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MULTIPHOTON DYNAMICS OF QUTRITS IN THE ULTRASTRONGCOUPLING REGIME WITH A QUANTIZED PHOTONIC FIELDH. K. Avetissian a*, A. K. Avetissian a, G. F. Mkrt
hian a, O. V. Kibis baCenter of Strong Fields Physi
s, Yerevan State University0025, Yerevan, Armeniab Department of Applied and Theoreti
al Physi
s, Novosibirsk State Te
hni
al University630073, Novosibirsk, RussiaRe
eived June 10, 2015Multiphoton resonant ex
itation of a three-state quantum system (a qutrit) with a single-mode photoni
 �eld is
onsidered in the ultrastrong 
oupling regime, when the qutrit�photoni
 �eld 
oupling rate is 
omparable to ap-pre
iable fra
tions of the photon frequen
y. For ultrastrong 
ouplings, the obtained solutions of the S
hrödingerequation reveal multiphoton Rabi os
illations in qutrits with the interferen
e e�e
ts leading to the 
ollapse andrevival of atomi
 ex
itation probabilities at the dire
t multiphoton resonant transitions.DOI: 10.7868/S00444510151200191. INTRODUCTIONThe behavior of quantum systems with a few en-ergy levels in a quantized photoni
 �eld and the evo-lution of resonant transitions with 
oherent dynami
e�e
ts in diverse intera
tion regimes are the subje
t ofintensive investigations of the last two de
ades. Be-sides the natural atoms, su
h quantum systems in
ludea large 
lass of arti�
ial atoms with di�erent elementsand 
on�gurations of 
avity/
ir
uit quantum ele
tro-dynami
s (QED), whi
h exhibit various 
oherent ef-fe
ts with spe
i�
 quantum dynami
s, like the 
ollapseand revival of atomi
 inversion population with Rabios
illations, the formation of photon entangled states,squeezing, manifestation of the purely quantum statis-ti
s of light, and so on [1�3℄. Among these quantumsystems, the two-level and the three-level systems �so 
alled qubits or qutrits � are of great importan
efor modern quantum physi
s. In the 
ase of two-levelquantum systems, there is a well-known model, the so-
alled Jaynes�Cummings (JC) model [4, 5℄, whi
h de-s
ribes the resonant intera
tion of su
h systems withstrong and quantized radiation �elds, as well as thesingle-photon intera
tion pro
esses with the va
uum�u
tuations in quantum mi
ro
avities. The 
ouplingof su
h atomi
 systems to quantum radiation modesin the simple s
heme of a quantum harmoni
 os
illator*E-mail: avetissian�ysu.am

have important appli
ations in many signi�
ant �eldsof 
ontemporary physi
s, spe
i�
ally, in quantum op-ti
s and informati
s [6�8℄ and in 
ondensed matter phy-si
s [9�11℄.Regarding the three-state quantum systems,qutrits, we note their role in 
oherent manipulationwith two-level atoms (qubits) and, in general, quantumsystems via an additional third quantum state, whi
hallows revealing a large 
lass of 
oherent interferen
ee�e
ts, as well as the use of the qutrits in 
omposingof many quantum proto
ols and in storing quantuminformation [12℄. The various 
ases of three-stateatoms, su
h as the ladder (�), the vee (V), and thelambda (�), 
oupled to a quantized �eld have beentreated by many authors (see [1, 2℄ and the referen
estherein). As has been shown in Refs. [13, 14℄, there is athree-state 
on�guration � whi
h 
an be referred to asthe � 
on�guration � where multiphoton transitionsin the quantum dynami
s of the system subje
tedto a 
lassi
al strong radiation �eld are very e�e
tive
ompared to the �, V, and � 
on�gurations. The
on�guration inverse to � is the L 
on�guration, whi
his unitarily equivalent to the polar-� 
on�guration (seebelow). The aforementioned investigations [13, 14℄have been 
arried out for a given 
lassi
al radiation�eld. It is of interest to study the intera
tion ofa polar-�=V atom with a single-mode quantizedradiation �eld, where new pure quantum multiphotone�e
ts are expe
ted.1059
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hian, O. V. Kibis ÆÝÒÔ, òîì 148, âûï. 6 (12), 2015Thanks to the re
ent a
hievements in 
avity/
ir
uitQED [15℄, it has be
ome possible to a
hieve intera
tion-dominated regimes in whi
h multiphoton e�e
ts are ex-pe
ted. This o

