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PILGRIM DARK ENERGY IN f(T ) GRAVITYM. Sharif *, S. Rani **Department of Mathematis, University of the PunjabLahore-54590, PakistanReeived January 31, 2014We disuss the interating f(T ) gravity with pressureless matter in an FRW spaetime. We onstrut an f(T )model by following the orrespondene sheme inorporating a reently developed pilgrim dark energy modeland taking the Hubble horizon as the IR uto�. We use onstruted model to disuss the evolution trajetoriesof the equation-of-state parameter, the !T � !0T phase plane, and state-�nder parameters in the evolving uni-verse. It is found that the equation-of-state parameter gives a phantom era of the aelerated universe for somepartiular range of the pilgrim parameter. The !T �!0T plane represents freezing regions only for an interatingframework, while the �CDM limit is attained in the state-�nder plane. We also investigate the �rst and seondlaws of thermodynamis assuming equal temperatures at and inside the horizon in this senario. Due to theviolation of the �rst law of thermodynamis in f(T ) gravity, we explore the behavior of the entropy produtionterm. The validity of a generalized seond law of thermodynamis depends on the present-day value of theHubble parameter.DOI: 10.7868/S00444510140701041. INTRODUCTIONThere is inreasing evidene of dark energy (DE)over the last few years, whih is assumed to be re-sponsible for the aelerated expansion of the universe.This has been on�rmed by a variety of observationalonstraints in the framework of di�erent observationalshemes [1℄. The standard osmology has been remark-ably suessful, but there remain some serious unre-solved issues inluding the searh for the best DE andi-date. The origin and nature of DE is still unknown ex-ept in some partiular ranges of the equation-of-state(EoS) parameter !. In the absene of any solid argu-ment in favor of a DE andidate, various approaheshave been adopted suh as dynamial DE models, andmodi�ed and higher-dimensional gravities.The f(T ) theory of gravity [2℄ (the generalizedteleparallel gravity, with T being the torsion salar)attrated many people to explore it in di�erent osmo-logial senarios. This theory deals with torsion viathe Weitzenbök onnetion (having zero urvature)instead of the Levi-Civita onnetion in general rela-tivity, whih is responsible for urvature. The f(T )*E-mail: msharif.math�pu.edu.pk**E-mail: shamailatoor.math�yahoo.om

gravity has been studied extensively in appliation tomany phenomena, e. g., the aelerated expansion ofthe universe [3℄, the orrespondene (via quintessene,tahyon, K-essene, and dilaton salar �elds) arriedout to disuss the dynamis of salar �elds as wellas salar potentials [4, 5℄ and to distinguish the f(T )model from the �CDM model, state-�nder diagnos-tis in a spei� f(T ) model [6℄, validity/violation ofthe �rst and seond laws of thermodynamis using theWald entropy, orreted-entropy versions and magneti�eld senarios [7�9℄, and many more.The searh for a viable DE model is the basi keyleading to the reonstrution phenomenon, partiularlyin modi�ed theories of gravity. The orresponding en-ergy densities are ompared to onstrut the modi�edfuntion in the underlying gravity. In this manner, thefamily of holographi reonstrution of DE models at-tains a signi�ant plae in disussing the aeleratedexpansion of the universe. Di�erent f(T ) models werereonstruted via holographi DE (HDE) and new age-graphi DE (original and entropy orreted) modelsin [10℄. The authors onluded that the orrespond-ing EoS parameter gives onsistent results in entropy-orreted models. In [11℄, an f(T )model orrespondingto the HDE model was obtained in a slightly di�erentway. The authors found that the reonstruted modelgives the phantom behavior as well as a uni�ation of87



