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NEUTRINO MASS AND MIXING IN THE 3�3�1 MODEL ANDS3 FLAVOR SYMMETRY WITH MINIMAL HIGGS CONTENTV. V. Vien a*, H. N. Long b**aDepartment of Physis, Tay Nguyen UniversityBuon Ma Thuot, DakLak, VietnambInstitute of Physis, VASTBa Dinh, Hanoi, VietnamReeived Deember 20 2013A new S3 �avor model based on the SU(3)C
SU(3)L
U(1)X gauge symmetry responsible for fermion massesand mixings di�erent from our previous work [14; 17℄ is onstruted. The new feature is a two-dimensionalrepresentation of a Higgs anti-sextet under S3, whih is responsible for neutrino masses and mixings. The neu-trinos aquire small masses from only an anti-sextet of SU(3), whih is in a doublet under S3. If the di�ereneof omponents of the anti-sextet is regarded as a small perturbation, S3 is equivalently broken into identity, theorresponding neutrino mass mixing matrix aquires the most general form, and the model an �t the latestdata on neutrino osillations. This way of symmetry breaking helps us redue a ontent in the Higgs setor, toonly one anti-sextet instead of two as in our previous work [14℄. Our results show that the neutrino masses arenaturally small and a small deviation from the tri-bimaximal neutrino mixing form an be realized. The Higgspotential of the model as well as the minimization onditions and gauge boson masses and mixings are alsoonsidered.DOI: 10.7868/S00444510140600441. INTRODUCTIONThe experiments on neutrino osillations have indi-ated that the neutrinos have small masses and mix-ings [1�4℄, and therefore the standard model of fun-damental partiles and interations must be extended.Among this diretion, there have been various modelsproposed, suh as [5, 6℄ and others. An alternative is toextend the eletroweak symmetry SU(2)L 
 U(1)Y toSU(3)L 
 U(1)X , in whih to omplete the fundamen-tal representations of SU(3)L with the standard-modeldoublets so as to obtain the neutral fermions. This pro-posal, whih has nie features and has been extensivelystudied over the last two deades, is alled 3�3�1 mod-els [7�9℄, with the number of fermion families havingbeen proved to be three [7; 10℄.The parameters of neutrino osillations suh as the*E-mail: wvienk16�gmail.om**E-mail: hnlong�iop.vast.a.vn

squared mass di�erenes and mixing angles are nowvery onstrained. The data in Ref. [4℄ imply thatsin2(2�12) = 0:857� 0:024 (t12 � 0:6717);sin2(2�13) = 0:098� 0:013 (s13 � 0:1585);sin2(2�23) > 0:95;�m221 = (7:50� 0:20) � 10�5 eV2;�m232 = (2:32+0:12�0:08) � 10�3 eV2: (1)These large neutrino mixing angles are ompletely dif-ferent from the quark mixing ones de�ned by theCabibbo�Kobayashi�Maskawa (CKM) matrix. There-fore, it is very important to �nd a natural model thatleads to these mixing patterns of quarks and leptonswith good auray. Small non-Abelian disrete sym-metries are onsidered to be the most attrative hoiefor the �avor setor [11�13℄. The simplest explanationfor these onlusions is probably due to an S3 �avorsymmetry, whih is the smallest non-Abelian disretegroup [14; 15℄. In fat, there is an approximately maxi-mal mixing of two �avors � and � as given above, whihan be onneted by the 2 irreduible representation ofS3. Besides the 2, the S3 group an provide two in-equivalent singlet representations 1 and 10, whih play991



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014a ruial role in reproduing onsistent fermion massesand mixings [14℄. The S3 models have been studiedextensively over the last deade [13℄. In [14℄, we pro-posed two 3�3�1 models, with either neutral fermionsor right-handed neutrinos, based on the S3 �avor sym-metry, in whih a large number of Higgs triplets wasrequired. In this paper, we propose a new S3 �avorsymmetry in the 3�3�1 model with neutral fermions,in whih the number of Higgs triplets required is lessand the Higgs potential of the model is therefore muhsimpler than the previous ones.The motivation for extending the above appliationto the 3�3�1 models with the neutral fermions NR ismentioned in [14; 16; 17℄. In this paper, we investigatesimpler hoies for Higgs multiplets of S3 in whih theunique anti-sextet responsible for the neutrino massand mixing lying in 2 under S3 and the di�erene be-tween two VEV omponents of the anti-sextet play therole of perturbation. It is also noted that the numbersof fermion families in the 3�3�1 models originate fromthe anomaly-free gauge symmetry and naturally meetour riteria on the dimensions of �avor group represen-tations suh as S3, unlike the others in the literature,mostly imposed by hand [11�13℄.The rest of this work is as follows. In Se. 2, wepresent the neessary elements of the 3�3�1 model withneutral fermions NR under the S3 symmetry and in-trodue the neessary Higgs �elds responsible for theharged-lepton and quark masses. Setion 3 is devotedto the neutrino mass and mixing. In Se. 4, we onsiderthe Higgs potential and minimization onditions. Wesummarize our results and make onlusions in Se. 6.2. THE MODELThe fermion ontent of the model is similar to thatin [14℄: the fermions in the model transform under therespetive [SU(3)L;U(1)X ;U(1)L; S3℄ symmetries as 1L = (�1L; l1L; N1R)T � [3;�1=3; 2=3; 1℄;l1R � [1;�1; 1; 1℄; �L = (��L; l�L; N�R)T � [3;�1=3; 2=3; 2℄;l�R � [1;�1; 1; 2℄;Q1L = (u1L; d1L; UL)T � [3; 1=3;�1=3; 1℄;u1R � [1; 2=3; 0; 1℄; d1R � [1;�1=3; 0; 1℄;UR � [1; 2=3;�1; 1℄;Q�L = (d�L; �u�L; D�L)T � [3�; 0; 1=3; 2℄;u�R � [1; 2=3; 0; 2℄; d�R � [1;�1=3; 0; 2℄;D�R � [1;�1=3; 1; 2℄;
(2)

where � = 2; 3 is a family index of the last two leptonand quark families, whih are de�ned as the ompo-nents of the 2 representations. We note that the 2 forquarks satis�es the requirement of anomaly anella-tion, where the last two left-quark families are in 3�and the �rst one as well as the leptons are in 3. All theL harges of the model multiplets are listed in squarebrakets. In what follows, we onsider possibilities forgenerating the fermion masses. The salar multipletsneeded for this purpose are to be introdued aording-ly. To generate masses for the harged leptons, we in-trodue two SU(3)L salar triplets � and �0 respetivelylying in 1 and 10 under S3, with the VEVs h�i = (0 v 0)Tand h�0i = (0 v0 0)T [14℄. From the invariant Yukawaouplings for the harged leptons, we obtain me = h1v,m� = hv � h0v0, m� = hv + h0v0, and the mixing ma-tries of the left- and right-handed harged leptons arediagonal, UlL = UlR = 1. The harged leptons l1;2;3 aretherefore by themselves the physial mass eigenstatesand the lepton mixing matrix depends on only that ofthe neutrinos, whih is studied in the next setion.In similarity to the harged lepton setor, to gen-erate the quark masses, we additionally introdue thethree salar Higgs triplets �, �, and �0 respetively lyingin 1, 1, and 10 under S3. Quark masses an be derivedfrom the invariant Yukawa interations for quarks, as-suming that the VEVs of �, �0, and � are u = h�01i,u0 = h�001i, and w = h�03i and the other VEVs h�03i,h�003i, and h�01i vanish due to the lepton parity onser-vation. The exoti quarks therefore aquire the massesmU = f1w and mD1;2 = fw. The masses of ordinaryup-quarks and down-quarks aremu = hu1u; m = huv + h0uv0; mt = huv � h0uv0;md = hd1v; ms = hdu+ h0du0; mb = hdu� h0du0:The unitary matries that ouple the left-handedquarks uL and dL to those in the mass bases are unitones. The CKM quark mixing matrix at the tree level isthen UCKM = UydLUuL = 1. The lepton parity break-ing due to the odd VEVs h�03i, h�003i, h�01i, or a violationof L and/or S3 symmetry in terms of Yukawa intera-tions would disturb the tree-level matrix, resulting ina mixing between the SM and exoti quarks and/orpossibly providing the desirable quark mixing pattern�Q1L�u1R, �QL��dR, �Q1L�uR, with a mixing betweenSM and exoti quarks. To obtain a realisti pattern ofthe SM quark mixing, we should add radiative orre-tions or use the e�etive six-dimensional operators (seeRef. [18℄ for the details). However, we leave this prob-lem for the future work. A detailed study of harged992