urs in the ultrastrong 
oupling regimewhen the atom�photon 
oupling rate is 
omparable toappre
iable fra
tions of the os
illator frequen
y [15℄.There, nonresonant terms of the intera
tion Hamilto-nian, usually a

ounted for in external strong �elds, be-
ome relevant even at the intera
tion with va
uum �u
-tuations. In this regime, new nonlinear and multipho-ton e�e
ts [16�22℄ are predi
ted that are not present inthe weak-or strong-
oupling regimes [23℄. In parti
ular,the ground state is predi
ted to be a squeezed va
uum
ontaining a �nite number of virtual photons [16℄. Realphotons 
an be 
reated from the va
uum �u
tuationsvia the dynami
al Casimir [17℄ or other e�e
ts [18℄.In the ultrastrong 
oupling regime, non
lassi
al pho-toni
 states in
luding squeezed states, S
hrödinger-
atstates, and entangled states 
an be 
reated [19℄. Theele
tron 
oupling to photons in the �eld-dressed nanos-tru
tures 
an result in the ground ele
tron�photonstate with a nonzero ele
tri
 
urrent [20℄. The inter-a
tion of the nanostru
ture with va
uum �u
tuationsof an opti
al 
avity 
an open gaps within the valen
eband of a semi
ondu
tor [21℄. At the breaking of theinversion symmetry in two-level systems, it is possibleto realize Rabi os
illations, the 
ollapse and revival ofthe initial population with the periodi
 multiphoton ex-
hange between the atom and the radiation �eld [22℄.Hen
e, investigating new systems with e�e
tive multi-photon transitions in the quantized photoni
 �eld atultrastrong light�matter 
ouplings is of interest.In this paper, we 
onsider the multiphoton resonantintera
tion of an arti�
ial qutrit atom with a quan-tized radiation �eld. To be spe
i�
, we assume thequtrit to be in a polar-� 
on�guration, in whi
h diag-onal matrix elements of the dipole moment operatorhave nonzero values for two lower states. The results
an also be applied to the polar-V 
on�guration. We
onsider dire
t multiphoton resonant transitions in theultrastrong 
oupling regime. We study the e�e
t ofpermanent dipole moments of stationary states on thequantum dynami
s of a three-level system intera
tingwith a quantized radiation �eld. In parti
ular, we 
on-sider the eigenstates and eigenenergies of the general-ized JC Hamiltonian, and the dynami
s of Rabi os
illa-tions, 
ollapse, and revival. It is shown that due to thepermanent dipole moments, dire
t multiphoton tran-sitions o

ur, and, as a 
onsequen
e, Rabi os
illationsarise with a periodi
 ex
hange of several photons be-tween the emitter and the radiation (boson) �eld. Thequantum dynami
s of the 
onsidered system is investi-

gated using the multiphoton resonant approximation.As a spe
i�
 example, we do numeri
al 
al
ulationsfor an arti�
ial atom realized via a three-Josephson-jun
tion loop.This paper is organized as follows. In Se
. 2, themodel Hamiltonian is introdu
ed and diagonalized inthe s
ope of the multiphoton resonant approximation.In Se
. 3, we 
onsider temporal quantum dynami
s ofthe 
onsidered system and present the 
orrespondingnumeri
al simulations. Finally, 
on
lusions are givenin Se
. 4.2. BASIC HAMILTONIAN AND THERESONANT APPROXIMATIONWe 
onsider a three-state quantum system �qutrit � intera
ting with the single-mode radiation�eld of a frequen
y !. The system is s
hemati
allyillustrated in Fig. 1. We assume the qutrit to be in thepolar-� 
on�guration, in whi
h two lower states jg1iand jg2i with permanent dipole moments are 
oupledto a single upper state jei. An other possible three-le-vel s
heme is shown in the lower part of Fig. 1, re-ferred to as the L 
on�guration. In that 
ase, the up-per state is 
oupled to a lower state, whi
h is in turn
|e〉