M. Sharif, S. Rani ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014DE and dark matter. In [12℄, the reonstrution shemewas extended to a general (m;n)-type HDE in f(T ) aswell as f(R) gravity. The viability and osmography ofthe obtained models were also disussed there.Holographi DE has been attributed to the forma-tion of blak holes. Reent observations regarding theaelerating expansion of the universe are in favor ofa phantom-dominated universe with no expetation ofblak holes. The idea of pilgrim DE (PDE) having thekey point of a phantom-like universe to prevent theblak hole formation was proposed in [13℄. Reently,the behavior of interating PDE models orrespondingto the Hubble, event, and onformal age of the uni-verse via di�erent osmologial parameters suh as EoS,! � !0 and state-�nders was analyzed in [14℄. The au-thors found onsistent results for positive and negativevalues of the PDE parameter for these parameters.In this paper, we onstrut the pilgrim f(T ) modelvia the reonstrution sheme and explore the EoS pa-rameter, the !T �!0T phase plane, and state-�nder pa-rameters. We also investigate thermodynami laws forthis model in f(T ) gravity for same temperature of theuniverse. This paper is arranged as follows. In Se. 2,we brie�y desribe f(T ) gravity and its �eld equations,and onstrut a pilgrim f(T ) model. Setion 3 is de-voted to examining the evolution trajetories of someosmologial parameters. The validity of �rst and se-ond laws of thermodynamis is investigated in this se-nario in Se. 4. In the last setion, we summarize theresults.2. f(T ) GRAVITY AND PILGRIM DE MODELIn this setion, we �rst brie�y disuss f(T ) gravityand its �eld equations, and then onstrut the pilgrimf(T ) model via the orrespondene sheme.2.1. The �eld equationsThe ation for f(T ) gravity [2℄ is de�ned asS = m2p2 Z d4xh(f(T ) + Lm); (1)where m2p = (8�G)�1 is the redued Plank mass withG being the gravitational onstant,h = p�g = det(ha�);where g is the determinant of metri oe�ients, ha�is the tetrad �eld, and Lm is the Lagrangian den-sity of matter in the universe. The tetrad �eld ha�is related to the metri tensor as g�� = �abha�hb� ,

where �ab = diag(1;�1;�1;�1) is the Minkowski spaemetrix, the indies (a; b) represent tangent spae oor-dinates, (�; �) are the oordinate indies on the mani-fold, and all these indies range 0; 1; 2; 3. The variationof ation (1) with respet to the tetrad yields the �eldequations�h�1��(hSa��)+h�aT ���S���� fT ++ Sa����(T )fTT + 14h�af = 12�2h�aT �� ; (2)where fT = df=dT , fTT = d2f=dT 2, and T �� is theenergy�momentum tensor of perfet �uid. The anti-symmetri torsion and superpotential tensors areT ��� = h�a(��ha� � ��ha�);S��� = 14[�T���+T ���+T���+2Æ��T ����2Æ��T ���℄;whih are used to de�ne the torsion salar as T == T ���S��� .For a spatially �at Friedmann�Robertson�Walker(FRW) universe, a straightforward hoie of the tetradis ha� = diag(1; a(t); a(t); a(t));where a(t) is a sale fator. This leads to the expres-sion for the torsion salar T = �6H2, where H = _a=ais the Hubble parameter and a dot represents the timederivative. The orresponding modi�ed �eld equationsare 12H2fT + f = 2m�2p �; (3)48H2 _HfTT � (12H2 + 4 _H)fT � f = 2m�2p p: (4)Here, � and p denote the total energy density and pres-sure of the universe, satisfying the energy onservationequation _�+ 3H(�+ p) = 0: (5)Equations (3) and (4) an be rewritten in terms of theusual Friedmann equations asH2 = 13m2p (�m+�T ); _H = 12m2p (�m+�T+pT ); (6)where �m is the matter ontribution of energy densitywith pressureless matter (pm = 0), and torsion ontri-butions �T and pT take the form�T = m2p2 (2TfT � f � T ); (7)88



ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014 Pilgrim dark energy in f(T ) gravitypT = �m2p2 (�8 _HTfTT ++ (2T � 4 _H)fT � f � T + 4 _H): (8)In terms of frational energy densities, the �rst equa-tion in Eq. (6) an be expressed as1 = 
m +
T ; 
m = �m3m2pH2 ; 
