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attering by magneti
 impurities is known to destroy 
oheren
e of ele
tron motion in metals and semi
ondu
-tors. We investigate the de
oheren
e introdu
ed in a single a
t of ele
tron s
attering by a magneti
 impurityin a quantum Hall system. For this, we introdu
e a �
titious nonunitary s
attering matrix S for ele
tronsthat reprodu
es the exa
tly 
al
ulated s
attering probabilities. The strength of de
oheren
e is identi�ed by thedeviation of eigenvalues of the produ
t SSy from unity. Using the �
titious s
attering matrix, we estimatethe width of the metalli
 region at the quantum Hall e�e
t inter-plateau transition and its dependen
e on theex
hange 
oupling strength and the degree of polarization of magneti
 impurities.DOI: 10.7868/S00444510130401491. INTRODUCTIONS
attering by magneti
 impurities 
an a�e
t trans-port properties of ele
tron systems substantially. Apartfrom the prominent Kondo e�e
t, magneti
 impuritiesprovide a strong sour
e of de
oheren
e at temperaturesex
eeding the Kondo temperature [1, 2℄. The de
o-heren
e e�e
t is manifested espe
ially strongly in sup-pressing the Anderson lo
alization in disordered sys-tems [3, 4℄. In parti
ular, s
attering by magneti
 im-purities 
an 
reate a �nite metalli
 region near theinter-plateaux transition in the integer quantum Halle�e
t (IQHE) [5℄. The 
hara
terization of the degreeof de
oheren
e introdu
ed by magneti
 impurities andevaluation of the 
orresponding phase 
oheren
e lengthprovide an important information for the interpretationof transport experiments. In the presen
e of de
oher-en
e, the dynami
s of a physi
al system 
eases to beunitary [6℄. In this paper, we introdu
e a measure ofde
oheren
e based on the nonunitarity of a �
titiouss
attering matrix 
onstru
ted after averaging the s
at-tering probabilities over magneti
 impurities.*E-mail: alexander.
hudnovskiy�gmail.
om

This paper is organized as follows. In Se
. 2, we
onsider a toy model and show that the nonunitarityof the s
attering matrix is related to the un
ertainty inthe phase of the wave fun
tion. The exa
t s
atteringmatrix for an ele
tron in a saddle-point potential in thequantum Hall regime and in the presen
e of magneti
impurities is 
al
ulated in Se
. 3. Our main results aregiven in Se
s. 4 and 5, where we 
al
ulate the �
titiouss
attering matrix, use it to determine the degree of de-
oheren
e indu
ed by magneti
 impurities, and �nallyestimate the width of the inter-plateaux transition. InSe
. 6, we summarize our results and dis
uss possiblefurther appli
ations of the presented method.2. NONUNITARITY OF THE SCATTERINGMATRIX AS A MEASURE OFDECOHERENCEIn this se
tion, we show with a simple illustrativeexample that the deviation of eigenvalues of the prod-u
t SSy (where S is a �
titious s
attering matrix) fromunity serves as a measure of the de
oheren
e introdu
edby s
attering. For this, we 
onsider a simple s
atteringproblem with a two-dimensional Hilbert spa
e. Twoorthogonal in
oming states are parameterized as752
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oheren
e indu
ed by magneti
 impurities : : : 1 = 1p� 
os';  2 = 1p� sin'; (1)and the s
alar produ
t is de�ned as an integral over theangle ', h ij ji = 2�Z0  �i (') j(') d': (2)We assume that in the a
t of s
attering, the states ex-perien
e both a potential s
attering des
ribed by thetransmission amplitude t and the re�e
tion amplituder, (r2 + t2 = 1), and random phase shifts �1 and �2that des
ribe the de
oheren
e e�e
t. Then the outgo-ing states are given by~ out1 = 1p� fr 
os('+ �1) + t sin('+ �2)g ; (3)~ out2 = 1p� f�t 
os('+ �1) + r sin('+ �2)g : (4)In this model, the de
oheren
e violates the orthogo-nality of the outgoing states. The 
ompletely 
oherents
attering is realized in the 
ase �1 = �2. The degree ofde
oheren
e in
reases with the di�eren
e �1��2. It ismaximal for �1��2 = ��=2, when initially orthogonalstates be
ome linearly dependent after s
attering. Inthe notation used, a state goes into itself by 
oherentre�e
tion (the amplitude r), and it goes into the otherstate by 
oherent transmission (the amplitude t). Wenow introdu
e a (nonunitary) s
attering matrix for anin
oherent s
attering pro
ess a