|g1〉 |g2〉

Qutrit

Coupling

Oscillator

Û

ŜtŜL

~ω

Fig. 1. S
hemati
 of the system under 
onsideration.A qutrit in the polar-� 
on�guration is 
oupled to aquantized single-mode �eld, represented as a harmoni
os
illator with the 
hara
teristi
 frequen
y !. Twolower states jg1i and jg2i with the permanent dipolemoments are 
oupled to a single upper level jei. The
onsidered 
on�guration is unitarily equivalent to the L
on�guration shown in the lower part of the diagram.In this 
ase, the upper level is 
oupled to the lowerlevel, whi
h in turn is 
oupled to an adja
ent level1060
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s of qutrits : : :above 
oupled to an adja
ent state. For the L, 
on�-guration the permanent dipole moment is zero for sta-tionary states. The polar-� 
on�guration is unitarilyequivalent to the L 
on�guration. A more in-depthdis
ussion of this point 
an be found in the Appendix.The above qutrit 
on�guration 
an be realized, for ex-ample, in a symmetri
 double-well potential for solid-state semi
ondu
tor or super
ondu
tor systems [24℄. Inparti
ular, the e�e
tive potential lands
ape redu
es toa double-well potential for the super
ondu
ting quan-tum interferen
e devi
e loop [25℄ and the three-Joseph-son-jun
tion loop [26, 27℄.We assume a 
oupling to a bosoni
 �eld, with thetransition sele
tion rules equivalent to the ones for theele
tri
-dipole transitions in usual atoms. For the ar-ti�
ial atom based on the super
ondu
ting quantum
ir
uit, the eigenstates involve a ma
ros
opi
 numberof ele
trons. However, as was shown in Ref. [28℄, theopti
al sele
tion rules of mi
rowave-assisted transitionsin a �ux qubit super
ondu
ting quantum 
ir
uit arethe same as for the ele
tri
-dipole transitions in usualatoms when the e�e
tive potential lands
ape redu
esto a symmetri
 double-well potential.Hen
e, in the basisjg1i = 0B� 100 1CA ; jg2i = 0B� 010 1CA ;jei = 0B� 001 1CA ; (1)
the Hamiltonian for the polar-� system 
oupled to abosoni
 �eld 
an be represented in the formbH = ~!�bayba+ 12�+ bH� ++ ~��bSL + �bSt� �bay + ba� : (2)The �rst term in Eq. (2) 
orresponds to the free har-moni
 os
illator of the frequen
y ! (a single-mode ra-diation �eld). The se
ond term,bH� = 0B� "g � 0� "g 00 0 "e 1CA ; (3)
orresponds to the three-level system. Here, the nondi-agonal elements � des
ribe transitions between lower-lying states (tunnel transitions). The last term inEq. (2) gives the intera
tion between the single-mode

radiation �eld and the qutrit. Creation and annihila-tion operators bayand ba, satisfy the bosoni
 
ommuta-tion rules. The operatorbSL = �jg1i hg1j+ jg2i hg2j = 0B� �1 0 00 1 00 0 0 1CA (4)is the result of the permanent dipole moments in statesof inde�nite parity. The term with bSL in Eq. (2) de-s
ribes the self-energy os
illating levels and is responsi-ble for the dire
t multiphoton resonan
es [13, 14℄. TheoperatorbSt = jg1ihej � jg2ihej+H.
. = 0B� 0 0 10 0 �11 �1 0 1CA (5)des
ribes transitions between ex
ited and lower-lyingstates. At � = 0, we have the usual Hamiltonianfor the � model. At � = 0, the ex
ited state de
ou-ples, and after unitary transformation (A.5) (see Ap-pendix), we obtain the usual Hamiltonian for the JCmodel (also in
luding 
ounter-rotating terms) with the
oupling ~� and atomi
 energy 2�. Hen
e, to empha-size the three-state stru
ture in this paper, we 
onsiderthe 
ase j�j � ~! < "e � "g .Here, we 
onsider intera
tion of an arti�
ial atomwith a single mode of the resonator. In general, the re-sonator supports other eigenmodes. Usually, in 
avityand 
ir
uit QED setups, one 
an engineer the devi
e tolimit the spe
tral proximity of and 
ouplings to highermodes of the 
avity [29, 30℄. In many 
ases [15�22℄, it issu�
ient to 
hara
terize the behavior of the 
ir
uit onlyin the vi
inity of the fundamental frequen
y, where thegeneral Hamiltonian redu
es to the single-mode Hamil-tonian. This is justi�ed espe
ially at the resonant inter-a
tion, where the single-mode approximation providesa su�
ient understanding of the quantum dynami
s.The higher modes of the 
avity and other levels of thearti�
ial atom 
ause the AC�Stark shift of the 
onside-red levels, whi
h 
an be taken into a