T = �T3m2pH2 : (9)The nature and properties of DE and dark matteronstitute one of the entral problems in modern astro-physis. Dark energy as the most dominant omponentin the energy budget of the universe, having the possi-bility of nongravitational oupling to other omponentsof the universe, in partiular, to dark matter. This ou-pling results in modifying the bakground evolution ofthe dark setor, permitting any type of interation tobe onstrained. There is no serious evidene presentedup to now against this oupling. Here, we assume thatpressureless matter (old dark matter) interats withthe torsion omponent [15℄, and the orresponding non-onservation equations are given by_�m + 3H�m = Q; (10)_�T + 3H�T (1 + !T ) = �Q; (11)where !T = pT =�T is the EoS parameter for the inter-ating f(T ) gravity and Q represents the interationterm that exhanges the energy between the torsionomponent and pressureless matter. In general, Q anbe an arbitrary funtion of the energy densities of DEand pressureless matter as well as the Hubble parame-ter. Commonly, it indues simple hoies of interation[15, 16℄ suh asQ = 3dH�m; Q = 3dH�de; Q = 3dH(�m+�de);where d is the oupling onstant (interation parame-ter). Some of these interations are used for mathemat-ial simpliity, while others have been proposed withinsome phenomenologial approahes. The ase d = 0represents the noninterating senario. The sign of dis important in the sense that it reveals an exhange ofenergy: d > 0 implies that DE deays in dark matter,while d < 0 means that dark matter deomposes intoDE. The positive oupling onstant is favorable for thevalidity of thermodynami laws. However, it was ob-served in [17℄ that Q must hange its sign during theevolution of the universe from the deeleration to a-eleration phase. Unfortunately, these hoies for Q donot hange their signs during the evolution, and thisrequires new interating terms.

A new form of Q was introdued in [18℄ asQ = 3dH(�de � �m): (12)As the universe evolves from the deelerated to aeler-ated regime, this interation term hanges its sign fromnegative to positive. Also, this form remains onsistentfrom the thermodynami standpoint. Using Eqs. (7),(9), and (12) in (11) and after some mathematial ma-nipulations, we obtain the EoS parameter as!T = 2TfT � f � T2TfT � f � T � 
TT (2TfTT + fT � 1) �� �T (2TfTT + fT � 1)2TfT � f � T � 1� d�1� 
m
T �� : (13)In what follows, we adopt the reonstrution senarioto �nd a viable f(T ) model to disuss the evolution ofthis parameter.2.2. Pilgrim f(T ) modelA well-known model was proposed in [19℄ as a possi-ble andidate for DE with the help of an energy densitybound named the HDE. To ahieve the ompatibilitywith an e�etive loal quantum �eld, a relation be-tween the ultraviolet (short-distane) and infrared (IR)(long-distane) uto�s was given in [20℄ on the basis oflimit set by the formation of a blak hole. That is,for the quantum zero-point energy density �� (whih isthe result of a short-distane uto�), the total energyin a region of size L should not exeed the mass of ablak hole of the same size, whih requires the largestvalue of L to saturate this proess. This is given by�� = 32m2pL�2, where  is the holographi onstantand L is the IR uto�. Several hoies of L have beenproposed to distinguish di�erent DE models within theholographi family suh as Hubble, apparent, and eventhorizons, Granda�Oliveros uto� [21℄, and so on.Observations predit a phantom-like universe thatundergoes a big-rip singularity (where all gravitation-ally bound objets are disrupted). On the other hand,the idea of an energy density bound ame into beingwith the help of blak hole formation in quantum grav-ity. It was found in many attempts that the blak holemass approahes zero or beomes zero when a phantom-like �uid aretes onto the blak hole [22℄. It wouldtherefore be interesting to searh for an appropriatephantom-like DE model that prevents the formationof blak holes. This motivated Wei [13℄ to propose aphantom-like DE model alled the pilgrim DE (PDE)model. This model inherits a strong repulsive fore in89