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :lepton and quark masses an be found in Ref. [14℄. Inthis paper, we onsider a new representation for theanti-sextet responsible for neutrino masses and mixingsthat are di�erent from those in Ref. [14℄.3. NEUTRINO MASSES AND MIXINGThe neutrino masses arise from the ouplingsof � �L �L, � 1L 1L and � 1L �L to salars, where� �L �L transforms as 3� � 6 under SU(3)L and as1� 10� 2 under S3; � 1L 1L transforms as 3�� 6 underSU(3)L and as 1 under S3, and � 1L �L transforms as3��6 under SU(3)L and as 2 under S3. For the knownsalar triplets (�; �0; �; �; �0), the available interationsare only ( � �L �L)� and ( � �L �L)�0, but are expliitlysuppressed beause of the L-symmetry. We thereforepropose a new SU(3)L anti-sextet oupling to � L L re-sponsible for the neutrino masses lying in either 1, 10,or 2 under S3. To obtain a realisti neutrino spetrumwith the minimal Higgs ontent, we introdue the Higgsanti-sextetsi = 0B� s011 s+12 s013s+12 s++22 s+23s013 s+23 s033 1CAi � [6�; 2=3;�4=3; 2℄;i = 1; 2;where numerial subsripts on the omponent salarsare the SU(3)L indies, whereas i = 1; 2 is that of S3.The VEV of s is set as (hs1i; hs2i) under S3, withhsii = 0B� �i 0 vi0 0 0vi 0 �i 1CA ; i = 1; 2: (3)Following the potential minimization onditions, wehave several VEV alignments. The �rst one is thaths1i = hs2i; then S3 is broken into Z2 onsisting ofthe identity element and one transposition (out of thethree) of S3. The seond one is that hs1i 6= 0 = hs2ior hs1i = 0 6= hs2i; then S3 is broken to Z3 as in thease of the harged lepton setor. The third one is thaths1i 6= hs2i; then S3 is broken to the identity. In ourprevious work [14℄, we have argued that both breakingsS3 ! Z2 and S3 ! Z3 must take plae, and hene, toobtain a realisti neutrino spetrum, we additionallyintrodued a triplet (�) and an anti-sextet (s) that liein 10 and 2 under S3. With these alignments, the num-ber of Higgs multiplets required is eight. In this work,we propose that both the �rst and the third diretiontake plae. The Yukawa interations are

�L� = x2 ( � 1Ls)2 �L + y2( � �Ls)2 �L +H.. == x2 � 1L( 2Ls2 +  3Ls1) ++ y2( � 2L 2Ls1 + � 3L 3Ls2) +H..; (4)where the Yukawa oupling x is that of lepton-�avor-hanging interations. The mass Lagrangian for theneutrinos is given by�Lmass� = 12x(�2��1L�2L + v2��1LN 2R ++ v2 �N1R�2L +�2 �N1RN 2R) ++12x(�1��1L�3L+v1��1LN3R+v1 �N1R�3L+�1 �N1RN3R)++12y(�1��2L�2L+v1��2LN2R+v1 �N2R�2L+�1 �N2RN 2R)++12y(�2��3L�3L+v2��3LN3R+v2 �N3R�3L+�2 �N3RN 3R)++H..; (5)and also by�Lmass� = 12 ��LM��L +H..; �L �  �LNR ! ;M� �  ML MTDMD MR ! ; (6)where � = (�1; �2; �3)T and N = (N1; N2; N3)T . Themass matries are then obtained byML;R;D = 0B� 0 aL;R;D bL;R;DaL;R;D L;R;D 0bL;R;D 0 dL;R;D 1CA ; (7)with aL = x2�s � x2�2; aD = x2 vs � x2 v2;aR = x2�s � x2�2;bL = x2�1; bD = x2 v1; bR = x2�1;L = y�1; D = yv1; R = y�1;dL = y�s � y�2; dD = yvs � yv2;dR = y�s � y�2: (8)
In general, three ative neutrinos therefore gain massesvia a ombination of type-I and type-II seesaw meha-nisms, derived from (6) and (7) asMeff =ML �MTDM�1R MD == 0B� A B1 B2B1 C1 DB2 D C2 1CA ; (9)3 ÆÝÒÔ, âûï. 6 993



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014where A = � (aRbD � aDbR)2b2RR + a2RdR ;B1 = bR [aRbDD + aLbRR � aD(bRD + bDR)℄ + aR(aLaR � a2D)dRb2RR + a2RdR ;B2 = �b2DbRR + bLb2RR + aDaRbRdD + a2RbLdR � aRbD(aRdD + aDdR)b2RR + a2RdR ;C1 = b2R(LR � 2D) + (a2RL + a2DR � 2aDaRD)dRb2RR + a2RdR ;C2 = �2bDbRRdD + b2RRdL + b2DRdR + a2R(dLdR � d2D)b2RR + a2RdR ;D = (aRD � aDR)(bRdD � bDdR)b2RR + a2RdR :
(10)

The neutrino mass matrix in (9) is similar to the onein Ref. [14℄ but the broken symmetry diretions aredi�erent. Indeed, in this model, there are two brokensymmetry diretions as follows.1. If S3 is broken to Z2 (the subgroup Z2 is unbro-ken), then we have A = D = 0, B1 = B2 and C1 = C2.2. If S3 ! fidentityg (or, equivalently,Z2 ! fidentityg), then we have A 6= 0, D 6= 0,B1 6= B2, and C1 6= C2, but A and D are lose tozero, and B1, B2, C1, C2 are kept lose to eah otherin pairs. In this ase, the disparity between hs1i andhs2i is very small and an be regarded as a small per-turbation.We next divide our onsiderations into two ases to�t the data: the �rst ase is where only S3 is brokento Z2, and the seond ase is a ombination of bothS3 ! Z2 and Z2 ! fidentityg.3.1. Experimental onstraints under S3 ! Z2In the ase S3 ! Z2, �1 = �2 � �s, v1 = v2 � vs,�1 = �2 � �s, we have A = D = 0, B1 = B2 � B,C1 = C2 � C; and Meff in (9) redues toMeff = 0B� 0 B BB C 0B 0 C 1CA ; (11)withB = ��s � v2s�s� x2 ; C = ��s � v2s�s� y: (12)We an diagonalize the matrix Meff in (11) asUTMeffU = diag(m1;m2;m3);

where m1 = 12 �C �pC2 + 8B2 � == ��s � v2s�s� y +py2 + 2x22 ;m2 = 12 �C +pC2 + 8B2 � == ��s � v2s�s� y �py2 + 2x22 ;m3 = C = ��s � v2s�s� y;
(13)

and the neutrino mixing matrix takes the formU0 == 0BBBBBBBB� jKjpjKj2 + 2 � p2pjKj2 + 2 01pjKj2 + 2 1p2 jKjpjKj2 + 2 � 1p21pjKj2 + 2 1p2 jKjpjKj2 + 2 1p2
1CCCCCCCCA ;

K = �C +pC2 + 8B22B : (14)
We note that m1m2 = �2B2. This matrix an be pa-rameterized by three Euler's angles, whih implies�13 = 0; �23 = �=4; tg �12 = p2jKj : (15)This ase oinides with the data beause sin2(2�13) << 0:15 and sin2(2�23) > 0:92 [3℄. For the remainingonstraints, taking the entral values from the data [3℄,sin2(2�12) � 0:87; s212 = 0:32;994