ount for a spe
i�
system by the 
alibration of transition frequen
ies.We �rst diagonalize Hamiltonian (2) for moderatelystrong 
ouplings, whi
h is straightforward in the reso-nant 
ase. For� = 0, Hamiltonian (2) 
an be rewrittenin the form bH = bH0 + bV ; (6)where bH0 = bHos
 
 bPe + bH� 
 bPg1 + bH+ 
 bPg2 (7)1061
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hian, O. V. Kibis ÆÝÒÔ, òîì 148, âûï. 6 (12), 2015represents three non
oupled os
illators. Here, bPg1 == jg1ihg1j, bPg2 = jg2ihg2j, and bPe = jeihej are proje
-tion operators. The ex
ited state is asso
iated with thenormal os
illator with the HamiltonianbHos
 = ~!�bayba+ 12�+ "e; (8)and the other two are asso
iated with position-displa-
ed os
illatorsbH� = ~!�bayba+ 12�+ "g � ~� �bay + ba� ; (9)bH+ = ~!�bayba+ 12�+ "g + ~� �bay + ba� : (10)The intera
tion partbV = ~�bSt �bay + ba� (11)in Eq. (6) 
ouples bHos
 to bH� and bH+. Hamiltoni-ans (8), (9), and (10) admit exa
t diagonalization. Itis easy to see that the 
orresponding eigenstates areje;N (os
)i � jei 
 jNi;jg1; N (�)i � jg1i 
 exp h�! (ây � â)i jNi;jg2; N (+)i � jg2i 
 exp h��! (ây � â)i jNi; (12)with the energiesEeN = "e + ~!�N + 12� ;Eg1N = Eg2N = "g + ~!�N + 12�� ~�2! : (13)Here, D (�) = exp[�(ây � â)℄ is the displa
ement op-erator, and the quantum number is N = 0; 1; : : :The states jN (+)i, jN (�)i are position-displa
ed Fo
kstates: jN (+)i = exp h��! (ây � â)i jNi ==XM IN;M ��2!2� jMi;jN (�)i = exp �(�=!)(ây � â)� jNi ==XM IM;N ��2!2� jMi; (14)
where IN;M (�) is the Laguerre fun
tion de�ned interms of generalized Laguerre polynomials Lln (�) asIs;s0 (�) =rs0!s! exp���2��(s�s0)2Ls�s0s0 (�) == (�1)s�s0 Is0;s (�) ;Lln (�) = 1n!e���l dnd�n �e���n+l� : (15)

In parti
ular, j0(+)i and j0(�)i are the Glauber or 
o-herent states with the mean number of photons �2=!2.Thus, we have three ladders, two of them are 
rossed,and one ladder shifted by the energy~!eg = ~ �!0 + �2=!� ; (16)where !0 = ("e � "g) =~. The 
oupling term (11), bV �� bSt, indu
es transitions between these manifolds. Atthe resonan
e,!n� !eg = Æn; jÆnj � !; (17)where n = 1; 2; : : : , the equidistant ladders are 
rossed,EeN � Eg1N+n = Eg2N+n, and the energy levels of theupper harmoni
 os
illators starting from the groundstate are nearly threefold degenerate. The 
oupling(11) removes this degenera
y, leading to �qutrit�pho-ton� entangled states. The splitting of levels is de�nedby the va
uum multiphoton Rabi frequen
y. In this
ase, we should apply the se
ular perturbation theory.Taking into a

