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We explore Noether symmetries of the Friedmann—Robertson—Walker universe model in modified Gauss—Bonnet

gravity for both vacuum and nonvacuum (dust fluid) cases.

We evaluate symmetry generators and the cor-

responding conserved quantities by using separation of variables and a power-law form. We construct exact
f(G) models and study accelerating expansion of the universe in terms of a scale factor, deceleration, and the
EoS parameters. We also check the validity of energy conditions through the weak energy conditions for our

constructed model.

The state finder parameters indicate the resemblance of our constructed models to the

ACDM model. We conclude that our results are consistent with the recent astrophysical observations.

1. INTRODUCTION

Recent observational evidence (like type-Ia super-
novae, cosmic microwave background radiation, and
large-scale structures) indicate that the universe is ex-
periencing expansion at an accelerating rate, which has
now become the central attraction of modern cosmol-
ogy. In the scenario of general relativity (GR), a fluid
with highly negative pressure is considered as a strong
candidate to explain this phenomenon of the universe.
This mysterious fluid with hidden features is termed
dark energy (DE). The cosmological constant is the
simplest DE model with the equation of state (EoS)
parameter w = —1. But issues like fine-tuning and cos-
mic coincidence of this constant @:,:g] motivated various
dynamical models such as the quintessence, k-essence,
and Chaplygin gas Bﬂ'ﬁ] These models are obtained by
modifying the matter part of the GR action, for which
EoS parameter can move up and below the phantom
dividing line w = —1.

Another approach to explaining the cosmic accel-
erated expansion is obtained by modifying the geo-
metrical part of the action, resulting in modified theo-
ries like f(R) gravity, Gauss—Bonnet gravity, modified
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Gauss—Bonnet gravity, etc. The modified Gauss—Bon-
net theory of gravity (f(G) theory) is obtained by
adding an arbitrary function of G to the Einstein—Hil-
bert action [4]. The motivation of this modification
comes from string theory via a low-energy effective
scale L"_?:] This theory has been analyzed for cosmic
expansion of the universe [8], from the standpoint
of avoiding four types of finite-time future singulari-
ties [d,10], with regard to solar system tests [ L] ther-
modynamics 1314, energy conditions [L5, :16] and
many other phenomena.

Energy conditions are used as basic ingredients
to discuss various important phenomena like Haw-
king—Penrose singularity theorems, validity of the sec-
ond law of black hole thermodynamics, and the posi-
tivity of energy density. These conditions arise from a
the relation of the expansion scalar and the Raychaud-
huri equation. Using the condition of the attractive
nature of gravity for any hypersurface of orthogonal
congruences (that rotation associated with the congru-
ence defined by a null vector is zero) in these equations
yields R, v#v” > 0 and Ry, k"k” > 0 for null (v*)
and timelike (k*) vectors (R, is the Ricci tensor).
Replacing the Ricci tensor by the energy-momentum
tensor in these inequalities, we obtain energy condi-
tions. These are defined as the null energy condition
(p+p > 0), the weak energy condition (WEC) (p > 0,
p+p > 0), the strong energy condition (SEC) (p+p > 0,
p+3p > 0), and the dominant energy condition (p > 0,
p £ p>0). These conditions are completely geometri-
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cal statements and can be used for any theory of gra-
vity 7).

Symmetry is a point transformation that maps so-
lutions into solutions or leaves an object invariant. It
helps us to find solutions of nonlinear differential equa-
tions by reducing them to linear ones. The main moti-
vation comes from numerous conservation laws (energy,
momentum, angular momentum, etc.) that are conse-
quences of the presence of some kind of symmetry in
a system. These conservation laws are special cases
of the well-known Noether theorem, which provides a
relation between symmetries of a physical system and
conserved quantities. It states that if the Lagrangian of
a physical system remains invariant under coordinate
transformations, there is a corresponding conservation
law.