ording to the relation ~ out1~ out2 ! = Sin
oh  1 2 ! ==  ~r1 ~t1�~t2 ~r2 !  1 2 ! : (5)The 
omparison with Eqs. (3) and (4) allows identify-ing the elements of the matrix Sin
oh as~r1 = h ~ out1 j 1i = r 
os�1 + t sin�2; (6)~t1 = h ~ out1 j 2i = t 
os�2 � r sin�1; (7)~t2 = h ~ out2 j 1i = t 
os�1 � r sin�2; (8)~r2 = h ~ out2 j 2i = r 
os�2 + t sin�1: (9)The deviation of the s
attering matrix Sin
oh fromunitarity 
an be 
hara
terized by the produ
ts of thismatrix with its hermitian 
onjugate. We note that forin
oherent s
attering, the matri
es Sin
oh and Syin
oh nolonger 
ommute. However, expli
it 
al
ulation showsthat the produ
ts Sin
ohSyin
oh and Syin
ohSin
oh havethe same eigenvalues, whi
h are given by

�1 = 1+sin(�1��2); �2 = 1� sin(�1��2): (10)Therefore, our toy model shows that the deviation ofthe eigenvalues of the produ
t SS+ from unity is de-termined by the phase un
ertainty after one s
atteringevent, and hen
e it is dire
tly related to the strengthof de
oheren
e. Moreover, those deviations are inde-pendent of the parameters r and t 
hara
terizing the
oherent potential s
attering in the 
hosen model.3. EXACT SOLUTION FOR THE ELECTRONSCATTERING PROBABILITIES AVERAGEDOVER MAGNETIC IMPURITIESWe study the e�e
t of spin-�ip s
attering by mag-neti
 impurities on the IQHE transition. We adopt themodel of point-like ex
hange intera
tion between spinsof impurities and ele
tron spins Hint = JI � s, where Iand s respe
tively denote the spins of impurities and ofthe ele
tron. Throughout the paper, we assume spin-1/2 impurities. In the absen
e of spin-�ip s
attering,there are two Zeeman-split 
riti
al energies for ea
hLandau level, where the QH delo
alization transitiono

urs. It was found in Ref. [5℄ that the spin-�ip s
at-tering results in the appearan
e of a �nite region ofdelo
alized states around the 
riti
al QHE states. Inthis paper, we estimate the width of the inter-plateauxtransition analyti
ally based on the evaluation of the
oheren
e length due to s
attering by magneti
 impu-rities.In general, s
attering of ele
trons by impurity spinsindu
es many-ele
tron Kondo 
orrelations. In this pa-per, however, we 
onsider the regime when the Kondotemperature is very low and Kondo 
orrelations aresuppressed. S
attering of an ele
tron by a saddle-pointpotential in a strong perpendi
ular magneti
 �eld andin the presen
e of a magneti
 impurity was studied inRef. [5℄.Following Ref. [7℄, we introdu
e the dimensionlessmeasure of energy � = (E + J=4)=E1, where E1 isthe energy parameter 
hara
terizing the shape of thesaddle-point potential. Furthermore, we let Æ = J=E1denote the dimensionless strength of ex
hange intera
-tion. This intera
tion results in two ex
hange-split en-ergies �1;2 = ��Æ=2. Using the expressions for transmis-sion and re�e
tion 
oe�
ients, we 
onstru
t the s
at-tering matrix at the node relating the in
oming andoutgoing waves as (see Fig. 1)10 ÆÝÒÔ, âûï. 4 753
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inFig. 1. In
oming and outgoing states at a single node.Up and down arrows indi
ate z-
omponents of the ele
-tron (subs
ript e) and impurity (subs
ript I) spins 
or-respondinglyS =  R T�T R ! =

=
0BBBBBBBBBBBBBB�

r1 0 0 0 t1 0 0 00 s22 s23 0 0 s26 s27 00 s23 s22 0 0 s27 s26 00 0 0 r1 0 0 0 t1�t1 0 0 0 r1 0 0 00 �s26 �s27 0 0 s22 s23 00 �s27 �s26 0 0 s23 s22 00 0 0 �t1 0 0 0 r1
1CCCCCCCCCCCCCCA ;
(11)where the 4 � 4 blo
ks R and T des
ribe the re�e
-tion and transmission amplitudes. Here, we use thenotationt1;2 = 1p1 + e���1;2 ; r1;2 =q1� t21;2; (12)s22 = (r1 + r2)=2; s23 = (r1 � r2)=2; (13)s26 = (t1 + t2)=2; s27 = (t1 � t2)=2: (14)The absolute value squared of a s
attering matrix ele-ment in Eq. (11) gives the quantum s
attering proba-bility between the 
orresponding initial and �nal statesof the ele
tron and impurity. Given the density matrixof the impurity spin, we 
an 
al
ulate the s
atteringprobability for the ele
tron only, averaged over the im-purity states. In what follows, we assume the densitymatrix of the magneti
 impurity to have the diagonalform �I = diag(w"; w#): (15)