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :�m221 = 7:59 � 10�5 eV2; �m232 = 2:43 � 10�3 eV2;we have a solutionm1 = 0:0280284 eV; m2 = 0:0293347 eV;m3 = 0:0573631 eV; (16)and B = �0:0202757i eV, C = 0:0573631 eV, K == 1:44667, and jx=yj = 0:707087. It follows thattg �12 = 0:977565 (�12 � 44:35Æ), and the neutrino mix-ing matrix form is very lose to that of the bi-maximalmixing pattern mentioned in Ref. [19℄:U = 0BBBBBB� 0:715083 �0:69904 00:494296 0:50564 � 1p20:494296 0:50564 1p2
1CCCCCCA �

� 0BBBBBBB� 1p2 � 1p2 012 12 � 1p212 12 1p2
1CCCCCCCA : (17)Now, it is natural to hoose �s and v2s=�s in eV, andsuppose that �s > v2s=�s. We assume that �s�v2s=�s == 0:1, we have x = �0:573631 and y = 0:399403i.It was assumed in reent analyses that �13 6= 0,but is small, as in Ref. [4℄. If this is orret, thenthat ase will fail. But the diretion of the breakingsS3 ! fidentityg an improve this.3.2. Experimental onstraints underS3 ! fidentitygIf both S3 ! Z2 and Z2 ! fidentityg diretionsare realized, then �1 6= �2 � �s, v1 6= v2 � vs, and

�1 6= �2 � �s and, onsequently, A � 0, D1 � 0,B1 � B2, and C1 � C2, and the general neutrino massmatrix in (9) an be rewritten in the formMeff = 0B� 0 B BB C 0B 0 C 1CA+0B� r1 p1 p2p1 q1 r2p2 r2 q2 1CA ; (18)where B and C are given by (12), to math the aseS2 ! Z2 as in (11). The last matrix in (18) is a devia-tion from the ontribution due to the disparity of hs1iand hs2i, namely,p1 = B1 �B; B2 �B = p1; C1 � C = q1;C2 � C = q2; r1 = A; r2 = D: (19)With A, D andB1;2, C1;2 de�ned in (10), it orrespondsto S3 ! fidentityg. Substituting (10) and (12) in (19)with the help of (8), we obtainr1 = � (�sv1 � �1vs)2�31 +�3s x24y == � �21�2s�31 +�3s � v1�1 � vs�s�2 x24y ; (20)r2 = � (�sv1 � �1vs)2y�31 +�3s == � �21�2s�31 +�3s � v1�1 � vs�s�2 y; (21)p1 = �1(�sv1 � �1vs)2x2�s(�31 +�3s) == �1�s �21�2s�31 +�3s � v1�1 � vs�s�2 x2 ; (22)p2 = (�1 � �s)�s(�31 +�3s)� �21�sv21 � 2�3sv1vs + (�31 +�1�2s +�3s)�s(�31 +�3s)v2s x2 ; (23)q1 = [(�1 � �s)�s(�31 +�3s)� �21�sv21 � 2�3sv1vs + (�31 +�1�2s +�3s)v2s ℄y�s(�31 +�3s) = (�1 � �s)y �� (�21�sv21 + 2�3sv1vs)y�s(�31 +�3s) + (�31 +�1�2s +�3s)v2sy�s(�31 +�3s) == (�1 � �s)y � (v21 + 2�2s�21 v1vs)y�1 + �2s�21�s + ��1�s + �s�1 + �2s�21� v2sy�1 + �2s�21�s ; (24)
995 3*



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014q2 = �1(�sv1 � �1vs)2y�s(�31 +�3s) == �1�s �21�2s�31 +�3s � v1�1 � vs�s�2 y: (25)Indeed, if S3 ! Z2, then the deviations pi, qi, and ri(i = 1; 2) vanish, and therefore the mass matrix Meffin (9) redues to its �rst term oiniding with (11).The �rst term in (18) provides a bi-maximal mixingpattern with �13 = 0, as shown in Se. 3.1. The others,proportional to pi, qi, ri due to the ontribution of thedisparity of hs1i and hs2i, take the role of perturbationfor suh a deviation of �13. Hene, in this work we on-sider the disparity of the hs1i and hs2i ontributionsas a small perturbation and trunate the theory at the�rst order.In Ref. [20℄, we onsidered the ase of S4 ! K4breaking orresponding to S3 ! fidentityg in this pa-per, with �1 6= �s, but v1 = vs and �1 = �s. Thenr1 = r2 = p1 = q2 = 0; p2 = x2y q1;q1 = (�1 � �s)y � �ywith � = �1 � �s being a small parameter that playsthe role of a perturbation. In this paper, we onsiderthe more general ase, in whih all elements of hs1i andhs2i are di�erent from eah other.If hjs1 � s2ji � hs1i � hs2i and v1�1 � vs�s � 1, thenwe an evaluate r1, r2, p1, q2 � 1, whih are of theseond order in the perturbation and are therefore ig-nored. The remaining parameters p2 and q1 are easilyobtained as p2 = �x2 ; q1 = �y; (26)where� = �1 � �s � v21 + 2�2s�21 v1vs�1 + �2s�21�s ++ ��1�s + �s�1 + �2s�21� v2s�1 + �2s�21�s : (27)The matrix Meff in (18) thus redues toMeff = 0B� 0 B BB C 0B 0 C 1CA+ �0B� 0 0 x=20 y 0x=2 0 0 1CA ��M0eff + �M (1): (28)

Evaluating � shows that it is a small parameter,whih an be regarded as a small perturbation. Withinthe perturbation theory up to the �rst order of �, thephysial neutrino masses are obtained asm01 = �1 = m1 + ��Kx+ yK2 + 2� ;m02 = �2 = m2 + �K(Ky � 2x)2(K2 + 2) ;m03 = �3 = m3 + �y2 ; (29)wherem1;2;3 are the mass values as in the ase S3 ! Z2given by (16). For the orresponding perturbed eigen-states, we set U ! U 0 = U +�U;where U is de�ned by (14), and�U = 0B� �U11 �U12 �U13�U21 �U22 �U23�U31 �U32 �U33 1CA ; (30)where�U11 = �� �K2 � 2�x+ 2Ky2(K2 + 2)3=2(m1 �m2) ;�U21 = �� Kx� 2y4pK2 + 2(m1 �m3) ++ � K[(K2 � 2)x+ 2Ky℄4(K2 + 2)3=2(m1 �m2) ;�U31 = � Kx� 2y4pK2 + 2(m1 �m3) ++ � K[(K2 � 2)x+ 2Ky℄4(K2 + 2)3=2(m1 �m2) ;�U12 = �� K[(K2 � 2)x+ 2Ky℄2p2(K2 + 2)3=2(m1 �m2) ;�U22 = �2p2 Ky + xpK2 + 2(m2 �m3) �� �2p2 (K2 � 2)x+ 2Ky(K2 + 2)3=2(m1 �m2) ;�U32 = � �2p2 Ky + xpK2 + 2(m2 �m3) �� �2p2 (K2 � 2)x+ 2Ky(K2 + 2)3=2(m1 �m2) ;�U13 = � �2p2 K(Kx� 2y)(K2 + 2)(m1 �m3) �� �p2 Ky + x(K2 + 2)(m2 �m3) ;�U23 = �U33 = � �2p2 Kx� 2y(K2 + 2)(m1 �m3) ++ �2p2 K(Ky + x)(K2 + 2)(m2 �m3) :

(31)