M. Sharif, S. Rani ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014order to prevent the formation of blak holes. The PDEhas the form �� = 3�2m4�up L�u; (14)where � and u are dimensionless onstants. We use thismodel to obtain a viable f(T ) model under the reon-strution sheme. We note that di�erent versions of theholographi family have been studied in f(T ) gravityto investigate more feasible results for the aeleratingexpansion of the universe.We here assume Hubble horizon L = 1=H as theIR uto� to �nd an f(T ) model using Eq. (14). Itwas shown in [23℄ that the hoie of the Hubble hori-zon as an IR uto� in general relativity yields the sameevolution of DE and dark matter (pressureless matter)and is therefore inompatible with the present status ofthe universe. However, with the passage of time, thisde�ieny has been resolved with the inlusion of aninterating senario [24℄. By imposing the orrespon-dene of energy densities, �� = �T , we obtain the f(T )model withf(T ) = T + 1p6(�T )1=2 ++ 61�u=2�2m2�upu� 1 (�T )u=2; (15)where 1 is an arbitrary onstant, whih an be deter-mined in terms of boundary ondition. It was arguedin [25℄ that the gravitational onstant G is replaed byan e�etive one in the nonlinear f(T ) gravity (in viewof Eq. (13)). In this regard, the present-day value of Gshould be reovered from its e�etive value for a linearf(T ), whih yields fT (T0) = 1. Here, T0 = �6H20 andH0 is the present-day value of the Hubble parameter.Inserting the value of the �rst derivative of (15) in thisondition, we found1 = �6u�2m2�upu� 1 Hu�10 : (16)The holographi senario beomes a physially viablemodel when the interation between DE and dark mat-ter is taken into aount [26℄. In this respet, the pil-grim f(T ) model may provide the viability in intera-tion with old dark matter.3. SOME COSMOLOGICAL PARAMETERSHere, we examine the evolution of the EoS param-eter, the behavior of !T � !0T , and the limit of the�CDM model using state-�nder pair for the pilgrimf(T ) model in an interating senario.
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Fig. 1. Plot of the EoS parameter !T versus u for thepilgrim f(T ) model3.1. The equation-of-state parameterWe explore the evolution of the EoS parameter forthe pilgrim f(T ) model in interating as well as nonin-terating senarios. Inserting Eq. (15) in (13), we have!T = 22� u
T �u� 1� d�1� 
m
T �� : (17)Its graph versus the PDE parameter u for di�erent val-ues of the interation parameter d is shown in Fig. 1.We assume d = 0, 0.5, 1 and the present-day values offrational energy densities 
m = 0:27 and 
T = 0:73.We plot !T versus two ranges of u similarly to the asein general relativity [14℄, i. e., �2:5 � u � 2:5 and3 � u � 6 in the upper and bottom panels in Fig. 1.Initially, the EoS parameter represents a phantom re-gion of the universe for u < 0 for all values of d, asshown in the upper panel. As u inreases, it rossesthe phantom barrier !T = �1 for d = 0; 0:5; 1 at therespetive value u = 0; 0:5; 1. Thus, the EoS parameterfor the pilgrim f(T )model goes toward quintessene re-gion and onverges to the matter-dominated universefor 0 < u < 2:5. On the other hand, in the bottom90



ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014 Pilgrim dark energy in f(T ) gravitypanel for u > 3, the evolution of the EoS parameteralways stays in the phantom region of the universe.Thus, the aelerating expansion of the universe on-sistent with the observations is analyzed for the rangesu < 0 and u > 3 in interating as well as noninteratingsenarios. An !T �!0T analysisHere, we address the ! � !0 phase plane (where !0indiates the derivative of the EoS parameter with re-spet to ln a) in order to elaborate the dynamial prop-erties of the PDE model in f(T ) gravity. This phaseplane was introdued in [27℄ in analyzing the evolv-ing behavior of the quintessene DE model. The au-thors of [27℄ found that the area oupied by this DEmodel in the phase plane an be devided into thaw-ing (!0 > 0 when ! < 0) and freezing regions (!0 < 0when ! < 0). The ! � !0 analysis has attrated manyresearhers for analyzing the dynamial behavior of dif-ferent DE models suh as quintom [28℄, phantom [29℄,quintessene [30℄, HDE [31℄, PDE [14℄ and so on.Taking the derivative of Eq. (17) with respet toln a, we obtain!0T = 6(2� u