The di�eren
e w"�w# denotes the polarization degreeof the magneti
 impurity. After averaging over mag-neti
 impurities, the resulting system loses quantum
oheren
e, and it 
an be des
ribed in terms of s
atter-ing probabilities. Using the density matrix in Eq. (15),we 
an write the averaged probability of the ele
tronentering in the state with spin � to be re�e
ted (trans-mitted) into the state with spin �0 asR�0� =Xs;s0 �ssI jR�0s0;�sj2;T�0� =Xs;s0 �ssI jT�0s0;�sj2; (16)where s and s0 denote the initial and �nal spin states ofthe impurity. We note that the averaging applies onlyto the initial spin state of the impurity. Finally, theaveraged probability matrix for the ele
tron takes theform P =  R TT R ! ; (17)whereR =  w"r21 + w#s222 w"s223w#s223 w#r21 + w"s222 ! ;T =  w"t21 + w#s226 w"s227w#s227 w#t21 + w"s226 ! : (18)
4. INTRODUCTION OF A FICTITIOUSSCATTERING MATRIXWe now de�ne a �
titious s
attering matrix for thequantum me
hani
al amplitude of the ele
tron, whi
h
orresponds to the exa
t probability matrix obtainedafter averaging over the magneti
 impurity states. Forthis, we 
onstru
t a s
attering matrix with elementssatisfying the following 
ondition: the squared modu-lus of ea
h element must be equal to the 
orrespondingprobability of matrix (17). Furthermore, we 
hoose theopposite signs of the elements in the two o�-diagonalblo
ks, whi
h ensures that the s
attering matrix be-
omes unitary in the absen
e of spin�spin intera
tion,that is, for Æ = 0. S
hemati
ally, the s
attering matrixa
quires the formS =  pR pT�pT pR ! ; (19)where the square root is taken element-wise.754
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Fig. 2. a) Probability 
onservation as a sum of the elements squared in the �rst 
olumn in Eq. (19). The in
oming wave iss
attered in the four (in
luding spin) outgoing 
hannels. b ) Loss of the probability 
onservation by the sum of the elementssquared in the �rst row in Eq. (19). The single outgoing wave is not the sum of the four in
oming 
hannels. Angular bra
ketssymbolize the averaging over the initial distribution of impurity spins. Be
ause of the angular bra
kets, it is impossible tomap panel (b ) onto panel (a), whi
h is in 
ontradistin
tion to the reversibility of quantum me
hani
sBeing nonunitary in general, the �
titious s
atter-ing matrix still has some properties of a unitary ma-trix that follow from the 
onservation of probability.For example, it follows from Eqs. (17), (18), and (19)that the sum of the elements squared in ea
h 
olumn inEq. (19) is equal to 1, whi
h des
ribes the total proba-bility for an ele
tron entering the node to be s
attered(see Fig. 2a). For instan
e, the �rst 
olumn givesw"r21 + w#s222 + w#s223 + w"t21 + w#s226 + w#s227 == w"(r21 + t21) + w#(s222 + s223 + s226 + s227) == w" + w# = 1: (20)The sum of the elements squared in ea
h raw, whi
hwould 
orrespond to the probability of a time-reverseds
attering pro
ess, di�ers from 1 (see Fig. 2b). Thisis due to the breaking of the time-reversal invarian
eintrodu
ed by averaging only over the initial states ofthe magneti
 impurity. For example, the sum of theelements in the �rst raw givesw"r21 + w#s222 + w"s223 + w"t21 + w#s226 + w"s227 == w"(r21 + t21) + w#(s222 + s223 + s226 + s227) ++ (w"�w#)(s223+s227) = 1+(w"�w#)(s223+s227): (21)We note that Eq. (21) gives unity in the 
ase w" == w# = 1=2, whi
h 
orresponds to a 
ompletely un-polarized magneti
 impurity. In that 
ase, the timereversal symmetry seams to be restored. We 
an relatethe restoration of time reversalbility to the maximalpossible entropy of the impurity spin, whi
h, therefore,remains un
hanged by the s
attering and 
orrespondsto a time-reversible pro
ess in terms of thermodyna-mi
s.