996



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :In this ase, the lepton mixing matrix U 0 an still beparameterized in terms of three new Euler's angles �0ij ,whih are also a perturbation from the �ij in ase 1,de�ned by s013 = �U 013 = �U13 = � �y2p2B ;t012 = �U 012U 011 == � h4�B2Cx+ �C2 �C +pC2 + 8B2 �x ++ 2BC �C +pC2 + 8B2 � (2C � �y) ++ 8B3 �4C + 4pC2 + 8B2 � �y�i�� np2 h64B4 + 2C3 �C +pC2 + 8B2 � �� �BC �C +pC2 + 8B2 �x++ 2B2 �12C2 + 8CpC2 + 8B2 �++ �Cy + �ypC2 + 8B2 io�1 ;t023 = �U 023U 033 = 4B2 + �(Bx� Cy)4B2 � �(Bx� Cy) :It is easily shown that our model is onsistent be-ause the �ve experimental onstraints on the mixingangles and squared mass di�erenes of neutrinos anbe respetively �tted with two Yukawa oupling pa-rameters x, y of the anti-sextet salar s, if the VEVsare previously given. Indeed, taking the data in (1),we obtain � � 0:0692, x � 0:0728, y � �0:1562, andB � �0:0241, C = 0:022, K = 1:943, and t023 = 0:9045(�023 � 42:13Æ, sin2(2�023) = 0:98999 satisfying theondition sin2(2�023) > 0:95 as in (1)). The neutrinomasses are expliitly given asm01 � �0:02737 eV, m02 �� �0:02870 eV, and m03 � �0:05607 eV, whih are ina normal ordering. The neutrino mixing matrix thentakes the formU = 0B� 0:8251 �0:5657 �0:15850:3302 0:6781 �0:67160:4697 0:4888 0:7426 1CA : (32)4. SCALAR POTENTIALTo be omplete, we write the salar potentials ofboth the models mentioned. It is also noted that(TrA)(TrB) = Tr (ATrB)

andV (X! X 0;Y! Y 0; : : : ) � V (X;Y; : : : )jX=X0;Y=Y 0;::::The general potential invariant under any subgrouptakes the formVtotal = Vtri + Vsext + Vtri�sext; (33)where Vtri omes from only ontributions of SU(3)Ltriplets given as a sum of the following terms:V (�) = �2��y�+ ��(�y�)2; (34)V (�) = V (�! �); V (�0) = V (�! �0);V (�) = V (�! �); V (�0) = V (�! �0); (35)V (�; �) = ���1 (�y�)(�y�) + ���2 (�y�)(�y�);V (�0; �) = V (�! �0; �); V (�; �) = V (�; �! �);V (�; �0) = V (�; �! �0);V (�; �0) = V (�; �! �0) + ���03 (�y�0)(�y�0) ++ ���04 (�0y�)(�0y�);V (�; �) = V (�; �! �); V (�; �0) = V (�; �! �0);V (�0; �) = V (�! �0; �! �);V (�0; �0) = V (�! �0; �! �0);V (�; �0) = V (�! �; �! �0) + ���03 (�y�0)(�y�0) ++ ���04 (�0y�)(�0y�);V���0��0 = �1��� + �01��0�0 ++ �11(�y�0)(�y�0) + �21(�y�0)(�0y�) ++ �31(�y�)(�0y�0) + �41(�y�0)(�y�0) +H.. (36)The Vsext is given by only V (s):V (s) = �2s Tr(sys) + �s1 Tr[(sys)1(sys)1℄ ++ �s2Tr[(sys)10(sys)10 ℄ + �s3Tr[(sys)2(sys)2℄ ++ �s4 Tr(sys)1 Tr(sys)1 + �s5Tr(sys)10 Tr(sys)10 ++ �s6 Tr(sys)2 Tr(sys)2: (37)Next, Vtri�sext is a sum of all the terms onneting boththe setors:V (�; s) = ��s1 (�y�) Tr(sys)1 + ��s2 [(�ysy)(s�)℄1;V (�0; s) = V (�! �0; s); V (�; s) = V (�! �; s);997



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014V (�; s) = V (�! �; s); V (�0; s) = V (�! �0; s);Vs���0��0 = (�01�y�0 + �02�y�0) Tr(sys)10 ++ �03[(�ysy)(s�0)℄1 + �04[(�ysy)(s�0)℄1 +H..To provide the Majorana masses for the neutri-nos, the lepton number must be broken. This an beahieved via the salar potential violating U(1)L, butthe other symmetries must be onserved. The L vio-lating potential is given by�V = [��1Tr(sys)1 + ��2�y�+ ��3�y� + ��4�0y�0 ++ ��5�y�0 + ��6�0y� + ��7�y�++ ��8�0y�0 + ��9�y�0 + ��10�0y�℄�y�++ [��11 Tr(sys)10 + ��12�0y�+ ��13�y� ++��14�0y�0 + ��15�y�0+��16�0y�+��17�y�+��18�0y�0++ ��19�y�0 + ��20�0y�℄10�0y�+ ��21(�y�)(�y�) ++ ��22(�y�0)10(�0y�)10 + ��23(�0y�)10(�0y�)10 ++ ��24(�0y�0)1(�y�)1 + ��25(�ysy)2(s�)2 ++ ��26(�0ysy)2(s�)2 +H.. (38)We have not pointed it out, but there must addi-tionally exist the terms in �V expliitly violating onlythe S3 symmetry or both the S3 and L-harge. In whatfollows, most of them are omitted, and only the termsof interest to us are provided.We now onsider the potential Vtri. The �avons �,�, �0, �, �0 with their VEVs aligned in the same di-retion (all of them being singlets) are an automatisolution of the minimization onditions for Vtri. Toexpliitly see this, in the system of equations for mini-mization, we set v� = v, v0� = v0, u� = u, u0� = u0, andv�� = v�. Then the potential minimization onditionsfor triplets redues to�Vtri�! = 4��!3 + 2��2� + ���1 u2 + ���01 u02 ++ ���1 v2 + ���01 v02�! � �1uv � �01u0v0 = 0; (39)�Vtri�v = 4��v3 + 2 h�2� + ���1 u2 + ���01 u02 ++ (���01 + ���02 + ���03 + ���04 )v02 + !2���1 i v ++ (�11 + �21)uu0v0 � �1!u = 0; (40)�Vtri�v0 = 4��0v03 + 2 h�2�0 + ��0�1 u2 + ��0�01 u02 ++ (���01 + ���02 + ���03 + ���04 )v2 + !2��0�1 i v0 ++ (�11 + �21)uu0v � �01!u0 = 0; (41)

�Vtri�u = 4��u3 ++ 2 h�2� + (���01 + ���02 + ���03 + ���04 )u02 + ���1 v2 ++ ��0�1 v02+!2���1 iu+(�11+�21)u0vv0��1!v = 0; (42)�Vtri�u0 = 4��0u03 + 2 h�2�0 + (���01 + ���02 + ���03 ++ ���04 )u2 + ���01 v2��0�01 v02 + !2��0�1 iu0 ++ (�11 + �21)uvv0 � �01!v0 = 0: (43)It is easy to see that the derivatives of Vtri with respetto the variables u, u0, v, v0 shown in (40), (41), (42),and (43) are symmetri with respet to one another.System of equations (39)�(43) always has the solution(u, v, u0, v0) as expeted, even though it is ompliated.We also note that the above alignment is only one ofthe onditions to be imposed to have the desirable re-sults. We have evaluated that Eqs. (40)�(43) have thesame struture of solutions. Consequently, to have asimple solution, we an assume that u = u0 = v = v0.In this ase, Eqs. (40)�(43) redue to a single equation,and system of equations (39)�(43) beomes�Vtri�! = 4��!3 ++ 2![�2� + (2���1 + 2���1 )v2℄� 2�1v2 = 0; (44)�Vtri�v = 2v h2!2(���1 + ���1 ) + 2(�2� + �2�) ++ 2��11 + �21 + 4���1 + ���01 + ���02 + ���03 + ���04 ++ ���01 + ���02 + ���03 + ���04 + 2�� + 2��� v2 �� 2�1!℄ = 0: (45)This system has the solutionu = u0 = v0 = v = �s !(�2� + ��!2)�1 � 2!(���1 + ���1 ) ;! = ��12(�2 � ���) �� 
3 � 22=3(�2 � ���) �� +p�2 + 4
3 �1=3 ++ �� +p�2 + 4
3 �1=36 � 21=3(�2 � ���) ;998