Symmetries can be divided into Noether and Noe-
ther gauge symmetries (the latter are generalizations
of Noether symmetries with the addition of a gauge
term). The second type of symmetry provides some
extra symmetry generators due to the existence of the
gauge term. Noether symmetries have many significant
applications in cosmology and theoretical physics and
were introduced to find exact solutions of field equa-
tions [[8,119]. They have also been studied in modified
theories such as the f(R), f(T) [20,21], and scalar—
tensor theories of gravity [22]. These theories have field
equations with higher-order derivatives, and it is there-
fore difficult to find exact solutions in full generality
without imposing particular a priori conditions. For
this purpose, we use the Noether symmetry approach,
which allows finding a closed system of equations, and
we do not need to impose a particular function, which
is instead selected by the Noether symmetry itself.

In [:_2-2;], Noether symmetry was used to investigate
universe evolution of the Friedmann—Robertson—Wal-
ker (FRW) model with scalar and vector fields in GR.
These symmetries for a stringy charged black hole were
explored in [24]. In [25], this approach was used to dis-
cuss stability of f(R) models using FRW and spheri-
cally symmetric spacetimes in both vacuum and nonva-
cuum cases. In Palatini f(R) gravity in the flat FRW
model, f(R) models and the exact cosmic scale fac-
tor were obtained in [26] using Noether symmetries.
Some specific models of f(R, G) gravity were discussed
in [27] using the Noether symmetry approach. In [28],
the coupling function and scalar field potential were ex-
plored using Noether and Noether gauge symmetry ap-
proaches in a modified scalar—tensor gravity. Solutions
in the vacuum and nonvacuum cases were discussed for
locally rotationally symmetric (LRS) Bianchi I (BI) ge-
ometry. Recently, exact solutions in f(R) gravity for
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the BI model were found via Noether symmetry |:_2-g] A
linear scalar field and a constant potential were found
in [:_S-Q'] using Noether gauge symmetry in the Gauss—
Bonnet dilatonic theory of gravity.

In this paper, we construct some interesting f(G)
models in the background of the FRW universe model
using the Noether symmetry approach. The plan of
the paper is as follows. In the next section, we briefly
review Noether symmetry and f(G) gravity. Section 3
is devoted to a discussion of Noether symmetry gener-
ators in both vacuum and nonvacuum cases using sep-
aration of variables and a power-law form. We also
evaluate conserved quantities, energy conditions, cos-
mological deceleration, and EoS parameters as well as
state finder parameters. Finally, Section 4 concludes
the results.

2. NOETHER SYMMETRY AND f(G)
GRAVITY

In this section, we briefly review Noether symmetry
and the f(G) theory of gravity. If the Lie derivative of a
Lagrangian £ with respect to a vector field X vanishes

(1)

then X is known as a Noether symmetry of the system.
It relates many conservation laws to the symmetries of
internal variables of a system, time, and space [31].
For point transformations (transformations of genera-
lized coordinates ¢') that depend on an infinitesimal
parameter ¢, i.e., for Q° = Q%(¢?,¢), we can introduce
a vector field X of generalized coordinates as

8+[

aq*
on the tangent space TQ = {q’, '} related to the con-
figuration space @ = {¢’}. Here, the dot denotes the
time derivative, and i’ are unknown functions to be de-
termined. Equation (:_ﬂ) represents a Noether symmetry
if it satisfies Eq. @:) The Euler-Lagrange equations are

()

and the associated energy function is

LxL =0,

d

dt

0

X =n'(¢)) 2

w‘(qj))] @)

oL
oq*

a
dt

oL

oG (3)

0L
E=%¢— —L.
The conserved quantity is given by
0L
I=n—.
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Noether symmetries in f(G) gravity

In Gauss—Bonnet gravity, the GR action comprises
the Gauss-Bonnet invariant only, while in modified
Gauss—Bonnet gravity, we replace G with an arbitrary
function f(G). The idea of f(G) gravity is just like that
of f(R) gravity, and hence its action is given by [33]

1
S=g [ FVTIRHFOL @
where k? = 877G is the coupling constant. Varying this
action with respect to g,,,, we obtain the field equations

1
R — §Rguu +8 |:RNPVO' + RpvGou — Rpogup —

1 o
- Ryvgap+Rpagup+§R(g,uugap_g,ua'gl/p) vpv fG"’

+ (GfG - f)gm/ =0,

where the subscript G denotes the derivative of f with
respect to G, while R, and R,,,, are the Ricci and
Riemann tensors. The Gauss—Bonnet invariant is

G = R* —4R,,R" + R,,5,R"".

