N = N 
Æ�2� = N2; (27)where N denotes the number of sattering events.Therefore, the number of sattering events needed to756



ÆÝÒÔ, òîì 143, âûï. 4, 2013 Deoherene indued by magneti impurities : : :reah a omplete deoherene is determined by the re-lation N2 � 1, whene N � 1=2. The orrespondingphase oherene time an be estimated analogously tothe alulation of the spin relaxation time by spin�orbitsattering due to the Elliot�Yafet mehanism [8℄�� � N�0 � �0=2; (28)where �0 denotes the time between two onseutivesatteting events. The time �0 is proportional to thedistane between impurities. For a two-dimensionalquantum Hall system, �0 / n�1=2imp , where nimp is theonentration of magneti impurities.We note that it follows from Eqs. (24) and (25) thatthe inverse phase oherene time 1=�� / 2 exhibits arossover as a funtion of the exhange strength Æ fromthe behavior 1=�� / Æ4 for unpolarized magneti impu-rities to 1=�� / Æ2 if the magneti polarization is �nite.The rossover from the Æ4 behavior in the unpolarizedsystem to the Æ2 dependene for a �nite spin polariza-tion (w" 6= w#) is in aord with the previous �ndingsin [1, 9℄. The orresponding phase oherene lengthan be aluated as the length of di�usion during thetime �� L� =pD�� � 1jjn1=4imp : (29)The region of deloalized states in IQHE appearswhen the phase oherene length for the eletron be-omes smaller than its loalization length, whih leadsto the metalli behavior [10�12℄. The phase oher-ene length of the eletron orresponds to the lengthat whih the phase unertainty of its wave funtion be-omes of the order of 1. At the same time, lose to thequantum Hall inter-plateaux transition, the loaliza-tion length is known to sale with the deviation � fromthe ritial energy as � � j�j�� (� � 2:6) [13℄. EquatingL� and �, we obtain an estimate for the energy width� of the metalli phase,� � �jjn1=4imp�1=� : (30)Therefore, using the results in Eqs. (23), (24), (25) weobtain the dependene of the width of the metalli re-gion on both the spin�spin interation strength and thepolarization of magneti impurities.6. SUMMARY AND CONCLUSIONSIn this paper, we proposed a method for evaluatingthe phase oherene length of an eletron due to sat-tering by magneti impurities. The method is based

on the introdution of a �titious nonunitary satter-ing matrix that desribes the eletron motion averagedover the dynamis of magneti impurities. The degreeof nonunitarity is haraterized by a single parameter, whih is the deviation of eigenvalues of the produtSyS from unity. The nonunitarity parameter is relatedto the phase unertainty aquired in a single at ofsattering, and it is inversely proportional to the phaseoherene length. Our alulation revealed a hange inthe dependene of the nonunitarity parameter  on theexhange oupling from a linear dependene at strongmagneti polarization to a quadrati one for unpolar-ized magneti impurities.With the help of the proposed method, we estimatethe width of the metalli region at the IQHE inter-plateau transition and its dependene on the exhangeoupling strength and the degree of polarization ofmagneti impurities. We believe that our method willbe espeially useful for other systems that allow thedesription in terms of sattering matries and net-work models, suh as topologial insulators, graphene,quantum networks, et. [14�16℄.We are grateful to I. Burmistrov for the illuminatingdisussions. We aknowledge �nanial support fromthe Collaborative Researh Center (SFB) 668. Thiswork was supported by the SCE under internal grantNo. 5368911113. REFERENCES1. A. Kaminski and L. I. Glazman, Phys. Rev. Lett. 86,2400 (2001).2. S. Kumar and P. Majumdar, Europhys. Lett. 65, 75(2004).3. P. A. Lee and T. V. Ramakrishnan, Rev. Mod. Phys.57, 287 (1985).4. B. L. Altshuler and A. G. Aronov, in Eletron-EletronInteration in Disordered Condutors, ed. by A. L. Ef-ros, Pollak, Elsevier Siene (1985), p. 1.5. V. Kagalovsky and A. L. Chudnovskiy, J. Mod. Phys.2, 970 (2011).6. D. A. Lidar and K. B. Whaley, in Irreversible QuantumDynamis, ed. by F. Benatti and R. Floreanini, p. 83,Springer Leture Notes in Physis 622, Berlin (2003).7. H. A. Fertig and B. I. Halperin, Phys. Rev. B 36, 7969(1987).8. R. J. Elliot, Phys. Rev. 96, 266 (1954); Y. Yafet, in:Solid State Physis, ed. by F. Seitz and D. Turnbull,757
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