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :where� = 54���1(���21 + �2�2� � ����2�)�� 108���1�(�2 � ���); (46)
 = 6(�2 � ���)(2� + �21 � ��2�)� 9�2�21; (47)� = ���1 + ���1 ; (48)� = �11 + �21 + 4���1 + ���0 + ���0 + 2(�� + ��); (49)���0 = ���01 + ���02 + ���03 + ���04 ;���0 = ���01 + ���02 + ���03 + ���04 :We next onsider the potentials Vsext and Vtri�sext.By imposing the onditions��1 = �1; ��2 = �2; v�1 = v1; v�2 = v2;��1 = �1; ��2 = �2;v� = v; v0� = v0; u� = u; u0� = u0;v�� = v�; v�� = v�; (50)we obtain a system of equations of the potential mini-mization for anti-sextets:�V1��1 = 2��2 ���s1 !2 + �2s + (��s1 + ��s2 + ��s3 )u2 ++ (�02 + �04)uu0 + (��0s1 + ��0s2 + ��0s3 )u02 + �01vv0 ++ ��s1 v2 + ��0s1 v02 + 4�s4�1�2 + 2(3�s1 + �s2 ++ �s3 + 4�s4)v1v2℄ + 2�2(�s1 � �s2 + �s3)v1v2 ++ 2�1(�s1 + �s2)v22 + 2�1 ��s6�22 + �22(2�s1 + �s3++ 2�s4 + �s6) + (�s1 � �s2 + �s3 + 2�s6)v22�	 ; (51)�V1��2 = 2��1 ���s1 !2 + �2s + (��s1 + ��s2 + ��s3 )u2 ++ (�02 + �04)uu0 + (��0s1 + ��0s2 + ��0s3 )u02 + �01vv0 ++ ��s1 v2 + ��0s1 v02 + 4�s4�1�2 ++ 2(3�s1 + �s2 + �s3 + 4�s4)v1v2℄ ++ 2�1(�s1 � �s2 + �s3)v1v2 + 2�2(�s1 + �s2)v21 ++ 2�2 ��s6�21 + �21(2�s1 + �s3 + 2�s4 + �s6) ++ (�s1 � �s2 + �s3 + 2�s6)v21�	 ; (52)

�V1�v1 = 2�v2 �(2��s1 + ��s2 + ��s3 )!2 + 2�2s ++ (2��s1 + ��s2 + ��s3 )u2 + (2�02 + �04)uu0 ++ (2��0s1 + ��0s2 + ��0s3 )u02 + 2��s1 v2 + 2�01vv0 ++2��0s1 v02 + 2(�1�2 + �2�1)(�s1 � �s2 + �s3) ++ 2(�1�2 +�1�2)(3�s1 + �s2 + �s3 + 4�s4)℄ ++ 2 �2�2�2(�s1 + �s2) + (�22 +�22)(�s1 � �s2 ++ �s3+2�s6)℄ v1+4(2�s1+�s3+4�s4+2�s6)v1v22	 ; (53)�V1�v2 = 2�v1 �(2��s1 + ��s2 + ��s3 )!2 + 2�2s ++ (2��s1 + ��s2 + ��s3 )u2 + (2�02 + �04)uu0 ++ (2��0s1 + ��0s2 + ��0s3 )u02 + 2��s1 v2 + 2�01vv0 ++ 2��0s1 v02 + 2(�1�2 + �2�1)(�s1 � �s2 + �s3) ++ 2(�1�2 +�1�2)(3�s1 + �s2 + �s3 + 4�s4)℄ ++ 2 �2�1�1(�s1 + �s2) + (�21 +�21)(�s1 � �s2 ++ �s3+2�s6)℄ v2+4(2�s1+�s3+4�s4+2�s6)v2v21	 ; (54)�V1��1 = 2��2 �(��s1 + ��s2 + ��s3 )!2 + �2s++��s1 u2+�02uu0+��0s1 u02+�01vv0+��s1 v2+��0s1 v02 ++ 4�s4�1�2 + 2(3�s1 + �s2 + �s3 + 4�s4)v1v2℄ ++ 2�2(�s1 � �s2 + �s3)v1v2 + 2�1(�s1 + �s2)v22 ++ 2�1 ��s6�22 +�22(2�s1 + �s3 + 2�s4 + �s6) ++ (�s1 � �s2 + �s3 + 2�s6)v22�	 ; (55)�V1��2 = 2��1 �(��s1 + ��s2 + ��s3 )!2 + �2s ++ ��s1 u2 + �02uu0 + ��0s1 u02 ++ �01vv0 + ��s1 v2 + ��0s1 v02 ++ 4�s4�1�2 + 2(3�s1 + �s2 + �s3 + 4�s4)v1v2℄ ++ 2�1(�s1 � �s2 + �s3)v1v2 + 2�2(�s1 + �s2)v21 ++ 2�2 ��s6�21 +�21(2�s1 + �s3 + 2�s4 + �s6) ++ (�s1 � �s2 + �s3 + 2�s6)v21�	 ; (56)where V1 = Vsext + Vtri�sext:It is easy to see that Eqs. (51)�(56) take the same formpairwise. This system of equations yields the relations�1 = ��2; v1 = �v2; �1 = ��2; (57)999



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014with � is a onstant. This means that there are severalalignments for VEVs. In this paper, to obtain the de-sired results, we impose the two diretions for breakingS3 ! Z2 and Z2 ! fidentityg as mentioned, in whih� = 1 and � 6= 1 but approahes to the unit. In thease where � = 1 or �1 = �2 = �s, v1 = v2 = vs,and �1 = �2 = �s, system of equations (51)�(56) re-dues to a system for the potential minimal onsistingof three equations:�s �A! + �2s + 2As�2s + 2(As +Bs)�2s + Av ++ 4(As +Bs)v2s�+ 2Bs�sv2s = 0; (58)2(A! +B!) + 2�2s +Av +A0v ++ 4Bs�s�s + 4(As +Bs)(�2s + v2s +�2s) = 0; (59)�s �A! +B! + �2s + 2As�2s + 2(As +Bs)�2s ++ A0v + 4(As +Bs)v2s�+ 2Bs�sv2s = 0; (60)where A! = ��s1 !2; B! = (��s2 + ��s3 )!2;

As = 2�s4 + �s6; Bs = 2�s1 + �s3;Av = (�01 + �02 + �04 + ��s1 + ��0s1 + ��s1 + ��s2 ++ ��s3 + ��0s1 + ��0s2 + ��0s3 )v2;A0v = (�01 + �02 + ��s1 + ��0s1 + ��s1 + ��0s1 )v2:System of equations (58)�(60) always has the solution(�s, vs, �s) as expeted, even though it is ompliated.We also note that the above alignment is only one of theonditions to be imposed to have the desired results.5. GAUGE BOSONSThe ovariant derivative of the triplet is given byD� = �� � ig �a2 W�a � igXX�92 B� = �� � iP�; (61)where �9 = p2=3diag(1; 1; 1) and �a(a = 1; 2; : : : ; 8)are Gell-Mann matries that satisfy the relationsTr�a�b = 2Æab and Tr�9�9 = 2, and X is the U(1)X -harge of Higgs triplets.We an rewrite P� in a onvenient form as follows:
g2 0BBBBBBBBB� W�3 + W�8p3 + tr23XB� p2W 0+� p2X 00�;p2W 0�� �W�3 + W�8p3 + tr23XB� p2Y 0��p2X 00�� p2Y 0+� � 2p3W�8 + tr23XB�

1CCCCCCCCCA ; (62)
where we setW 0+� = W�1 � iW�2p2 ; X 00� = W�4 � iW�5p2 ;Y 0�� = W�6 � iW�7p2 ; W 0�� = (W 0+� )�;Y 0+� = (Y 0�� )�; (63)and t = gX=g. We note that W4 and W5 are respe-tively purely real and imaginary parts of X0 and X0�.The ovariant derivative for the anti-sextet with a VEVpart is [21; 22℄D�hsii = ig2 fW a���ahsii+ hsiiW a���Ta g �� igXT9XB�hsii: (64)Covariant derivative (64) ating on the anti-sextetVEVs is given by

[D�hsii℄11 = ig �iW�3 + �ip3W�8 ++ r23 13 t�iB� +p2viX 00�! ;[D�hsii℄12 = igp2 ��iW 0+� + viY 0+� � ;[D�hsii℄13 = ig2  viW�3 � vip3W�8 ++ 23r23tviB� +p2�iX 00� +p2�iX 00�� ! ;[D�hsii℄21 = [D�hsii℄12;1000



