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SPONTANEOUS DECAY RATES OF THE HYPERFINE STRUCTUREATOMIC STATES INTO AN OPTICAL NANOFIBERA. V. Masalov a*, V. G. Minogin b**aLebedev Physi
al Institute, Russian A
ademy of S
ien
es119991, Mos
ow, RussiabInstitute of Spe
tros
opy, Russian A
ademy of S
ien
es142190, Troitsk, Mos
ow, RussiaRe
eived November 20, 2013Spontaneous de
ay rates of atoms into guided modes of an opti
al nano�ber are found for atomi
 transitionsbetween the hyper�ne stru
ture sublevels. The de
ay rates are evaluated for the hyper�ne stru
ture transitionsin Rb atoms. The e�
ien
y of the guided mode ex
itation by spontaneous de
ay of the spe
i�
 hyper�neatomi
 states is examined for both the fundamental �ber mode HE11 and the higher-order modes TE01, TM01,and HE21.DOI: 10.7868/S00444510140500481. INTRODUCTIONRe
ently, there has been an in
reasing interestin the intera
tions between opti
ally ex
ited atomsand diele
tri
 nanobodies, su
h as opti
al nano�bers,nanospheres, and nanodisks. This is mostly due to thepotential su
h systems o�er for 
ontrolling and ma-nipulating single atoms, and also due to the poten-tial of the systems as regards 
ontrolling light prop-agation inside opti
al nanostru
tures. From a moregeneral standpoint, opti
al nanostru
tures 
an be re-garded as interfa
es that allow 
onne
ting the atomslo
ated near nanostru
tures with the ele
tromagneti
�elds propagating inside the nanostru
tures and a
-
ordingly 
ontrol the states of both the atoms andphotons guided inside the nanostru
tures. Known ex-amples of su
h interfa
e phenomena are the enhan
edspontaneous emission of opti
ally ex
ited atoms intothe nano�ber fundamental guided mode [1�4℄, the redshift of light spontaneously emitted by atoms lo
atednear nano�bers or nanospheres [5�10℄, and ex
itationof atoms trapped around opti
al nano�bers by lightpropagating along the nano�bers [11�14℄. New inter-fa
e phenomena may arise in experiments devoted toentanglement between distant trapped atoms via the*E-mail: masalov�s
i.lebedev.ru**E-mail: minogin�isan.troitsk.ru

guided modes of the nano�ber [15, 16℄. In parti
ular,e�
ient ex
itation of the higher-order guided modes
an be a
hieved by spontaneous emission of atoms lo-
ated near the nano�ber interfa
es [17℄.One of the most e�
ient te
hniques that allow 
ou-pling the atoms and the ele
tromagneti
 �eld of anano�ber is the pumping of the guided modes of anano�ber by spontaneous emission of opti
ally ex
itedatoms. This te
hnique has been experimentally veri�edfor Cs atoms and proved to have very high e�
ien
y[6℄. In the resear
h on pumping the guided modes ofopti
al nano�bers by spontaneous emission of atoms,a two-level atomi
 s
heme has so far been 
onsideredas a basi
 model. The only extension of this modelwas given in paper [15℄, whi
h 
onsidered the transi-tion between atomi
 states degenerate over magneti
sublevels with the example of a Cs atom. The present-day experiments basi
ally use the atoms, su
h as Rband Cs, that emit spontaneous radiation into the opti-
al modes of nano�bers performing transitions betweenthe hyper�ne stru
ture states. A

ordingly, evaluatingthe spontaneous de
ay rates for atomi
 transitions be-tween hyper�ne stru
ture states is of importan
e forthe 
omparison between theoreti
al pumping rates andexperimentally observed ones.In this paper, we present an analysis of the spon-taneous de
ay rates of atoms into the guided modes ofopti
al nano�bers for a rather general s
heme of hy-per�ne stru
ture sublevels related to an allowed dipole816
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ay rates of the hyper�ne stru
ture : : :transition. The rates of spontaneous de
ays into guidednano�ber modes are given both for arbitrary hyper-�ne stru
ture transitions and for the s
heme relevantfor 85Rb atoms. The de
ays of an 85Rb atom into theguided modes of a nano�ber are 
onsidered for both thefundamental mode HE11 and three higher-order modesTE01, TM01, and HE21.2. DECAY RATES AT TRANSITIONSBETWEEN THE HYPERFINE STRUCTURESTATESWe outline a derivation pro
edure for the rates ofspontaneous de
ay of an atom into nano�ber guidedmodes for atomi
 transitions between the hyper�nestru
ture states. We assume that the atom lo
ated nearthe nano�ber surfa
e is ex
ited by laser light and spon-taneously de
ays, pumping the nano�ber guided modesas shown in Fig. 1. We 
onsider spontaneous de
ays ofthe atom at the dipole transitions o

