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DARK ENERGY MODEL WITH GENERALIZEDCOSMOLOGICAL HORIZONM. Sharif a*, A. Jawad a;b**aDepartment of Mathematis, University of the PunjabLahore-54590, PakistanbDepartment of Mathematis, Lahore Leads UniversityLahore, PakistanReeived Marh 14, 2014We disuss the evolution of the newly proposed dark-energy model with a generalized event horizon (a general-ized form of the holographi dark-energy model with a future event horizon) in the �at and non�at universes.We onsider the interating senario of this model with old dark matter. We use the well-known logarithmiapproah to evaluate the equation of state parameter and explore its present values. It is found that this pa-rameter shows phantom rossing in some ases of the generalized event horizon parameters. The !�!0 plane isalso developed for three di�erent ases of the generalized event horizon parameters. The orresponding phaseplane provides thawing and freezing regions. Finally, the validity of a generalized seond law of thermodynamisis explored whih holds in ertain ranges of onstant parameters.DOI: 10.7868/S00444510141001131. INTRODUCTIONThe predition about the aelerated expansion ofthe universe is a revolutionary hange in modern os-mology. The debate on this topi has been extensivein the last deade in both observational and nonob-servational terms. The main fous of this disussionremained on the unknown type of matter, whih is as-sumed to be the major fator of the aelerating uni-verse. A onsensus has been developed on dark energy(DE), but its nature is still unlear. In order to resolvethis problem, a plethora of work has been done withintwo main approahes: modi�ation of the gravitationalpart and of the matter part of the Einstein �eld equa-tions.The modi�ation approah in the matter part hasled to di�erent dynamial DE models suh as the Chap-lygin gas [1℄, holographi [2, 3℄, agegraphi [4℄, newagegraphi [5℄, and salar �eld DE models [6�13℄. Theholographi DE (HDE) model is one of the famousmodels developed in the framework of quantum gravity.The main motivation behind this model is to ahieve*E-mail: msharif.math�pu.edu.pk**E-mail: jawadab181�yahoo.om

onsensus about the ambiguous nature of DE. Theholographi priniple is the origin of this model, a-ording to whih the number of degrees of freedom ofa physial system should sale with its bounding arearather than its volume [14℄.Later on, Cohen et al. [15℄ developed a relation be-tween ultraviolet (UV) and infrared (IR) uto�s usingthe idea of blak hole formation in quantum �eld the-ory. They argued that the total energy of a systemof size L should not exeed the blak hole mass of thesame size. Using this argument, Hsu [2℄ developed amodel for the density of HDE in the form�# = 3�2m2pL�2;where � is an arbitrary onstant and mp is the re-dued Plank mass. Di�erent expressions for the IRuto� L have been proposed suh as Hubble, event,partile horizons [3℄, Rii salar [16℄ and its gener-alized form [17℄. However, the HDE model with anevent horizon has been disussed extensively in the ab-sene [3, 18, 19℄ and presene [20�22℄ of interation withdark matter (DM). These models have also been testedin the framework of di�erent observational shemes andused to develop reliable onstraints on di�erent osmo-logial parameters suh as the equation-of-state (EoS)759