ount thathg1; N (�)jbV je;N�ni = (�1)n hg2; N (+)jbV je;N�ni;and seeking the solution in the formj�;Ni = C(�)g1 jg1; N (�)i+ C(�)g2 jg2; N (+)i++ C(�)e je;N � ni; (18)we obtain the eigenenergiesE1;N = "g + ~!�N + 12�� ~�2! ; (19)E2;N = E1;N +p2 jVN (n)j ; (20)E3;N = E1;N �p2 jVN (n)j (21)and 
orresponding eigenstatesj1; Ni = 1p2 �jg1; N (�)i+ (�1)n+1 jg2; N (+)i� ; (22)j2; Ni = 12 jg1; N (�)i+ (�1)n 12 jg2; N (+)i++ exp(�i'VN )p2 je;N � ni; (23)j3; Ni = 12 jg1; N (�)i+ (�1)n 12 jg2; N (+)i �� exp(�i'VN )p2 je;N � ni: (24)1062
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s of qutrits : : :In Eqs. (20)�(24), the transition matrix element isVN (n) � hg1; N (�)jbV je;N � ni == ~�pN � nIN�n�1;N ��2!2�++ ~�pN � n+ 1IN�n+1;N ��2!2� ; (25)and 'VN = arg [VN (n)℄. Thus, starting from the levelN = n, we have qutrit�photon entangled states (23)and (24), while for N = 0; 1; : : : ; n�1, we have twofolddegenerate eigenenergiesE1N with the states jg1; N (�)iand jg2; N (+)i. At � = 0, similarly to the 
onventionalJC model, there is a sele
tion rule: VN (n) 6= 0 only forn = �1. In this 
ase, only one photon Rabi os
illationo

urs. In our model with � 6= 0, there are transitionswith arbitrary n, giving rise to multiphoton 
oherenttransitions. Solutions (22)�(24) are valid 
lose to themultiphoton resonan
e !eg � n! and at weak 
oupling:jVN (n)j � ~!: (26)3. MULTIPHOTON RABI OSCILLATIONS INTHE ULTRASTRONG COUPLING REGIMEIn this se
tion, we 
onsider temporal evolution ofthe qutrit�photoni
-�eld system. This is of parti
u-lar interest for appli
ations in quantum informationpro
essing. We also present numeri
al solutions ofthe time-dependent S
hrödinger equation with the fullHamiltonian (2).We �rst 
onsider the quantum dynami
s of thequtrit 
oupled to a photoni
 �eld starting from an ini-tial state that is not an eigenstate of Hamiltonian (2).For an arbitrary initial state j	0i of the system, thestate ve
tor for times t > 0 is given by the expansionover the basis obtained above:j	(t)i = n�1XN=0hg1; N (�)jj	0i �� exp�� i~Eg1N t� jg1; N (�)i++ n�1XN=0hg2; N (+)jj	0i exp�� i~Eg2N t� jg2; N (+)i++ 3X�=1 1XN=nh�;N jj	0i exp�� i~E�;N t� j�;Ni: (27)To be spe
i�
, we 
onsider two 
ommon initial 
on-ditions for the photoni
 �eld: the Fo
k state and the
oherent state. We 
al
ulate the time dependen
e ofthe three-level system population inversion

Wn (t) = h	(t) jb�zj	(t)i (28)at the exa
t n-photon resonan
e (17), whereb�z = 0B� �1 0 00 �1 00 0 1 1CA : (29)For the �eld in the va
uum state and the qutritin the ex
ited state j	0i = je; 0i, it follows fromEqs. (22)�(24), and (27) thatj	(t)i = exp(i'Vn)p2 exp�� i~E2;nt��� fj2; ni � exp [i
n (n) t℄ j3; nig ; (30)where 
N (n) = 2p2 jVN (n)j~ (31)is the multiphoton va
uum Rabi frequen
y. FromEqs. (28)�(30), we obtain the population inversionWn (t) = 
os (
n (n) t) ; (32)whi
h 
orresponds to Rabi os
illations with a periodi
ex
hange of n photons between the qutrit and the ra-diation �eld.We next turn to the 
ase where the qutrit begins inan ex
ited state, with the photoni
 �eld prepared in a
oherent state with a mean photon number N :j	0i = jei 
 exp hpN(ây � â)i j0i: (33)Taking Eqs. (27) and (33) into a