T )2 ���u�u� 1� d(1� 
m
T )� [
T!T (
T � 1) �� d(
T � 
m)℄ + d(2� u
T )�� �d�1� 
2m
2T �+ !T 
m
T �� : (18)The plot of !0T with respet to !T for the pilgrimf(T ) model is shown in Fig. 2, whih indiates thatthis model meets the �CDM model only in the inter-ating ase d = 0:5. However, the present values are!0T = 0:1;�0:1 with respet to the value !T = �1 ford = 0; 1. It is also observed that the !T � !0T planerepresents the thawing (in the noninterating and in-terating ases) and freezing regions (in the interatingase only). 3.3. State-�nder diagnostisMany DE models have been proposed in order to ex-plain the aelerating expansion of the universe. How-ever a sensitive test is required, whih an di�erenti-ate between these models. The Hubble and deeler-ation (q = �1 � _H=H2) are geometrial parametersthat provide the expansion history of the universe but
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Fig. 2. Plot of !T � !0T for the pilgrim f(T ) modelannot di�erentiate between DE models. For this pur-pose, two new parameters alled state-�nders were in-trodued in [32℄ asr = ...aaH3 ; s = r � 13(q � 1=2) : (19)The parameter r an also be written in terms of qas r = 2q2 + q � q0. These parameters exhibit well-known regions in the s� r plane; for example, (r; s) == (1; 0); (1; 1) show the �CDM and CDM limits, whilethe regions (s > 0 and r < 1) orrespond to the phan-tom and quintessene DE. Also, these parameters dis-tinguish di�erent DE models from the �CDM modeland the orresponding r�s plane provides the distaneof a given DE model from the �CDM limit.The expressions for a state-�nder pair for the pil-grim f(T ) model arer = 1�32
T!0T+92!T [
T (!T+1)+d(
T�
m)℄; (20)s = 1 + !T � !0T3!T + d
T (
T � 
m); (21)where !T and !0T are given in Eqs. (17) and (18). Theplot of state-�nder parameters is shown in Fig. 3 withthe same assumptions for the osmologial parameters.This shows that the trajetories of s� r in the nonin-terating and interating ases meet the �CDM limit.The trajetories also oinide with the behavior of theChaplygin gas model (where s < 0 and r > 1). Thequintessene and phantom DE regions are also obtainedin this s�r plane in the noninterating and interatingases. We note that the s�r plane of the PDE model inf(T ) gravity is the ombination of all possible existingwell-known regions, whih is an interesting feature.91
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−20Fig. 3. Plot of state-�nders for the pilgrim f(T )model4. THERMODYNAMICSIn this setion, we disuss the nonequilibrium de-sription [7, 33℄ of the �rst and seond laws of ther-modynamis in f(T ) gravity. Sine this gravity is notloally Lorentz invariant, there alway exists extra de-grees of freedom leading to the violation of the �rstlaw of thermodynamis [34, 35℄. The system does notremain in equilibrium, whih results in an entropy pro-dution term. To �nd this term, we rewrite Eqs. (3)and (4) for onveniene as followsH2 = 13m2pfT (�m + ��T );_H = � 12m2pfT (�m + ��T + �pT ); (22)where ��T and �pT are the rede�ned torsion ontributions��T = m2p2 (TfT � f);�pT = m2p2 (4HfTT � TfT + f): (23)The orresponding ontinuity equation yields_��T + 3H(��T + �pT ) = �m2pT2 fTT ; (24)whih implies the nononservation equation beausefTT 6= 0 in a nonequilibrium system. We assume herethat the boundary of the universe is overed by the dy-namial apparent horizon RA [36℄ for whih the Hawk-ing temperature is given byTA = 12�RA  1� _RA2HRA! :