However, even in the 
ase of an unpolarized impu-rity, the �
titious s
attering matrix is not unitary be-
ause of the de
oheren
e introdu
ed by averaging overthe magneti
 impurity. Formally, the di�erent rowsand 
olumns of the matrix S are not orthogonal. Thisis a manifestation of the violation of the orthogonalityof two quantum states by phase de
oheren
e (the toymodel for that pro
ess is dis
ussed in Se
. 2).Now we apply the analysis in Se
. 2 to the �
ti-tious s
attering matrix Eq. (19). The nonunitary ma-trix S does not 
ommute with its hermitian 
onjugateSy. However, it is easy to show that the produ
ts SySand SSy have the same eigenvalues. Cal
ulating theeigenvalues of SyS, we obtain two doubly degenerateeigenvalues that 
an be written as�1;2 = 1�pa2 + b2; (22)where a = �SyS�12 and b = �SyS�14. We note thatthe eigenvalues are symmetri
 with respe
t to unity. Inthe limit of a weak spin�spin intera
tion, Æ � 1, thedeviation of the eigenvalues from unity is given by
 =pa2 + b2 � �Æ4 r0t0 ��pw" �pw# �2 ++ �2Æ216 r20t20 �w3=2" + w3=2# �2�1=2 ; (23)where r0 and t0 denote the re�e
tion and transmissionamplitudes in Eq. (12) 
al
ulated for Æ = 0. A

or-ding to the arguments given in Se
. 2, the parameter 
serves as a measure of the de
oheren
e introdu
ed bythe magneti
 impurity. Moreover, 
omparing Eqs. (23)and (10), we 
on
lude that 
 measures the phase un-
ertainty a
quired after a single in
oherent s
attering755 10*
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Fig. 3. De
oheren
e parameter 
 as a fun
tion of theex
hange 
oupling strength Æ. Energy � = 0. Solid line:polarization w" � w# = 0:2. Dashed line: polarizationw" � w# = 0. The inset shows details of the behaviorof 
(Æ) at small Æevent. For a �nite polarization of the impurity, thede
oheren
e parameter 
 in
reases linearly with Æ,
 � �Æ4 r0t0 �pw" �pw# � : (24)The dependen
e on Æ be
omes stronger with the degreeof polarization of the impurity.By 
ontrast, for the 
ompletely unpolarized impu-rity (w" = w# = 1=2), the de
oheren
e parameter 
in
reases with Æ mu
h slower, as Æ2,
 � �2Æ2r20t2016p2 : (25)This result is in a

ord with the restoration of the timereversal invarian
e of �
titious s
attering matrix (19)for an unpolarized impurity, whi
h de
reases the de
o-heren
e. Figure 3 shows the dependen
e of the de
o-heren
e parameter 
 given by Eq. (23) on the ex
hangestrength Æ for the 
ompletely unpolarized (w"�w# = 0,dashed line) and a weakly polarized (w" � w# = 0:2,solid line) magneti
 impurity. The dependen
e forsmall Æ � 1 is shown in the inset in detail. A

ord-ing to Eq. (25), there is a purely quadrati
 dependen
efor the unpolarized impurity (dashed line). For a weakpolarization, a solid line exhibits a transition from thelinear part in a

ordan
e with Eq. (24) to the nonlinearbehavior at larger Æ, des
ribed by Eq. (23). Figure 3shows that the de
oheren
e parameter 
 saturates atlarge values of Æ.The dependen
e of the de
oheren
e parameter 
 onthe polarization of the magneti
 impurity in shown in
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Fig. 4. De
oheren
e parameter 
 as a fun
tion of theimpurity polarization w"�w#. Energy � = 0, ex
hange
oupling Æ = 0:1Fig. 4. A