uring betweenthe hyper�ne stru
ture states j�gFgi and j�eFei thatare de�ned by the total angular momenta Fg and Feand degenerate over the magneti
 sublevels Mg andMe as shown in Fig. 2. In su
h a s
heme, the dipoleintera
tion terms are to be de�ned with respe
t to thenondegenerate states j�gFgMgi and j�eFeMei.The derivation of the spontaneous de
ay rates fol-lows the Weisskopf�Wigner approa
h based on the

z n1 0y n2 r�+; ��GM�+; ��
a

' LLAxFig. 1. S
hemati
 of spontaneous emission of an atominto an opti
al nano�ber. An atom A is opti
ally ex-
ited by near-resonant laser light LL. Spontaneousemission 
an ex
ite four guided modes GM , two withthe �� polarization and the propagation dire
tion +z,and two with the �� polarization and the propagationdire
tion �z
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Fig. 2. The atomi
 level s
heme des
ribing hyper�nestru
ture sublevels for the allowed dipole transitionHamiltonian for a �multilevel atom+va
uum �eld� sys-tem taken in the rotating wave approximation:H =Xg;e ~!egbyegbge +X� ~!��ay�a� + 12��� X�;g;e�deg � E�byega� + dge � E��bgeay�� ; (1)where !eg is the frequen
y of the atomi
 transition be-tween the ground-state sublevel jgi = j�gFgMgi andthe ex
ited-state sublevel jei = j�eFeMei, !� are thephoton frequen
ies, ay� and a� are the photon 
reationand annihilation operators, byeg and bge are the atomi
ex
itation and de-ex
itation operators, and deg and dgeare matrix elements of the atomi
 dipole moment. Theve
tor E� de�nes the �ele
tri
 �eld amplitude of a sin-gle photon� with a unit polarization ve
tor e� and thewave ve
tor k, E� = ir ~!�2"0V e�eik�r; (2)where V is the quantization volume and "0 is the ele
-tri
 
onstant.For Hamiltonian (1), equations for the probabilityamplitudes in the simplest 
ase of a va
uum �eld takeninitially in the va
uum state are4 ÆÝÒÔ, âûï. 5 817
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e;0 = i~X� deg � E� exp(�i��;egt)
g;1� ;_
g;1� = i~dge � E�� exp(i��;egt)
e;0; (3)where 
g;1� are the probability amplitudes of thestates that in
lude the ground atomi
 substate jgi == j�gFgMgi and the va
uum �eld state with one pho-ton in the mode �, and 
e;0 is the probability amplitudeof the state that in
ludes the ex
ited atomi
 substatejei = j�eFeMei and the va
uum �eld state with zerophoton numbers in all modes. In the above equation,��;eg = !� � !eg is the detuning of the va
uum modefrequen
y !� with respe
t to the atomi
 transition fre-quen
y !eg .Taking a formal solution of the se
ond equation inthe above set,
g;1� = i~dge � E�� tZt0 exp(i��;egt0)
e;0(t0) dt0; (4)and substituting it in the �rst equation, we 
an obtainan equation that des
ribes the spontaneous de
ay ofthe upper atomi
 substate jei = j�eFeMei to the lowersubstates jgi = j�gFgMgi:_
e;0 = � 1~2 X� jdeg � E�j2 �� tZt0 exp [i��;eg(t0 � t)℄ 
e;0(t0) dt0: (5)This equation is used below to determine the rates ofspontaneous de
ays of an atom into guided modes of anano�ber for a rather general atomi
 hyper�ne stru
-ture s
heme shown in Fig. 2.2.1. De
ay into free spa
eApplying Eq. (5) to the va
uum modes of free spa
eregarded as periodi
 with the quantization lengths Lj ,kjLj = 2�nj ; j = x; y; z; (6)and standardly summing over all possible photon statesand a

ordingly over proper ground substates gives awell-known de
ay equation for the upper atomi
 sub-state jei = j�eFeMei:_
e;0 = �
sp 
e;0: (7)Here, 
sp = Wsp(�eFe)=2 is half the total spontaneousde
ay rate from the hyper�ne stru
ture state j�eFei to