M. Sharif, A. Jawad ÆÝÒÔ, òîì 146, âûï. 4 (10), 2014parameter, Hubble parameter, frational energy densi-ties, et [23, 24℄.Li [3℄ explored HDE with a future event horizonusing the logarithmi approah and found the presentvalue of the EoS parameter w# = �0:90. Huang andLi [18℄ used this approah to examine the evolution ofthe universe by heking all possible values of the HDEparameter � and also found that a generalized seondlaw of thermodynamis (GSLT) is preserved for HDEwith a future event horizon in a �at as well as loseduniverse for � < 1. They also revealed that HDE withthis horizon an ross the phantom region. Jamil etal. [19℄ investigated the HDE senario with a varyinggravitational onstant (G) in both �at and non�at uni-verses by using the logarithmi approah. They foundorretions to the evolution of the EoS parameter in [3℄due to variation of G. Lu et al. [24℄ heked these re-sults within observational shemes and argued that thesenario of HDE with a varying G is ompatible withthe present observations. They also found the presentvalues of di�erent osmologial parameters in this se-nario within a 1� error range.Reently, the holographi, agegraphi, and new age-graphi DE models (with event and partile horizons)have been extended to the most general lass harater-ized by dimensionless onstant parameters (m;n). Thebehavior of these models in terms of the EoS parameter,noninterating and interating with DM in a �at uni-verse, was investigated in [25℄. Cosmologial behaviorof the universe for a general lass of HDE with a par-tile horizon was explored in [26℄ within observationalshemes in a �at universe. In this paper, we hoose an(m;n) type DE model with a generalized osmologialhorizon (GCH) (a generalized form of the HDE modelwith a future event horizon) in �at and non�at uni-verses. We use the logarithmi approah to evaluatethe EoS parameter in the ontext of interation withold DM (CDM). We also disuss the !#�!0# plane andthe validity of the GSLT.The rest of the paper is arranged as follows. InSe. 2, we investigate the EoS parameter, !#�!0#, andthe GSLT in a �at universe. Setion 3 explores the EoSparameter, !#�!0#, and the GSLT in a non�at universe.In the Se. 4, we summarize our results.2. FLAT UNIVERSEIn this setion, we elaborate a basi osmologialsenario in a �at Friedman�Robertson�Walker (FRW)universe for DE with a GCH. The generalized form ofthe osmologial horizon is de�ned as [25, 26℄

L � RGCH = 1an(t) 1Zt am(~t) d~t; (1)where a(t) is the osmi sale fator. We an re-over the original HDE with a future event horizon form = n = �1. The time derivative of the above relationyields _RGCH = �nHRGCH � am�n; m < 0; (2)whereH is the Hubble parameter. The �rst FRW equa-tion leads toH2 = 13m2p (�# + �m); 
# +
m = 1; (3)where �# and �m are the respetive DE and CDM den-sities, while
# = �#3m2pH2 ; 
m = �m3m2pH2are the orresponding frational energy densities. Theontinuity equations in the interating ase beome_�m + 3H�m = 3u2H�#; (4)_�# + 3H(�# + p#) = �3u2H�#; (5)where u2 is an interation parameter.Currently, there are no prior onditions imposed onthe possible interations between DM and DE beauseneither DE nor DM is understood fundamentally. How-ever, without violating the observational onstraints,DE an interat with DM in various fashions by meansof energy transfer between eah other. The interationbetween DE and DM yields a riher osmologial dy-namis as ompared to noninterating models and it ispossible to solve the osmi oinidene problem withinthis framework. However, we annot desribe intera-tion between these vague nature omponents from �rstpriniples. Therefore, we have to take a spei� inter-ation or set it from phenomenologial requirements.The DE density with a GCH is de�ned as�# = 3�2m2pR�2GCH ; (6)and its evolutionary form is given by�0# = 2�#�n+ am�np
#� � ; (7)where the prime denotes di�erentiation with respetto x = ln a. By taking the derivative of Eq. (3) withrespet to the osmi time, we obtain2 _HH2 = �3 + (3(1 + u2) + 2n)
# + 2am�n
3=2#� : (8)760
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# with respet to x and using Eqs. (7)and (8) yieldsd
#dx = 
#(1� 
#)���3 + 2n+ 2am�np
#� � 3u2
#1� 