ording to the foregoing, the de
oheren
e isminimal for the 
ompletely unpolarized impurity, andit in
reases monotoni
ally with the impurity polariza-tion.5. PHASE COHERENCE LENGTH AND THEINTER-PLATEAUX TRANSITIONBROADENING DUE TO MAGNETICIMPURITIESWe now apply the results in the pre
eding se
tionto the estimation of the phase 
oheren
e length due tos
attering by magneti
 impurities. In what follows, weevaluate the energy width of the metalli
 region ap-pearing at the inter-plateaux transition in the integerquantum Hall e�e
t.The phase 
oheren
e length 
an be de�ned as thelength of path after whi
h the phase un
ertainty frommultiple 
ollisions be
omes of the order of 1. Be
ausethe phase un
ertainty in a single a
t of s
attering is arandom quantity, the parameter 
 evaluated in Eq. (23)should be understood as the dispersion of the distribu-tion of random s
attering phases,
 =phÆ�2i: (26)The total phase un
ertainty after multiple s
atteringevents is evaluated as a sum of random phases, and itis given by 
Æ�2�N = N 
Æ�2� = N
2; (27)where N denotes the number of s
attering events.Therefore, the number of s
attering events needed to756



ÆÝÒÔ, òîì 143, âûï. 4, 2013 De
oheren
e indu
ed by magneti
 impurities : : :rea
h a 
omplete de
oheren
e is determined by the re-lation N
2 � 1, when
e N � 1=
2. The 
orrespondingphase 
oheren
e time 
an be estimated analogously tothe 
al
ulation of the spin relaxation time by spin�orbits
attering due to the Elliot�Yafet me
hanism [8℄�� � N�0 � �0=
2; (28)where �0 denotes the time between two 
onse
utives
atteting events. The time �0 is proportional to thedistan
e between impurities. For a two-dimensionalquantum Hall system, �0 / n�1=2imp , where nimp is the
on
entration of magneti
 impurities.We note that it follows from Eqs. (24) and (25) thatthe inverse phase 
oheren
e time 1=�� / 
2 exhibits a
rossover as a fun
tion of the ex
hange strength Æ fromthe behavior 1=�� / Æ4 for unpolarized magneti
 impu-rities to 1=�� / Æ2 if the magneti
 polarization is �nite.The 
rossover from the Æ4 behavior in the unpolarizedsystem to the Æ2 dependen
e for a �nite spin polariza-tion (w" 6= w#) is in a

ord with the previous �ndingsin [1, 9℄. The 
orresponding phase 
oheren
e length
an be 
al
uated as the length of di�usion during thetime �� L� =pD�� � 1j
jn1=4imp : (29)The region of delo
alized states in IQHE appearswhen the phase 
oheren
e length for the ele
tron be-
omes smaller than its lo
alization length, whi
h leadsto the metalli
 behavior [10�12℄. The phase 
oher-en
e length of the ele
tron 
orresponds to the lengthat whi
h the phase un
ertainty of its wave fun
tion be-
omes of the order of 1. At the same time, 
lose to thequantum Hall inter-plateaux transition, the lo
aliza-tion length is known to s
ale with the deviation � fromthe 
riti
al energy as � � j�j�� (� � 2:6) [13℄. EquatingL� and �, we obtain an estimate for the energy width� of the metalli
 phase,� � �j
jn1=4imp�1=� : (30)Therefore, using the results in Eqs. (23), (24), (25) weobtain the dependen
e of the width of the metalli
 re-gion on both the spin�spin intera
tion strength and thepolarization of magneti
 impurities.6. SUMMARY AND CONCLUSIONSIn this paper, we proposed a method for evaluatingthe phase 
oheren
e length of an ele
tron due to s
at-tering by magneti
 impurities. The method is based

on the introdu
tion of a �
titious nonunitary s
atter-ing matrix that des
ribes the ele
tron motion averagedover the dynami
s of magneti
 impurities. The degreeof nonunitarity is 
hara
terized by a single parameter
, whi
h is the deviation of eigenvalues of the produ
tSyS from unity. The nonunitarity parameter is relatedto the phase un
ertainty a
quired in a single a
t ofs
attering, and it is inversely proportional to the phase
oheren
e length. Our 
al
ulation revealed a 
hange inthe dependen
e of the nonunitarity parameter 
 on theex
hange 
oupling from a linear dependen
e at strongmagneti
 polarization to a quadrati
 one for unpolar-ized magneti
 impurities.With the help of the proposed method, we estimatethe width of the metalli
 region at the IQHE inter-plateau transition and its dependen
e on the ex
hange
oupling strength and the degree of polarization ofmagneti
 impurities. We believe that our method willbe espe
ially useful for other systems that allow thedes
ription in terms of s
attering matri
es and net-work models, su
h as topologi
al insulators, graphene,quantum networks, et
. [14�16℄.We are grateful to I. Burmistrov for the illuminatingdis
ussions. We a
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