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :[D�hsii℄22 = 0;[D�hsii℄23 = igp2 �viW 0+� +�iY 0+� � ;[D�hsii℄31 = [D�hsii℄13;[D�hsii℄32 = [D�hsii℄23;[D�hsii℄33 = ig � 2p3�iW�8 ++ r23 13t�iB� +p2viX 00�! :The masses of gauge bosons in this model are de�nedasLGBmass = (D�h�i)+(D�h�i)+(D�h�0i)+(D�h�0i)++ (D�h�i)+(D�h�i) + (D�h�i)+(D�h�i) ++ (D�h�0i)+(D�h�0i) + Tr[(D�hs1i)+(D�hs1i)℄ ++ Tr[(D�hs2i)+(D�hs2i)℄: (65)Substituting the Higgs VEVs of the model in (65) yieldsLGBmass = v2324 h81g2(W 2�1+W 2�2)+81g2(W 2�6+W 2�7) ++ (�9gW�3 + 3p3gW�8 + 2p6gXB�)2i++ v02324 h81g2(W 2�1 +W 2�2) + 81g2(W 2�6 +W 2�7) ++ (�9gW�3 + 3p3gW�8 + 2p6gXB�)2i++ !2108 h27g2(W 2�4 +W 2�5) + 27g2(W 2�6 +W 2�7) ++ 36g2W 2�8 + 12p2 ggxW�8B� + 2g2XB2�i++ u2324 h81g2(W 2�1 +W 2�2) + 81g2(W 2�4 +W 2�5) ++ (�9gW�3 � 3p3gW�8 +p6gXB�)2i++ u02324 h81g2(W 2�1 +W 2�2) + 81g2(W 2�4 +W 2�5) ++ (�9gW�3 � 3p3gW�8 +p6gXB�)2i++ g26 h2(�1v1 +�2v2)�3W�3W�4 + 3W�1W�6 �� 3W�2W�7 � 5p3W�4W�8� ++3(v21+v22+�21+�22)W 2�1+3(v21+v22+�21+�22)W 2�2 ++ 3(v21+v22 + 2�21 + 2�22)W 2�3 ++ 3(4v21 + 4v22 + �21 + �22 +�21 +�22 + 2�1�1 ++ 2�2�2)W 2�4 + 3 �4v21 + 4v22 + �21 + �22 +�21 +�22 �� 2�1�1 � 2�2�2)W 2�5 + 3(v21 + v22 +�21 +�22)W 2�6 +

+ 3(v21 + v22 +�21 +�22)W 2�7 ++ 2p3(�v21 � v22 + 2�21 + 2�22)W�3W�8 ++ (v21 + v22 + 2�21 + 2�22 + 8�21 + 8�22)W 2�8 ++18(�1v1+�2v2)W�3W�4+6(�1v1+�2v2)W�1W�6�� 6(�1v1 + �2v2)W�2W�7 ++ 2p3(�1v1 + �2v2)W�4W�8i++ 227 t2g2(�21 + �22 +�21 +�22 + 2v21 + 2v22)B2� �� 23r23 tg2(�21 + �22 + v21 + v22)W�3B� �� 43r23tg2 [(�1 +�1)v1 + (�2 +�2)v2℄W�4B� ��2p29 tg2(�21+�22�v21�v22�2�21�2�22)W�8B�: (66)We an split LGBmass in (66) asLGBmass = LW5mass + LCGBmix + LNGBmix ; (67)where LW5mass is the Lagrangian part of the imaginarypart W5. This boson is deoupled, with its mass givenbyLW5 = g24 �!2 + u2 + u02 + 8v21 + 8v22 + 2�21 ++ 2�22 + 2�21 + 2�22 � 4�1�1 � 4�2�2�W 2�5:Hene,M2W5 = g22 �!2 + u2 + u02 + 8v21 + 8v22 + 2�21 ++ 2�22 + 2�21 + 2�22 � 4�1�1 � 4�2�2� : (68)In the limit �1, �2, v1, v2 ! 0, we haveM2W5 = g22 �!2 + u2 + u02 + 2�21 + 2�22� : (69)Next,LCGBmix = g24 �v2 + v02 + u2 + u02 ++ 2(v21 + v22 + �21 + �22)� (W 2�1 +W 2�2) ++ g24 �v2 + v02 + !2 + 2(v21 + v22 +�21 +�22)���(W 2�6+W 2�7)+g2(�1v1+�1v1+�2v2+�2v2)�� (W�1W�6 �W�2W�7) (70)is the Lagrangian part of the harged gauge bosons Wand Y , whih an be rewritten in matrix form asLCGBmix = g24 (W 0�� Y 0�� )M2WY �W 0+� Y 0+� �T ;where1001



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014M2WY = 2 v2 + v02 + u2 + u02 + 2(v21 + v22 + �21 + �22) 2(�1v1 + �1v1 +�2v2 + �2v2)2(�1v1 + �1v1 +�2v2 + �2v2) v2 + v02 + !2 + 2(v21 + v22 +�21 +�22) ! : (71)The matrix M2WY in (71) an be diagonalized asUT2 M2WY U2 = diag(M2W ;M2Y );whereM2W = g24 n2(�21+�22+2v21+2v22+�21+�22) ++ !2 + u2 + u02 + 2(v2 + v02)�p�o ;M2Y = g24 n2(�21+�22+2v21+2v22+�21+�22) ++ !2 + u2 + u02 + 2(v2 + v02) +p�o ; (72)with� = 4�41 + 4�41 + (2�22 � 2�22 � !2 + u2 + u02)2 �� 4�21 �2�21 � 2�22 + 2�22 + !2 � u2 � u02 � 4v21��� 4�21(2�22 � 2�22 � !2 + u2 + u02 � 4v21) ++ 32�1(�2 +�2)v1v2 + 16(�2 +�2)2v22 ++ 32�1v1(�1v1 + �2v2 +�2v2): (73)In our model, the following limits are often used:�21;2; v21;2 � u2; u02; v2; v02; (74)u2; u02; v2; v02 � !2 � �21;2: (75)With the help of (74), � in (73) beomes� � 2�21 + 2�22 + !2 � u2 � u02 ++ 16�1�2v1v2 + 8�22v222�21 + 2�22 + !2 � u2 � u02 : (76)It then follows thatM2W � g22 �u2 + u02 + v2 + v02�� g22 �M2W ; (77)with �M2W = 4(2�1�2v1v2 +�22v22)2�21 + 2�22 + !2 � u2 � u02 : (78)The orresponding eigenstates are arranged into theharged gauge boson mixing matrixU2 = 0BB� RpR2 + 1 � 1pR2 + 11pR2 + 1 RpR2 + 1 1CCA ��  os � � sin �sin � os � ! ;

whereR = 2�21�2�21+2�22�2�22�!2+u2+u02�p�4(�1+�1)v1+4(�2+�2)v2 :The physial harged gauge bosons is de�ned asW�� =W 0�� os � + Y 0�� sin �;Y �� = �W 0�� sin � + Y 0�� os �:The mixing angle � is given bytg � = 1R == 4(�1 +�1)v1 + 4(�2 +�2)v22�21�2�21+2�22�2�22�!2+u2+u02�p� �� 4�1v1+4�2v2�2�21�2�22�!2�2(�21+�22) � vi�i ; i = 1; 2: (79)We note that in the limit v1;2 ! 0, the mixing angle� tends to zero,� = 2�21 + 2�22 + !2 � u2 � u02;and we haveM2W = g22 �u2 + u02 + v2 + v02� ;M2Y = g22 �2�21 + 2�22 + !2 + v2 + v02� : (80)There is a mixing among the neutral gauge bosonsW3,W8, B, and W4. The mass Lagrangian in this ase hasthe formLNGBmix = v2324 �81g2W 2�3 + 27g2W 2�8 + 24g2XB2� �� 54p3g2W�3W�8 � 36p6 ggXW�3B� ++ 36p2 ggXW�8B��+ v02324 �81g2W 2�3 + 27g2W 2�8 ++ 24g2XB2� � 54p3g2W�3W�8 �� 36p6 ggXW�3B� + 36p2 ggXW�8B��++ !2108 �27g2W 2�4 + 36g2W 2�8 ++ 12p2 ggxW�8B� + 2g2XB2��++ u2324 �81g2W 2�4+81g2W 2�3+27g2W 2�8+6g2XB2� ++ 54p3g2W�3W�8�18p6 ggXW�3B��18p2W�8B��++ u02324 �81g2W 2�4 + 81g2W 2�3 +1002