all the hyper�ne stru
ture states j�gFgi belonging tothe ground state,Wsp(�eFe) = 2
�eFe = 2 X�gFg 
�eFe;�gFg : (8)The partial spontaneous de
ay rate from the ex
itedstate j�eFei to the ground state j�gFgi isWsp(�eFe ! �gFg) = 2
�eFe;�gFg == 14�"0 43 jh�eFe kdk�gFgij2 !3eg(2Fe + 1)~
3 ; (9)where h�eFe kdk�gFgi is a redu
ed dipole matrix ele-ment for a hyper�ne stru
ture transition.The redu
ed dipole matrix element h�eFe kdk�gFgi
an be expressed through the redu
ed dipole matrix el-ement h�e kdk�gi for the �ne stru
ture transition de-�ned by the quantum numbers � � nLSJI [18℄. Thisgives an expression for the spontaneous de
ay rate be-tween two hyper�ne stru
ture states in terms of the6j-symbols:Wsp(�eFe ! �gFg) = 2
�eFe;�gFg == (2Je+1)(2Fg+1)( Je Fe IFg Jg 1 )2Wsp(�g ! �e);Wsp(�g ! �e) = 14�"0 43 jh�e kdk�gij2 !3eg(2Je + 1)~
3 ;where Wsp(�g ! �e) is the spontaneous de
ay rateat the �ne stru
ture transition j�ei ! j�gi and Je isthe quantum number of the atomi
 momentum for theex
ited �ne stru
ture state j�ei.2.2. De
ay into nano�ber guided modesWe represent the ele
tri
 �eld operator of the guidedmodes of a nano�ber in the standard formE =XE�a� +H.
.; (10)where E� is the ele
tri
 �eld of a single va
uum guidedmode and the index � des
ribes the dire
tion of pro-pagation and polarization of a single va
uum guidedmode. The ele
tri
 �eld of a single guided mode is rep-resented similarly to Eq. (2) asE� = ir ~!�2"0L ~E� exp(i��z + im'); (11)where !� is the mode frequen
y, �� is the propaga-tion 
onstant, m is the quantum number of the modeangular momentum, ~E� = ~E�(r) is the normalized818
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ay rates of the hyper�ne stru
ture : : :amplitude of the ele
tri
 �eld, whi
h depends on thetransverse 
oordinate r, and L is the length of a one-dimensional �quantization box� introdu
ed for 
ountingthe allowed values of the propagation 
onstant � [19℄.The normalized ele
tri
 �eld amplitude of a singleguided mode is assumed to satisfy the 
ondition2� 1Z0 n2(r) ���~E����2 r dr = 1; (12)where n(r) is the value of the refra
tive index, equalto n1 = p" inside the �ber and n2 = 1 outside the�ber. The above representation of the va
uum �eld
orresponds to the standard form of the va
uum �eldHamiltonian represented by the se
ond term in Eq. (1):Hva
 = 2"0"X� Z dV jE�j2�ay�a� + 12� ==X� ~!��ay�a� + 12� : (13)For any guided mode of an opti
al nano�ber, the nor-malized ele
tri
 �eld 
an be determined from Eq. (12)with the use of the eigenvalue equation for the propa-gation 
onstant � = ��.We now apply basi
 equation (5) to the va
uumguided mode of an opti
al nano�ber. Taking into a
-
ount that the va
uum �eld of a single guided mode 
anbe 
onsidered periodi
 in the dire
tion of propagationwith a period L,�nL = 2�n; n = 1; 2; 3; : : : ; (14)we 
an repla
e the sum over dis
rete numbers in Eq. (5)with an integral su
h thatX� ! L2� Z d�:After that, using the one-to-one 
orresponden
e be-tween values of the propagation 
onstant and frequen-
ies of the va
uum modes, � = �(!), and regarding �as a 
ontinuous quantity, we 
an repla
e d� with d� == ~�0d!; where ~�0 = d�=d!: This givesX! L2� Z ~�0d!:Next, integrating Eq. (5) over the frequen
y and time,we 
an redu
e it to the de
ay equation_
e;0 = �
guid
e;0; (15)

des
ribing spontaneous de
ay of the atom between thesubstates j�eFeMei and j�gFgMgi followed by ex
ita-tion of the guided mode with the spe
i�
 propagationdire
tion +z or �z and spe
i�
 
ir
ular polarization� = +1 or � = �1. A

ordingly, the total sponta-neous de
ay rate into the guided mode with a spe
i�
propagation dire
tion and spe
i�
 