ount, we obtain thewave fun
tionj	(t)i = 1XN=n exp(i'VN )p2 IN�n;0 �N��� �exp�� i~E2;N t� j2; Ni �� exp�� i~E3;N t� j3; Ni� ; (34)whi
h for population inversion (28) givesWn (t) = 1XN=0 e�NN ! NN 
os [
N+n (n) t℄ : (35)In this 
ase, we have superposition of Rabi os
illationswith the amplitudes given by the Poisson distributionPN = e�NNN=N !. As a 
onsequen
e, we have the 
ol-lapse and revival phenomena of the multiphoton Rabi1063
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hian, O. V. Kibis ÆÝÒÔ, òîì 148, âûï. 6 (12), 2015os
illations. There are dominant frequen
ies in Eq. (35)as a result of the spread of probabilities about N forphoton numbers in the range N � pN . When theseterms os
illate out of phase with ea
h other in sum (35),their 
an
elation is expe
ted (the 
ollapse of Rabi os-
illations). Hen
e, for large photon numbers N � pN ,the 
ollapse time 
an be estimated ast(n)
 � �2pN ��
N (n)�N ��1 : (36)Re
alling Eq. (25), we see that in 
ontrast to the 
on-ventional JC model, 
ollapse time (36) strongly de-pends on the mean photon number.We now 
onsider numeri
al solutions of the time-dependent S
hrödinger equation with the full Hamilto-nian (2) in the Fo
k basis:j	(t)i = X�=g1;g2;e NmaxXN=0 C�;N (t) j�i 
 jNi: (37)The set of equations for the probability amplitudesC�;N (t) has been solved using a standard fourth-orderRunge�Kutta algorithm, 
onsidering up toNmax = 200ex
itations. The S
hrödinger equation with the fullHamiltonian (2) was solved numeri
ally with the pa-rameters 
orresponding to the setup 
onsidered in [4℄(see Appendix). The tunneling parameter and the ra-tio of the permanent dipole moment to the transitionone are taken to be !0=� � 25 and j�=�j � 5:75.To show the periodi
 multiphoton ex
hange be-tween the qutrit and the radiation �eld, we have 
al
u-lated population inversion (28) and the photon numberprobability:PN (t) = X�=g1 ;g2;eh�;N jj	(t)ih	(t) j�;Ni: (38)In Fig. 2, the photon number probability PN (t) isshown as a fun
tion of s
aled time t=T (where T == 2�=! is the mode period) for the two-and three-pho-ton resonan
es. For the initial state, we assume thequtrit to be in the ex
ited state and the �eld in va-
uum state, jei
j0i. As 
an be seen from Fig. 2, due tothe permanent dipole moment, multiphoton Fo
k statesare ex
ited. Figure 3 displays 
ollapse and revival ofthe multiphoton Rabi os
illations. Here, the qutritpopulation inversion is shown with the �eld initiallyin a 
oherent state with two-, three-, and four-photonresonan
es for di�erent mean photon numbers. As isseen from these �gures, the numeri
al simulations arein agreement with analyti
 treatment in the multipho-ton resonant approximation and 
on�rm the revealedphysi
al pi
ture des
ribed above.
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Fig. 2. Photon number probability PN (t) as a fun
tionof the s
aled time at (a) two-photon and (b ) three-photon resonan
es. Here, �=! = 0:1 (a), 0:2 (b )and the detuning is taken to be Æ2=! = �0:073 (a),0:065 (b )We have also examined the 
onsequen
e of the 
ol-lapse and revival of the multiphoton Rabi os
illationson the statisti
al properties of the photons. For thispropose, we 
al
ulated Mandel's Q-fa
tor de�ned as [6℄Q = N2 �N2 �NN : (39)The statisti
s is sub-Poissonian for �1 � Q < 0, super-Poissonian for Q > 0, and Q = 0 
orresponds to thePoisson statisti
s that o