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :+ 27g2W 2�8 + 6g2XB2� + 54p3g2W�3W�8 �� 18p6 ggXW�3B� � 18p2W�8B��++ g26 h2(�1v1 +�2v2)�3W�3W�4 � 5p3W�4W�8� ++ 3(v21 + v22 + 2�21 + 2�22)W 2�3 ++ 3(4v21 + 4v22 + �21 + �22 +�21 +�22 + 2�1�1 ++2�2�2)W 2�4+2p3(�v21�v22+2�21+2�22)W�3W�8++ (v21 + v22 + 2�21 + 2�22 + 8�21 + 8�22)W 2�8 ++ 18(�1v1 + �2v2)W�3W�4 ++ 2p3(�1v1 + �2v2)W�4W�8i++ 227 t2g2(�21 + �22 +�21 +�22 + 2v21 + 2v22)B2� �� 23r23tg2(�21 + �22 + v21 + v22)W�3B� �� 43r23 tg2 [(�1 +�1)v1 + (�2 +�2)v2℄W�4B� ��2p29 tg2(�21+�22�v21�v22�2�21�2�22)W�8B�: (81)In the basis (W�3, W�8, B�, W�4), LNGBmix an berewritten in matrix form:LNGBmix � 12V TM2V;whereV T = (W�3;W�8; B�;W�4);M2 = g24 0BBBB� M211 M212 M213 M214M212 M222 M223 M224M213 M223 M233 M234M214 M224 M234 M244 1CCCCA ; (82)withM211 = 2(v2+v02+u2+u02+2v21+2v22+4�21+4�22);M212 = �2p33 �v2 + v02 � u2 � u02 + 2v21 ++ 2v22 � 4�21 � 4�22� ;M213 = �23r23t �2v2 + 2v02 + u2 + u02 + 4�21 ++ 4�22 + 4v21 + 4v22� ;

M214 = 4(�1v1 +�2v2) + 12(�1v1 + �2v2);M222 = 23 �v2 + v02 + 4!2 + u2 + u02 ++ 2v21 + 2v22 + 4�21 + 4�22 + 16�21 + 16�22� ;M223 = 2p2t9 �2v2 + 2v02 + 2!2 � u2 � u02 �� 4�21 � 4�22 + 4v21 + 4v22 + 8�21 + 8�22� ;M224 = 4p3 [�1v1 + �2v2 � 5(�1v1 +�2v2)℄ ;M233 = 4t227 �4v2 + 4v02 + !2 + u2 + u02 ++ 4�21 + 4�22 + 4�21 + 4�22 + 8v21 + 8v22� ;M234 = �163 r23t(�1v1 +�1v1 + �2v2 +�2v2);M244 = 2(!2 + u2 + u02 + 8v21 + 8v22 + 2�21 ++ 2�22 + 2�21 + 2�22 + 4�1�1 + 4�2�2):
(83)

The matrix M2 in (82) with the elements in (83) hasone exat eigenvalue, whih is identi�ed with the pho-ton mass, M2 = 0: (84)The orresponding eigenvetor of M2 isA� ==  p3tp4t2+18 � tp4t2 + 18 3p2p4t2+18 0!T : (85)We note that in the limit �1;2; v1;2 ! 0, M214 == M224 = M234 = 0 and W4 does not mix with W3�,W8�, and B�. In the general ase �1;2; v1;2 6= 0,the mass matrix in (82) ontains one exat eigenvalueas in (84) with the orresponding eigenstate de�nedin (85).The diagonalization of the mass matrix M2 in (82)is done in two steps. In the �rst step, the basis (W�3,W�8, B0�, W4�) is transformed into the basis (A�, Z�,Z 0�, W4�) by the matrix
UNGB = 0BBBBBBBBBB�

sW �W 0 0�W tWp3 �sW tWp3 r1� t2W3 0Wr1� t2W3 sWr1� t2W3 tWp3 00 0 0 1
1CCCCCCCCCCA : (86)
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V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014The eigenstates are de�ned asA� = sWW3� ++ W  � tWp3W8� +r1� t2W3 B�! ;Z� = �WW3� ++ sW  � tWp3W8� +r1� t2W3 B�! ;Z 0� =r1� t2W3 W8� + tWp3B�: (87)
To obtain (86) and (87), we used the ontinuation ofthe SU(3)L gauge oupling onstant g to the sponta-neous symmetry breaking point, wheret = 3p2sWp3� 4s2W : (88)In this basis, the mass matrix M2 in (82) beomesM 02 = U+NGBM2UNGB == g24 0BBBB� 0 0 0 00 M 0222 M 0223 M 02240 M 0223 M 0233 M 02340 M 0224 M 0234 M 0244 1CCCCA ; (89)whereM 0222 = 4(2t2+9)t2+18 �u2+u02+v2+v02+4�21 ++ 4�22+2v21+2v22� = 22W �u2+u02+v2 ++ v02 + 4�21 + 4�22 + 2v21 + 2v22� ;M 0223 = 43p3 p2t2 + 9t2 + 18 �� �(t2 � 9)(4�21 + 4�22 + u2 + u02) ++ (2t2 + 9)(v2 + v02 + 2v21 + 2v22)� == 22W �(1�22W )(u2+u02+4�21+4�22) ++ v2 + v02 + v21 + v22�p�0;M 0224 = �4p2r2t2 + 9t2 + 18 �� (�1v1 + 3�1v1 +�2v2 + 3�2v2) == � 4W (�1v1 +�2v2 + 3�1v1 + 3�2v2) ;M 0233 = 427(t2+18) �4�21(t2�9)2+4�21(t2+18)2 +

+ 81 �4�22+16�22+4!2+u2+u02 ++ v2+v02+2v21+2v22�++18t2 �8�22+2!2�u2 �� u02 + 2v2 + 2v02 + 4v21 + 4v22� ++4�22t2(t2�18)+t4 �4�22+!2+u2+u02 ++ 4v2 + 4v02 + 8v21 + 8v22�� == 32(�21 +�22)2W�0 ++8!22W�0+ 22W (v2+v02+2v21+2v22)�0++ 22W (22W � 1)2(u2 + u02)�0 ++ 8(22W � 1)22W (�21 + �22)�0;M 0234 = �4p23p3 1pt2+18 �(4t2�9)(�1v1+�2v2) ++ (4t2 + 45)(�1v1 +�2v2)� = �4p�W �� �x0(�1v1 +�2v2) +�2� 1�0� �� (�1v1 + �2v2)� ;M 0244 = 2 �2(�1 +�1)2 + 2(�2 +�2)2 + !2 ++ u2 + u02 + 8v21 + 8v22� = 2 �u2 + u02 ++ !2 + 2�21 + 2�22 + 2�21 + 2�22 ++ 4�1�1 + 4�2�2 + 8v21 + 8v22� :

(90)

In the approximation �21;2; v21;2 � �21;2 � !2, we haveM 0222 = 22W �u2 + u02 + v2 + v02� ;M 0223 = 22W �(1�22W )(u2+u02)+v2+v02�p�0;M 0224 = � 4W (�1v1 +�2v2) ;M 0233 = 32(�21 +�22)2W�0 + 8!22W�0 ++ 22W (v2 + v02)�0 ++ 22W (22W � 1)2(u2 + u02)�0;M 0234 = �4x0p�W (�1v1 +�2v2) ;M 0244 = 2 �u2 + u02 + !2 + 2�21 ++ 2�22 + 4�1�1 + 4�2�2� ;
(91)

withsW = sin �W ; W = os �W ; tW = tg �W ;x0 = 42W + 1; �0 = (42W � 1)�1: (92)1004