ir
ular polarizationis Wguid = 2
guid == !eg ~�0h�eFeMejd� j�gFgMgi22"0~ ���~E���2 ; (16)where h�eFeMejd� j�gFgMgi is the proje
tion of theatomi
 dipole moment on the �eld dire
tion [4℄, � == �1, and !eg = !�eFe;�gFg . The last equation 
an berewritten in a 
onvenient form by introdu
ing the di-mensionless derivative �0 = d�=dk = 
~�0 and using anexpression for the dipole matrix element through the3j-symbols,h�eFeMejd� j�gFgMgi == (�1)Fe�Me  Fe 1 Fg�Me � Mg !�� h�eFejjdjj�gFgi; (17)and an equation for the spontaneous de
ay rate fromthe ex
ited state j�eFei to the ground state j�gFgi:Wsp = 2
sp = 14�"0 4 jh�eFekdk�gFgij2 !3eg3(2Fe + 1)~
3 : (18)This givesWguid = 2
guid =Wsp 3�2�08� (2Fe + 1)�� Fe 1 Fg�Me � Mg !2 j~E j2: (19)We note that the redu
ed dipole matrix element forthe hyper�ne stru
ture transition is expressed throughthe redu
ed dipole matrix element h�e kdk�gi for the�ne stru
ture transition ash�eFe kdk�gFgi == (�1)Je+I+Fg+1q(2Fg + 1)(2Fe + 1)��( Je Fe IFg J 1 ) h�e kdk�gi : (20)819 4*
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Fig. 3. The atomi
 level s
heme des
ribing the hyper-�ne stru
ture sublevels in the ex
ited and ground statesof an 85Rb atom3. DECAY RATES FOR Rb ATOMSWe estimate spontaneous emission rates into the�rst four guided modes for 85Rb atoms (Fig. 3). Weassume that the atoms emit �uores
en
e light into anopti
al nano�ber made of fused sili
a with the permit-tivity "1 = n21 = 2:1. The 85Rb atoms are assumedto be ex
ited at the 5S1=2�5P3=2 opti
al dipole tran-sition, with the wavelength � = 780 nm. The spon-taneous de
ay rate from the upper 5P state into freespa
e is W0 = 2�� 6 MHz. We 
hoose the �ber radiusa = 400 nm at whi
h, under the 
hosen parameters,the V -number has the valueV = 2�a� qn21 � n22 = 3:38:At this value of the V -number, atomi
 �uores
en
e 
anex
ite four �ber modes, HE11, TE01, TM01, and HE21,with the respe
tive propagation 
onstants �=k = 1:315,1:150, 1:105, 1:095. Eigenvalue equations for the pro-pagation 
onstants and ele
tri
 �eld distributions forthe 
hosen modes are given in Appendix. The depen-den
e of the propagation 
onstants � on the V -numberis shown in Fig. 4 for the region2:405 < V = 2�a� qn21 � n22 < 3:832;

2.6 2.8 3.0 3.2 3.4 3.6 3.8
V

1.0

1.1

1.2

1.3

β/k

Fig. 4. Normalized propagation 
onstant �=k as a fun
-tion of the V -number for the guided modes HE11 (solidline), TE01 (dotted line), TM01 (dashed line), andHE21 (dot-dashed line)where the fundamental mode HE11 
oexists with the�rst three higher-order modes TE01, TM01, and EH21.For a fused sili
a �ber lo
ated in the va
uum, withn1 = 1:45 and n2 = 1, the above 
ondition de�nes theregion of the �ber radii as 0:365� < a < 0:581�.We evaluate spontaneous de
ay rates of 85Rb atomsinto the nano�ber guided modes for di�erent ex
ited-state magneti
 sublevels. Evaluation for ea
h guidedmode is based on the ele
tri
 �eld distribution given inAppendix.The spontaneous de
ay rate into the fundamentalmode HE11 with a given propagation dire
tion +z or�z and a given 
ir
ular polarization � = +1 for thespe
i�
 initial atomi
 state jFe;Mei isWguid(r) = 2
guid = Wsp 3�2�08�2a2 �� J21 (ha)=K21 (qa)n21N1 + n22N2 (2Fe + 1)�� Fe 1 Fg�Me � Mg !2�K21(qr) ++ �22q2 �(1� s)2K20 (qr) + (1 + s)2K22 (qr)�� : (21)The spontaneous de
ay rate into the TE01 mode withthe spe
i�
 propagation dire
tion+z or�z and spe
i�

ir
ular polarization � = +1 for a given initial atomi
state jFe;Mei is820
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Fig. 5. Normalized pumping rates for the fundamental guided modes (a) HE11, (b ) TE01, (
) TM01, and (d) HE21 asfun
tions of the distan
e between the 85Rb atom prepared in the hyper�ne stru
ture state Fe = 4;Me = �2;�1; : : : ; 4 andthe axis of the opti
al nano�ber with the radius a = 400 nmWguid(r) =Wsp 3�2�08�2q2a4 1n21P1 + n22P2 (2Fe + 1)�� Fe 1 Fg�Me � Mg !2K21 (qr): (22)The spontaneous de
ay rate into the TM01 mode withthe spe
i�
 propagation dire
tion +z or �z and polar-ization � = +1 
onsidered for the spe
i�
 initial atomi
state jFe;Mei isWguid(r) =Wsp 3�2�08�2a2 1n21Q1 + n22Q2 (2Fe + 1)�� Fe 1 Fg�Me � Mg !2 ���K20 (qr) + �2q2K21 (qr)� : (23)The spontaneous de
ay rate into the HE21 mode withthe spe
i�
 propagation dire
tion +z or �z and polar-ization � = +1 
onsidered for the spe
i�
 initial atomi
state jFe;Mei is

Wguid(r) = Wsp 3�2�08�2a2 J22 (ha)=K22(qa)n21R1 + n22R2 (2Fe + 1)�� Fe 1 Fg�Me � Mg !2�K22(qr) ++ �22q2 �(1� u)2K21(qr) + (1 + u)2K23 (qr)�� : (24)We 
hoose the pra
ti
ally important 
ase of a 
y
li
dipole transition Fe = 4 � Fg = 3 and 
onsiderthe � = 1 polarized guided mode for de�niteness.The normalized spontaneous de
ay ratesWguid=Wsp == 
guid=
sp for the initial atomi
 states Fe = 4, Me == �2;�3; : : : ; 4 are shown in Fig. 5 as fun
tions of thedistan
e between the atom and the opti
al nano�beraxis.As another example, we 
ompare spontaneous emis-sion rates into the fundamental guiding mode for twodi�erent hyper�ne stru
ture transitions Fe = 3, Me == 3! Fg = 3, Mg = 3 and Fe = 3, Me = 3! Fg = 2,Mg = 2. The position dependen
e of the spontaneousde
ay rates for these transitions is shown in Fig. 6.821
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Fig. 6. Spontaneous de
ay rates into the fundamentalguided mode HE11 for the hyper�ne stru
ture transi-tions Fe = 3, Me = 3 ! Fg = 3, Mg = 3 (
urve 1 )and Fe = 3, Me = 3! Fg = 2, Mg = 2 (
urve 2 )4. CONCLUSIONWe have examined the e�
ien
y of 
oupling the �u-ores
en
e emitted by a multilevel atom possessing a hy-per�ne stru
ture into an opti
al nano�ber and foundthat the de
ay rates strongly depend on the initialatomi
 state. Numeri
al evaluations for Rb atoms showthat the de
ay rates for di�erent magneti
 sublevels 
andi�er by an order of magnitude.We also found that the de
ay rates into thehigher-order modes 
an be about 5 to 10 times higherthan that into the fundamental mode. This 
an be ex-plained by the proportionality of the spontaneous de-
ay rate to the intensity of the va
uum guided modeof a nano�ber. Be
ause the evanes
ent �tail� of thehigher-order modes ex
eeds that of the fundamentalmode, the higher-order modes have a higher rate of theex
itation by �uores
ent light of atoms lo
ated outsidethe �ber.A 
onsiderable in
rease in the spontaneous de
ayrate for higher-order modes 
an be important in theexperiments on ex
itation of opti
al nano�bers by the�uores
ent emission of atom 
louds 
on�ned aroundthe nano�ber. The high pumping rate of higher-ordermodes in opti
al nano�bers may �nd important ap-pli
ations in quantum opti
s and metrology, in
ludingthe 
reation of new trapping geometries for atoms, newtypes of 
oupling to mi
roresonators, new s
hemes forevanes
ent �eld sensing of atoms, and high-a

ura
yposition dete
tion of atoms around nano�bers.This work was supported by the RFBR (GrantNo. 12-02-00867-a).