urs for 
oherent states. Asis seen from Fig. 4, during the 
ollapse and revivalof the multiphoton Rabi os
illations, the antibun
hing(Q < 0) of photons takes pla
e.To 
on
lude, note that we here 
onsider the 
oher-ent intera
tion of an arti�
ial atom with 
avity pho-tons, whi
h is 
orre
t only for the times t < �min, where�min is the minimum of all relaxation times. For the
onsidered setup, there are three types of relaxation1064
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Fig. 3. Collapse and revival of the multiphoton Rabios
illations. Population inversion of a three-level sys-tem with the photoni
 �eld initially in a 
oherent stateis shown. (a) Two-photon resonan
e with the 
ouplingparameter �=! = 0:1 and the mean photon numberN = 20. (b ) Three-photon resonan
e with�=! = 0:2and the mean photon number N = 30. (
) Four-pho-ton resonan
e, but for �=! = 0:25 and N = 50
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Fig. 4. Mandel's Q-fa
tor versus the s
aled time forthe setup in Fig. 3bpro
esses that need to be 
onsidered. The �rst pro-
ess is the loss of photons from the resonator at a rate� = !=Ql, where Ql is the loaded quality fa
tor of the
avity. The typi
al values of Ql for high-quality 
avitiesare Ql = 105�106 [3, 10, 29, 30℄. Therefore, the averagephoton lifetime in the 
avity, 1=�, ex
eeds 104T . Thenext two pro
esses are the energy relaxation and statedephasing of the arti�
ial atom. Dephasing is usuallythe dominant me
hanism for relaxation. The dephasingtime T' depends on the experimental 
onditions. Re-


ent advan
es in this �eld [30℄ make super
ondu
tingqubits available with the 
oheren
e time approa
hing105 ns. Even for moderate values T' � 100 ns, in thefrequen
y range !=2� � 10 GHz, one 
an 
oherentlymanipulate with arti�
ial atoms on time s
ales of 103T .This is su�
ient for the multiphoton Rabi os
illations
onsidered above.4. CONCLUSIONWe have presented a theoreti
al treatment of thequantum dynami
s of a qutrit in a polar-� 
on�gura-tion intera
ting with a single-mode photoni
 �eld inthe ultrastrong 
oupling regime. For the ultrastrong
ouplings, we have solved the S
hrödinger equation inthe multiphoton resonant approximation and obtainedsimple analyti
 expressions for the eigenstates andeigenenergies. For the n-photon resonan
e, we thenhave entangled states of a qutrit and position-displa
edFo
k states. We have also investigated the temporalquantum dynami
s of the 
onsidered system at themultiphoton resonan
e and showed that due to thepermanent dipole moments in the lower states, Rabios
illations of population inversion are possible with aperiodi
 multiphoton ex
hange between the qutrit andthe photoni
 �eld. For the quantized �eld preparedinitially in a 
oherent state, the 
ollapse/revival ofmultiphoton Rabi os
illations and photon antibun
h-ing o