ÆÝÒÔ, òîì 145, âûï. 6, 2014 Neutrino mass and mixing in the 3�3�1 model : : :From (89), there exist mixings between Z�, Z 0� andW�4. It is noteworthy that in the limit v1;2 = 0, theelementsM 0224 andM 0234 vanish, and there is no mixingbetween W4 and Z�, Z 0�.In the seond step, three remaining neutral gaugebosons gain masses via the seesaw mehanism:M2Z = g24 �M 0222 � (Moff )T (M 022�2)�1Moff� ; (93)where Moff =  M 0223M 0224 ! ;M 022�2 =  M 0233 M 0234M 0234 M 0244 ! : (94)Combining (93) and (94) yieldsM2Z = g24 �M 0222 ++ (M 0224)2M 0233�2M 0223M 0224M 0234+(M 0223)2M 0244(M 0234)2 �M 0233M 0244 � == g2 �u2 + u02 + v2 + v02�22W � g222W �M2Z ;

where�M2Z == 4�2Z �44Wx3�x0x1+x4�+x1 �x2x1�4�2Zx0�x2(x4 + 44Wx3)� 4�2Zx20 == 4�2Z �44Wx3 � 2x0x1 + x4�+ x21x2x2(x4 + 44Wx3)� 4�2Zx20 ; (95)with x1 = (1� 22W )(u2 + u02) + v2 + v02;x2 = 2�1(2�1 +�1) + 2�2(2�2 +�2) + !2 + u2 + u02;x3 = 4�21 + 4�22 + !2 + u2 + u02;x4 = (1� 42)(u2 + u02) + v2 + v02;�Z = �1v1 +�2v2:The � parameter in our model is given by� = M2WM2Z os2 �W = 1 + Ætree; (96)whereÆtree = ÆWZM2Z ; ÆWZ = g222W ��M2Z ��M2W � : (97)Using approximations (74) and (75), we have�M2Z ��M2W � 8(�1v1 +�2v2)���� �2v22�21+2�22+!2+ (4�21+4�22+!2)(42W�1)2W (�1v1+�2v2)2(42W � 1) [(2�21+2�22+!2)(4�21 + 4�22 + !2)4W � (42W + 1)2(�1v1 +�2v2)2℄� : (98)We assume relations (57) and v2 � vs, ! = �2 � �s;then�M2Z ��M2W � 8(k2 + 1)�svs �� vs(2k2 + 3)�s ++ (k2+1)(4k2+5)2W�svs2[(8k4+22k2+15)4W�2s�(k2+1)2(42W+1)2v2s ℄� �� �8(k2 + 1)v2s2k2 + 3 + 8(k2 + 1)2(4k2 + 5)2W v2s2(2k2 + 3)(4k2 + 5)4W �� �8(k2 + 1)v2s2k2 + 3 + 8(k2 + 1)2v2s2(2k2 + 3)2W == 8(k2 + 1)v2s2k2 + 3 �k2 + 122W � 1� ; (99)�M2Z ��M2W � 8(k2 + 1)v2s2k2 + 3 �k2 + 122W � 1� : (100)

From (97) and (100), we haveÆtree = g222W 1M2Z 8(k2 + 1)v2s2k2 + 3 �k2 + 122W � 1� : (101)The experimental value of the � parameter and MWare given in Ref. [4℄:� = 1:0004+0:0003�0:0004 (Ætree = 0:0004+0:0003�0:0004);s2W = 0:23116� 0:00012;MW = 80:358� 0:015 GeV: (102)Hene, 0 � Ætree � 0:0007: (103)From (102) and (103), we an dedue the relations be-tween v, g, and k. Indeed,v = � 2WpÆtreep2k2 + 3MZgp2k2 + 2pk2 + 1� 22W :1005



V. V. Vien, H. N. Long ÆÝÒÔ, òîì 145, âûï. 6, 2014Figure 1 gives the relation between vs and g; k withg = 0:5 and k 2 (0:9; 1:1), for jvsj 2 (0; 8) GeV.Conditions (74) and (75) are then satis�ed. Figu-re 2 gives the relation between g and Ætree, vs withk = 1 and Ætree 2 (0; 0:0007), vs 2 (0; 8) GeV, forjgj 2 (0; 2) GeV. Conditions (74) and (75) are then sat-is�ed. Figure 3 gives the relation between k and g, vswith Ætree = 0:0005 and g 2 (0:4; 0:6), vs 2 (0; 8) GeV,for k 2 (1; 3) GeV (k is a real number, Fig. 3a) ork = ik1, k1 2 (�1:2;�1:05) GeV (k is a purely om-plex number, Fig. 3b ). Conditions (74) and (75) arethen satis�ed. From Fig. 3, we see that many valuesof k that are di�erent from lose to unity still an �tthe reent experimental data [4℄. This means that thedi�erene of hs1i and hs1i as mentioned in this work isneessary.Diagonalizing the mass matrix M 022�2, we obtaintwo new physial gauge bosonsZ 00� = Z 0� os�+W�4 sin�;W 0�4 = �Z 0� sin�+W�4 os�: (104)The mixing angle � is given bytg � = 4p�0W (�1v1 +�2v2)x0�44W�0x3 + 2Wx2 � �0x4 +pF ; (105)whereF = �44W�0x3 � 2Wx2 + �0x4�2 ++ 16�02W (�1v1 +�2v2)2x20:If �21;2; v21;2; u2; u02; v2; v02 � !2 � �2s � �2� thenpF � 2W [2�21 + 2�22 + !2 � 4�2W (4�21 + 4�22 + !2)℄;and we an evaluatetg � �� � 2p�0(�1v1+�2v2)x0W [2(8�02W�1)(�21+�22)+(4�02W�1)!2℄ �� vi�i ; i = 1; 2: (106)The physial mass eigenvalues are de�ned byM2Z00� ;W 0�4 = g242W �� n4�04Wx3 + 2Wx2 + �0x4 �pF o : (107)In the limit �1;2; v1;2 ! 0, the mixing angle � tends tozero, and M2Z00� ;W 0�4 in (107) redues to

M2Z00� = g222W �22W (u2 + u02) + v2 + v02 ++ 44W (4�21 + 4�22 + !2)��0;M2W 0�4 = g22 �u2 + u02 + !2 + 2�21 + 2�22� : (108)From (69) and (108), the W 0�4 and W�5 omponentshave the same mass, and hene, in this approximationwe should identify the linear ombinationp2X0� =W 0�4 � iW�5 (109)as a physial neutral non-Hermitian gauge boson. Thesubsript �0� indiates the neutrality of the gauge bo-son X�. We note that the identi�ation in (109) anonly be aeptable in the limit �1;2; v1;2 ! 0. In gen-eral, it is not true beause of the di�erene in massesof W 0�4 and W�5 as in (68) and (107).Expressions (79) and (106) show that, in the lim-its (74) and (75), the mixings between the hargedgauge bosons W�Y and the neutral ones Z 0�W4 are ofthe same order beause they are proportional to vi=�ii = 1; 2. In addition, from (108),M2Z00� � g2(4�21 + 4�22 + !2)is somewhat bigger thanM2W 0�4 � g22 �!2 + 2�21 + 2�22�(or M2X0�), andjM2Y �M2X0� j = g22 (u2 + u02 � v2 � v02)is slightly smaller thanM2W = g22 (u2 + u02 + v2 + v02):In that limit, the masses of X0� and Y degenerate.6. CONCLUSIONSWe have studied new features of the 3�3�1 modelwith a neutral fermion based on the S3 �avor symmetryin whih the anti-sextet responsible for the neutrinomass and mixing lies in the 2 representation under S3and the number of Higgs multiplets required is redued.If the S3 symmetry is violated as a perturbation bythe di�erene in omponents of the anti-sextet, S3 isequivalently broken into identity, the orrespondingneutrino mass mixing matrix aquires the most generalform. This way of symmetry breaking helps us redue1006
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