#� : (9)2.1. Cosmologial impliationsWe now evaluate the EoS parameter within the log-arithmi approah. The DE density is obtained fromEq. (5) in the form�# = �#0a�3(1+!#+u2); (10)where �#0 serves as the urrent value of the DE den-sity. We use a Taylor series expansion for �# about thepresent value of a0 = 1 as follows:ln �# = ln �0# + d ln �#d ln a ln a+ 12 d2 ln �#d(ln a)2 (ln a)2 ++ 16 d3 ln �#d(ln a)3 (ln a)3 + : : : (11)The series is terminated at the seond-order deriva-tive beause of the small-redshift approximation, i. e.,ln a = � ln(1 + z) � �z, and it follows from (10)and (11) that !# = !#0 + !#1z; (12)where!#0 = �1� u2 � 13 d ln �#d ln a ; !#1 = 16 d2 ln �#d(ln a)2 : (13)Here, the derivatives are taken at the present value ofa0. Expressing �# in terms of frational densities as�# = 
#�m=
m, after some alulations, we obtaind ln �#d ln a = 2n+ 2am�n0� p
#0;d2 ln �#d(ln a)2 = am�n0 p
#0� �2(m�n)+(1�
#0) �� �3+2n+2am�n0 ��1p
#0�3u2
#01�
#0 �� : (14)Using Eqs. (12)�(14), we obtain the EoS parameter asfollows:!# = �1� u2 � 13 �2n+ 2am�n0 ��1p
#0 �++ am�np
#06� �2(m� n) + (1� 
#0) �� �3 + 2n+ 2am�n��1p
#0 � 3u2
#01� 
#0�� z: (15)
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Fig. 1. Plots of !# versus z with u2 = 0, 0:058 in the�at ase for n = �1, m = �2 (a), n = 0, m = �1(b ), and n = 1, m = 0 (). We use the present valueof the frational DE density 
#0 � 0:73 and hoose� = 0:91Using the observational dataset from WMAP++SNIa+BAO+H0, the best-�t values for the ouplingparameter u2 were presented in [27℄. It was also om-mented there that positive values of this parameter al-leviate the osmologial oinidene problem. Here, wetake u2 = 0:058 [27℄ for the interating ase and plotthe EoS parameter versus z in the noninterating aseas well (Fig. 1). We hoose three di�erent well-settledpairs of the values of m and n by using well-known ob-761



M. Sharif, A. Jawad ÆÝÒÔ, òîì 146, âûï. 4 (10), 2014servational data [26℄. It is found that for a given n,the models with n �m = 1 are most suitable for dis-ussing the osmologial parameters. For this purpose,we take n = �1, 0, 1, whih yield n = �1, m = �2(Fig. 1a), n = 0, m = �1 (Fig. 1b ), and n = 1, m = 0(Fig. 1). In addition, the ase (n = 0, m = �1)is the most favorable model, also ompatible with the�CDM model. In Fig. 1a, the present values of theEoS parameter are �0:80 and �0:86 in the noninterat-ing and interating ases. The EoS parameter remainsin the quintessene region for the near past as well aslater time in the noninterating ase, while phantomrossing is observed in the interating ase. In Fig. 1b,the present values of the EoS parameter are approxi-mately �1:46 (in the noninterating ase) and �1:53(in the interating ase). The universe then exhibitsphantom-like behavior in the near past, present, andfuture osmi time. However, the large-phantom be-havior is observed in the near past ompared to thepresent and later time. In Fig. 1, we see that the EoSparameter attains the present values in the range �2:14and �2:20 in the noninterating and interating ases.In Fig. 1, the EoS parameter also exhibits phantombehavior in three di�erent epohs.2.2. !#�!0# analysisA phenomenon alled !#�!0# for analyzing the be-havior of quintessene DE models and the orrespond-ing onstraints for these models in the !#�!0# planewere proposed in [28℄. It was pointed out there thatthe area of this phase plane an be divided into thaw-ing and freezing regions for these models. These regionsan be haraterized by the values of !0# with respetto !#, i. e., !0# > 0, !# < 0 for a thawing region and!0# < 0, !# < 0 for a freezing region. Many authorsexplored the nature of di�erent DE models (a general-ized form of quintessene [29℄, the phantom [30℄, quin-tom [31℄, polytropi DE [32℄, and PDE [33, 34℄ models)using this phenomenon. Here, we analyze the behaviorof the DE model with a GCH in a �at universe. Theevolution of the EoS parameter turns out to be!0# = �am�n0 p
#06� �2(m� n) + (1� 
#0) �� �3 + 2n+ 2am�n0 ��1p
#0 � 3u2
k01� 
#0�� : (16)The plots of !0# versus !# for three di�erent va-lues of m and n are shown in Fig. 2. The Fig. 2ashows that both urves do not meet the �CDM limit(!0# = 0 at !# = �1). However, the present values