APPENDIXPropagation 
onstants and ele
tri
 �elds of thefour lowest guided modesFor the fundamental guided mode HE11, the prop-agation 
onstant is de�ned by the eigenvalue equationJ0 (ha)haJ1 (ha) = �n21+n222n21 K 01 (qa)qaK1 (qa)+ 1h2a2�n21�n22n21 �� "� K 01 (qa)2qaK1 (qa)�2 +� n1k�a2h2q2�2#1=2 : (A.1)For the TE01 mode, the propagation 
onstant is de�nedby the eigenvalue equationJ1 (ha)haJ0 (ha) = � K1(qa)qaK0(qa) ; (A.2)for the TM01 mode, by the eigenvalue equationJ1 (ha)haJ0 (ha) = �n22n21 K1(qa)qaK0(qa) ; (A.3)and for the mode HE21, by the eigenvalue equationJ1(ha)haJ2(ha) = �n21+n222n21 K 02(qa)qaK2(qa)+ 2h2a2�n21�n22n21 �� "� K 02(qa)2qaK2(qa)�2 +� 2n1k�a2h2q2�2#1=2 ; (A.4)where Jm are Bessel fun
tions of the �rst kind, Km aremodi�ed Bessel fun
tions of the se
ond kind, k = !=
,a is the �ber radius, andh =qn21k2 � �2; q =q�2 � n22k2:The spatial distribution of the ele
tri
 �eld for anyguided mode 
an be written using the 
ylindri
al unitve
tors er, e', and ez:~E = er ~Er + e' ~E' + ez ~Ez:For the 
hosen four lowest guided modes, the 
ylindri-
al 
omponents of a normalized ele
tri
 �eld amplitudeare given by the following equations. The 
ylindri
al
omponents of a normalized ele
tri
 �eld amplitude forthe HE11 mode in the 
ore region are [20℄~Er = iA qh K1(qa)J1(ha) [(1� s)J0(hr) �� (1 + s)J2(hr)℄ ;~E' = �Aqh K1(qa)J1(ha) [(1� s)J0(hr) ++ (1 + s)J2(hr)℄ ;~Ez = 2A q� K1(qa)J1(ha) J1(hr); (A.5)
822
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ay rates of the hyper�ne stru
ture : : :and those outside the 
ore region are~Er = iA [(1� s)K0(qr) + (1 + s)K2(qr)℄ ;~E' = �A [(1� s)K0(qr) � (1 + s)K2(qr)℄ ;~Ez = 2A (q=�)K1(qr): (A.6)In the above equations, s is a dimensionless parametersu
h that s = 1=h2a2 + 1=q2a2S ;where the denominator isS = J 01(ha)=haJ1(ha) +K 01(qa)=qaK1(qa):The normalization 
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whereP1 = 1a2h2 K20 (qa)J20 (ha) �J21 (ha)� J0(ha)J2(ha)� ;P2 = 1a2q2 �K0(qa)K2(qa)�K21(qa)� :For the TM01 mode in the 
ore region,~Er = � i�p�ha K0(qa)=J0(ha)pn21Q1 + n22Q2 J1(hr);~E' = 0;~Ez = 1p�a K0(qa)=J0(ha)pn21Q1 + n22Q2 J0(hr); (A.9)and outside the 
ore region,~Er = i�p�qaqn21Q1 + n22Q2K1(qr);~E' = 0;~Ez = 1p�aqn21Q1 + n22Q2K0(qr); (A.10)whereQ1 = K20(qa)J20 (ha) �J20 (ha)+n21k2h2 J21 (ha)��2h2 J0(ha)J2(ha)� ;Q2 = �2q2K0(qa)K2(qa)�K20 (qa)� n22k2q2 K21(qa):For the HE21 mode in the 
ore region,~Er = A21 i�2h [(1�u)J1(hr)�(1+u)J3(hr)℄ ;~E' = �A21 �2h [(1�u)J1(hr)+(1+u)J3(hr)℄ ;~Ez = A21J2(hr); (A.11)and outside the 
ore region,~Er = A21 i�2q J2(ha)K2(qa) �� [(1� u)K1(qr) + (1 + u)K3(qr)℄ ;~E' = �A21 �2q J2(ha)K2(qa) �� [(1� u)K1(qr) � (1 + u)K3(qr)℄ ;~Ez = A21 J2(ha)K2(qa)K2(qr): (A.12)
In the above equations, u is a dimensionless parametersu
h thatu = 2(1=h2a2 + 1=q2a2)J 02(ha)=haJ2(ha) +K 02(qa)=qaK2(qa) :823
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