For a �at FRW spaetime, it redues to the Hubblehorizon. Using Eq. (22) in the time derivative of theHubble horizon, _RA = �H _HRA, yieldsfT4�G dRAdt = H(�m + ��T + �pT )R3A: (25)In modi�ed theories of gravity [37℄, the horizonentropy S is alled the Wald entropy (related to theNoether harge method) and is expressed as S == A=4Geff . Here, Geff = G=f 0 is the e�etive gravi-tational oupling, f 0 is the derivative of f with respetto the orresponding argument, and A = 4�R2A is thearea of the horizon. The Wald entropy in f(T ) gravityis given by S = AfT4G ; (26)whih is also on�rmed by a matter density pertur-bation through Geff . Taking time derivative of thisequation and using (25), we obtain12�RA dSdt = 4�H(�m + ��T + �pT )R3A + RA2G dfTdt : (27)Introduing the Hawking temperature in this equationyieldsTAdS = 4�H(�m + ��T + �pT )R3Adt�� 2�(�m + ��T + �pT ) dRA + �R2AG TAdfT : (28)The Misner�Sharp energy (E = RA=2G in gen-eral relativity) an be modi�ed aordingly as E == RAfT =2G. For the Hubble horizon, it beomesE = 3m2pH2fTV = (�m + ��T )V;where V = (4=3)�R3A is the volume inside the horizon.Its �rst derivative takes the formdE = �4�H(�m + ��T + �pT )R3Adt++ 4�(�m + ��T )R2AdRA + RA2G dfT : (29)By ombining Eqs. (28) and (29), it follows thatTAdS = �dE + 2�R2A(�m + ��T � �pT ) dRA ++ RA2G (1 + 2�RATA) dfT : (30)With the help of the energy�momentum tensor rela-tion, the work density an be de�ned as [38℄W = �12(T ��m g�� + �T ��T g��)) W == 12(�m + ��T � �pT ): (31)92



ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014 Pilgrim dark energy in f(T ) gravityUsing this expression in Eq. (30) and rearranging, we�nally obtainTAdS + TAdSp = �dE +WdV; (32)where the additional term dSp is identi�ed as the en-tropy prodution term in the nonequilibrium desrip-tion of the thermodynamis in f(T ) gravity. It has thegeneral formdSp = � RA2TAG (1 + 2�RATA) dfT == 6�G 8HT + _TT (4HT + _T )dfT : (33)It is obvious that this additional term vanishes forteleparallel gravity (f(T ) = T ), the same as in the aseof general relativity.To investigate the behavior of the entropy produ-tion term for the pilgrim f(T ) model, we take the se-ond derivative of (15),fTT = u�2m2�up24(u� 1) �H20H3 + u� 2u� 1Hu�4� :Using this expression in Eq. (33), we havedSpdt = 6�G (8HT + _T ) _TT (4HT + _T )fTT = �u�2m2�up2G(u� 1) �� _H(4H2 + _H)2H2 + _H �H20H4 + u� 2u� 1Hu�5� : (34)It is observed that for the universe expanding with a-eleration, H2 � _H > 0. Moreover, the phantom-likeaelerating expansion of the universe orresponds to_H > 0, while for negative _H, quintessene-like behav-ior of the universe is obtained. The behavior of _Sp inthe evolving universe depends on the signs of _H and u.We note that u 6= 1 in this ase, whereas u = 0 givesa vanishing entropy prodution term that orrespondsto the teleparallel gravity.In the phantom-like aelerating universe, we ob-serve that _Sp > 0 for u < 0 and u > 2, while therange 0 < u < 1 represents the dereasing entropy-prodution term. For the range 1 < u < 2, the behaviorof the entropy prodution term depends on the strengthof the involved terms, implying that _Sp > 0 if the �rstterm dominates over the seond term in Eq. (34), and_Sp < 0 otherwise. A similar but inverted behavior isobserved for a quintessene-like aelerated expandinguniverse, i. e., _Sp < 0 for u < 0 and 2 < u, and therange 0 < u < 1 orresponds to _Sp > 0. The timederivative of the entropy prodution term beomes pos-itive if the �rst term is dominated by the seond one

in the range 1 < u < 2, and turns out to be negativeotherwise. Thus, the pilgrim f(T ) model takes di�er-ent ranges of the model parameter u for the validity ofthe �rst law of thermodynamis. The teleparallel grav-ity may be reovered with the passage of time for someranges of u if _Sp dereases and approahes zero. It isargued in [7℄ that with this type of behavior, entropyprodution is not a permanent phenomenon.Finally, we investigate the validity of the generali-zed seond law of thermodynamis in this senario. Ifwe examine the inreasing behavior of the total entropyof the horizon (whih inludes the horizon entropy inaddition to the entropy of total matter), it implies thevalidity of the generalized seond law of thermodynam-is. The Gibbs equation for the entropy of total matterinside the horizon is given byTAdSin = d(V ��T )+�pT dV = V dt+(��T+�pT ) dV: (35)Here, we assume the same temperature inside and out-side the apparent horizon [7, 33℄. Combining Eqs. (22),(32), and (35), we express the time derivative of the to-tal entropy of the horizon as_S + _Sp + _Sin = _H22GH4 fT : (36)For the pilgrim f(T ) model in this equation, the �nalexpression beomes_S + _Sp + _Sin = _H22GH4 ++ u�2m2�up4G(u� 1)H5 (Hu�10 �Hu�1): (37)This equation implies that the generalized seond lawof thermodynamis is satis�ed for the present-day valueof the Hubble parameter with u > 0, u 6= 1 regardlessthe sign of _H.5. CONCLUDING REMARKSWe have studied the interating f(T ) gravity withpressureless matter in an FRW universe using the re-onstrution sheme to disuss the evolution of the uni-verse. For this purpose, we have used a reently pro-posed PDE model having a strong repulsive fore in or-der to take the universe to big-rip singularity withoutformation of blak holes. The Hubble horizon is takenas the IR uto�, whih gives onsistent results with in-teration. To disuss the pilgrim f(T ) model, we haveinvestigated the evolution trajetories of the EoS pa-rameter, the !T �!0T phase plane, and the state-�nder93



M. Sharif, S. Rani ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014parameters. For three values of the interation param-eter d = 0; 0:5; 1, the parameter !T versus the PDE pa-rameter u represents onsistent results for an aelerat-ing universe (Fig. 1). In this regard, we have obtainedtwo ranges of u, i. e., u < 0 and u > 3 for both inter-ating and noninterating bakgrounds. These rangesindiate a phantom-dominated universe, where no pos-sibility exists for the formation of a blak hole.The evolution trajetory of the !T�!0T plane inor-porating the pilgrim f(T ) model represents the �CDMlimit only for d = 0:5. It yields thawing regions forall values of the interation parameter and freezingregions only in the interating ase. Also, the state-�nder parameters in s � r plane are found to meet allpossible existing regions (quintessene, phantom, andChaplygin gas). Finally, we have investigated the va-lidity of the �rst and seond laws of thermodynamisin the nonequilibrium bakground under the assump-tion of the same temperature of the universe. It isfound that the �rst law of thermodynamis is violatedin f(T ) gravity due to the lak of loal Lorentz invari-ane, whih results an entropy prodution term. Wehave analyzed the behavior of this entropy produtionterm as well as the validity of the generalized seondlaw of thermodynamis for the pilgrim f(T ) model. Itis found that for a phantom-like universe ( _H > 0), theentropy prodution term dereases for 0 < u < 1 andinreases for u < 0, 2 < u. However, its behavior de-pends on the strength of the involved terms within therange 1 < u < 2. For a quintessene-like universe, allthe results are inverted for the same ranges of the PDEparameter u.In general relativity, the PDE model providesphantom-like behavior with a Hubble horizon onlywith d = 1 for all values of the PDE parameter u [14℄.For the pilgrim f(T ) model, the phantom-like universeis attained for u < 0 and u > 3 in the interatingas well as noninterating ases. It is interesting tomention here that our results are onsistent with thosein [13, 14℄ for u < 0. In the ! � !0 analysis, the PDEmodel meets the �CDM limit only in the noninterat-ing ase, with a freezing region in the interating ase,while this limit and region are obtained only in theinterating ase for the pilgrim f(T ) model. The s� rplane reovers all the existing regions orresponding to�xed values of (s; r) for both models. We an hek theosmologial evolution and thermodynami behaviorof the pilgrim f(T ) model by taking the event horizonas the boundary of the universe. The basi purposein developing the pilgrim model is to explain the fateof blak holes in the presene of a large amount ofphantom energy in the universe. Thus, it would be
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