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Fig. 2. Plots of !0# versus !# for n = �1, m = �2 (a),n = 0, m = �1 (b ), and n = 1, m = 0 (). Also, thesolid and dashed urves orrespond to u2 = 0, 0:058of !0# are approximately equal to �0:15 and �0:20 inthe noninterating and interating ases with respetto present values of !# (as mentioned in Se. 2.1). Itis also observed that the thawing and freezing regionsexist in this plane for both noninterating and interat-ing ases. In Fig. 2b, we are able to ahieve the �CDMlimit in the noninterating ase only. In this ase, thepresent values are !0# = �0:8;�0:12 for u2 = 0, 0.058aording to the present values of !#. The urve or-responding to u2 = 0 haraterizes the thawing regioninitially, then the freezing region, and �nally the thaw-ing region of the !0#�!# plane. However, in the inter-762



ÆÝÒÔ, òîì 146, âûï. 4 (10), 2014 Dark energy model with generalized osmologial horizonating ase, the urve starts from the thawing regionand then goes toward the freezing region. In Fig. 2,the �CDM limit annot be ahieved in both ases ofu2, and the present values of !0# with respet to !# are�0:02 and �0:04 for the respetive values u2 = 0 and0.058. In this ase, both the urves provide thawing aswell as freezing regions.2.3. Generalized seond law ofthermodynamisIn general relativity, a pioneering relation betweenthermodynami quantities and the Einstein �eld equa-tions has been developed by Jaobson [35℄. It is on-struted from the entropy�horizon-area proportional-ity relation by using the �rst law of thermodynamisdQ = T dS, where dQ, T , and dS represent the ex-hange in energy, temperature, and the entropy hangeof a given system. Later on, it was argued in [36℄ thatfor any spherially symmetri spaetime, the �eld equa-tions an be written in the formT dS = p dV + dE; (17)where T , S, E, and p are the basi entities of a thermo-dynamial system: the temperature, entropy, internalenergy, and pressure.The GSLT is originated from the blak hole me-hanis, where the seond law states that the total areaof the outer boundary of a family of blak holes an-not derease even as they swallow or ollide with eahother. In the ase of a thermodynamial system, theentropy plays the role of area and the GSLT states thatthe sum of the entropy of surrounding onstituents ofmatter and the entropy of the blak hole itself wouldinrease [37℄. Here, we are interested in disussing theGSLT for a system ontaining the interation of DEand CDM on the GCH. For this purpose, we need thequantities V = 4�L33 ; T = 12�L;E = 4�L33 �; SH = �L2: (18)The time rate of Eq. (17) for DE and CDM yields_S# = p# _V + _E#T ; _Sm = pm _V + _EmT : (19)We hek the GSLT for a system in equilibrium. UsingEqs. (4), (5), (18), and (19), we an obtain the �nalform of the GSLT:

T _Stotal = � 3�22
# (1+!#
#)� (n+1)�p
# +am�n���� n�p
# + am�n� : (20)At present time, this expression beomesT _Stotal = � 3�22
#0 ���1+��1�u2�13 �2n+2am�n0� p
#0�
#0����� (n+ 1)�p
#0 + am�n0 ��� n�p
#0 + am�n0 � : (21)Here, T does not violate the validity of the GSLT. Weanalyze the validity of the GSLT by plotting T _Stotal inthe well-established range 0:3 � � � 1 at the presentosmi time in Fig. 3. Also, we use observationallysettled values of m, n, and u2. In Fig. 3a, we an ob-serve that the GSLT violates its validity in the range0:3 � � < 0:88 and preserves its validity for 0:88 �� � � 1. In Fig. 3b, the GSLT does not remain validfor both noninterating and interating ases. It is ob-served that the GSLT remains valid for 0:82 � � � 1in the noninterating ase and for 0:78 � � � 1 in theinterating ase (Fig. 3).3. NONFLAT UNIVERSEIn this setion, we repeat the above analysis for anon�at universe. We de�ne the orresponding general-ized form of the osmologial horizon asL = a�n sin y; y = anRGCH ; (22)whose time derivative takes the form_L = �nHL� am�n os y: (23)The �rst FRW equation in a non�at universe beomesH2+ ka2 = 13m2p (�m+�#); 