ur. The obtained results are also appli
ableto atoms with the � 
on�guration, whi
h is unitarilyequivalent to the polar-V 
on�guration. The proposedmodel may have diverse appli
ations in QED witharti�
ial atoms, espe
ially, in the 
ir
uit QED wherethe 
onsidered qutrit 
on�guration and ultrastrong
oupling regime are a
hievable.This paper was supported by State Committee ofS
ien
e, Republi
 of Armenia (Proje
t No. 13RF-002)and the RFBR (Proje
t No. 13-02-90600).APPENDIXImplementation of a polar-� system and itsequivalen
e to the L 
on�gurationHere, we outline how to implement a polar-� sys-tem in 
ir
uit QED. Then we prove the equivalen
e ofthe polar-� and L 
on�gurations. As an illustrativephysi
al system, we 
onsider a three-Josephson-jun
-tion loop [26, 27℄. For a super
ondu
ting loop that
ontains three Josephson jun
tions (with the Joseph-son energies EJ1 = EJ2 = EJ , EJ3 = �EJ ) and with1065
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UFig. 5. Cut along the �p = 0 axis of the double wellpotential U (x) � UJ (0; 2�x) (solid bold line) with the�rst, 	+ (dotted line), se
ond, 	� (dashed line), andthird, 	e (dash-dotted line), eigenstates. Here, f = 1=2,�L = 0:5, � = 0:8, and the energy E is in units of EJand is measured from the lo
al maximum of U (x)an external magneti
 �ux �e pier
ing the loop, the ef-fe
tive potential lands
ape 
an be represented as [27℄UJ ('p; 'm) = EJ �2 + �� 2 
os�p 
os�m �� � 
os�2�f + 2�LI�0 + 2�m��+ 12L0I2: (A.1)Here, L0 is the total indu
tan
e, �0 = �~=e is the �uxquantum, f = �e=�0 is the redu
ed magneti
 �ux, andI = (2�EJ=�0) sin (�p + �m) is the super
urrent. Thequantities �p and �m are phase variables. At f = 0:5for the indu
tan
e ratio �L = L0=LJ values from zeroto one (where LJ = (�0=2�)2 =EJ is the Josephsonjun
tion indu
tan
e), a symmetri
 double-well poten-tial stru
ture exists. In Fig. 5, we show a double-wellpotential U (x) � UJ (0; 2�x) with three eigenstates.As was shown in Ref. [28℄, the opti
al sele
tion rulesof mi
rowave-assisted transitions in this potential arethe same as the ones for the ele
tri
-dipole transitionsfor an ele
tron in a symmetri
 1D double-well poten-tial, that is, the matrix element of the ele
tri
 dipolemoment is nonzero for states of di�erent parity. Forthe 
hosen parameters, the �rst two eigenstates are lo-
alized in the wells of the potential, while the highereigenstate is delo
alized. The ground eigenstate is aneven fun
tion, the eigenstate 
orresponding to the ad-ja
ent level is an odd fun
tion, and the eigenstate ofthe ex
ited state is an even fun
tion. A

ording to thesele
tion rule, we have the L 
on�guration and in the

single-mode photoni
 �eld we 
an write the Hamilto-nianbHL+ph = ~!�bayba+ 12�+ bHL ++ �d+� bS+$� �bay + ba�+ �d�e bS�$e �bay + ba� ; (A.2)where bHL = 0B� "+ 0 00 "� 00 0 "e 1CA ; (A.3)d+� and d�e are transition dipole moments, � �bay + ba�is the �ele
tri
 �eld� operator, andbS+$� = 0B� 0 1 01 0 00 0 0 1CA ;bS�$e = 0B� 0 0 00 0 10 1 0 1CA (A.4)
are transition operators. We now apply the unitarytransformation (bU bF bUy) withbU = 1p2 0B� 1 �1 01 1 00 0 p2 1CA : (A.5)For the transformed operators, we obtainbH 0L = 0BBBBBB� "+ + "�2 "+ � "�2 0"+ � "�2 "+ + "�2 00 0 "e

1CCCCCCA ; (A.6)
bS0+$� = 0B� �1 0 00 1 00 0 0 1CA � bSL; (A.7)bS0�$e = � 1p2 0B� 0 0 10 0 �11 �1 0 1CA � � 1p2 bSt: (A.8)It is easy to see that the transformed Hamiltonian 
or-responds to the polar-� 
on�guration 
onsidered in thispaper (see Eq. (2)) with the parameters1066



ÆÝÒÔ, òîì 148, âûï. 6 (12), 2015 Multiphoton dynami
s of qutrits : : :"g = "+ + "�2 ; � = "+ � "�2 ;� = �d+�~ ; � = � 1p2 �d�e~ : (A.9)For the setup in Fig. 5, j"e � "g j =� � 25, and j�=�j �� 5:75. The terms bSL and bSt des
ribe ele
tri
-dipo-le-moment matrix elements. The diagonal elements arethe permanent dipole moments and are des
ribed bythe terms proportional to bSL. This is also obvious inthe 
oordinate pi
ture for an ele
tron in a symmetri
1D double-well potential. If the probability of the tun-nel transition between the �left� and �right� potentialwells is small (j�j � j"e � "gj), we have a nearly dege-nerate ground state, and 
an therefore use two equiva-lent bases. In the L 
on�guration, the two lowest-ener-gy eingenstates are j�i = (jlefti � jrighti) =p2, wherejlefti and jrighti are the basis wave fun
tions inthe polar-� 
on�guration and represent the situationswhere the parti
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