#+
m = 1+
k; (24)where 
k = k=a2H2 is the frational energy density.The derivative of Eq. (24) with respet to the osmitime yields2 _HH2 = �3� 
k + (3(1 + u2) + 2n)
# ++ 2am�n
3=2#� os y: (25)763
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The orresponding evolution of the DE density turnsout to be �0# = 2�#�n+ am�np
#� os y� : (26)Equations (25) and (26) yield

d
#dx = 
#(1� 
# +
k)�� �2n(1�
k)+2am�np
#� (1�
k) os y+3 �� 3u2
#1� 
# +
k � 2
k1� 
� +
k � ;d
kdx = �
k "�1�
k+(3(1+u2)+2n)
# ++ 2am�n
3=2#� os y# : (27)
In the non�at universe, the derivatives required forthe EoS parameter at the present time take the formd ln �#d ln a = 2n+ 2�p
#0;d2 ln �#d(ln a)2 = p
#0� �2m� 2n
#0 � 3u2
#0 ++ 3�1�
#0+
k03 �+2��1p
#0(1�
#0)�++ 2(0:0123)2 +
#0��2: (28)

Here, we have used the urrent valuessin y = �p
k0p
#0 = 0:0123;os y =s
#0 � �2
k0
#0 = 0:999 � 1;while the values of other onstant parameters are thesame as in the preeding setion. Inserting the abovederivatives in Eq. (13), we obtain the EoS parameteras!# = �1� 13(2n+ 2��1p
#0)�� hp
#0(6�)�1(2m� 2n� 3u2
#0 ++ 3(1� 
#0 + 3�1
k) + 2��1p
#(1� 
#)) ++ 2(0:013)2
#0��2i z: (29)The plot of the above parameter is shown in Fig. 4versus the same parameters as in Se. 2. The presentvalues !#0 are approximately equal to �0:82 and �0:88in the noninterating and interating ases, as shownin Fig. 4a. In the interating ase, the EoS parameterlies in the quintessene for the near past, present, andlater epoh. However, the EoS parameter behaves likea phantom in the near past; after a short interval oftime, it rosses the vauum era and then goes towardthe quintessene region in the noninterating ase. In764
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M. Sharif, A. Jawad ÆÝÒÔ, òîì 146, âûï. 4 (10), 2014and �0:03 and �0:05 (Fig. 5) for the noninteratingand interating ases, respetively. The �CDM limitis only attained in the noninterating ase in Fig. 5b.In addition, thawing and freezing regions exist in allases.In this ontext, the expression of the GSLT turnsout to beT _Stotal = � 3�22
# (1 + 
k + !#
#)��� (n+ 1)�p
# + am�n os y���� n�p
# + am�n os y� : (31)We plot it at the present state versus � in Fig. 6.We observe that the GSLT is valid for 0:86 � � � 1(Fig. 6a in the noninterating and interating ases),0:80 � � � 1 (Fig. 6b in the noninterating ase), and0:76 � � � 1 (Fig. 6 in the interating ase).4. CONCLUDING REMARKSThe purpose of this work is to study the osmi a-eleration within the interating DE model with CDMin �at and non�at universes. We have explored the EoSparameter in terms of di�erent osmologial and on-stant parameters in the logarithmi approah with theTaylor series expansion up to the seond order. Thereason is that we would like to make orretions in thebehavior of the EoS parameter and redue the de�ien-ies. In the disussion of this parameter, three onstantparameters play the ruial role, i. e., GCH parame-ters (m;n) and the interation parameter u2. We haveobserved the behavior of the EoS parameter with re-spet to m, n, u2 and obtained some onstraints on thepresent values of !#. We have hosen the observation-ally settled values of onstant parameter like m, n [26℄,and u2 [27℄.In the �at ase (Fig. 1), the approximated presentvalues of !# in the respetive noninterating and inter-ating ases are �0:80, �0:86 (Fig. 1a), �1:46, �1:53(Fig. 1b ), and �2:14, �2:20 (Fig. 1). We note that thephantom behavior annot be ahieved in the noninter-ating ase in the left plot. However, phantom rossingwas observed in the interating ase, i. e., the EoS pa-rameter starts from the phantom region in the nearpast and goes toward the quintessene region by evolv-ing the vauum region. In Fig. 1b,, totally phantom-like behavior has been observed, but a greater phan-
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