3. SOME EXACT f(G) MODELS AND
COSMOLOGICAL PARAMETERS

In this section, we adopt the Noether symmetry ap-
proach to solve the field equations for the FRW met-
ric by considering both vacuum and nonvacuum cases.
The flat FRW universe model is given by

ds* = dt* — a*(t)(d2® + dy? + dz?),

where a(t) measures the expansion scale of the uni-
verse and is called the scale factor. The corresponding
Gauss—Bonnet invariant is

02..
G =221
a

3.1. Vacuum case

In this case, action (-ﬁf) takes the form

sz/dtﬁ(qi,q'i):/dtc(m,a,é).

The Lagrange multiplier method can be used to solve
this action by considering GG as a dynamical constraint.
By choosing a suitable Lagrange multiplier and inte-
grating by parts, we eliminate higher-order derivatives
to write the Lagrangian in the standard mathematical

form. Thus,
S:/dt [\/—_gf(G)—T (G—24 )] . (5)

a2
3

a
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where T is the Lagrange multiplier. Varying this action

with respect to G, we obtain ¥ = /—gfq, v/—g = a>,
and hence Eq. (1) becomes

Integrating by parts, we obtain the Lagrangian density

(6)

. .2
aa
B

5= [av=g [f(G) ~ fe (G

L =—-8a*Gfac + d’[f(G) — Gfal.

Euler-Lagrange equations (&) lead to

aa a? . a2 .

16—Gfe+8—5Gfe+8—Gfa = —f(G)+Gfa, (7)
a a a

a’i a3

_24a_3fGG - 8$fGG =—fa (8)
and the corresponding energy function becomes
E-ul - (@) -Gl ©)
= — — = — a)-
@ Gfaa

The Gauss-Bonnet pressure pg is found from Eq. (i)
as

ai - a2 .
pe =16—Cfo+8—5Gfa+ f(G)—Gfa,  (10)

and the Gauss—Bonnet density pg can be obtained us-
ing BEq. () as

.3 .
pc = 242_3GfGG - f(G) +Gfa. (11)

The corresponding EoS parameter wg = pa/pa takes
the form

i . a2 .
16—Gfe +85Gfa+ f(G) —Gfa
wg = a a . (12)

.3 .
24a_3GfGG - [(G)+Gfa
a

The existence of a Noether symmetry is guaranteed
by the existence of vector field (&) for which at least
one of the unknowns 7°(¢’) is nonzero. In the present
case, the vector field of the generator is defined as

0 0

X=a—+ o=+

da oa (13)

0 . 0

on the tangent space TQ = {a,G,a, G} of the con-

figuration space @ = {a,G}. Here, @ = a(a,G) and
B8 = B(a,G) are symmetry generators to be found and

Equations (i) and ({3) imply that

XL=0,
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which leads to

3a(f(G ) —Gfa) — Pafa =0, (14)
9p

3—fcc +5gfee =0, (15)

g—ngG =0, (16)

%fcc =0, (17)

where o, §, f(G), and a(t) are unknowns to be deter-
mined. We solve this set of equations using the method
of separation of variables and a power-law form.

3.1.1. Separation of variables

First, we solve Eqs. (14)-(17) by separation of vari-
ables. For this, we set
o = Al(a)Ag(G)7 ﬂ = Bl(a)Bg(G), (18)
where Ay, Ay, By, and By are unknowns to be deter-
mined. Solving Eqs. (16) and (17) using Eq. (I8), we
obtain

a=apAi(a), B=0byB2(G), (19)
where _ag angl by are arbitrary constants. From
Egs. (19) in (I9), it follows that

a = )\a(t) + apay, B = —3AG+ boby, (20)

where a1 and by are arbitrary constants and A\ is the
separation constant. It can be easily verified that

(:2@) is consistent with Eqs. (i3)-(i7%). Using
Eq @d ) in (14), we obtain
F(G) = k (bobia(t) + 3aga; G)** /@m0 (a1)

where k is the constant of integration. The symmetry
generator takes the form

0

()\a(t) + aoal) a 8G

X= Oa

+ (boby — 3AG) —=

The corresponding conserved quantity is given by

—8fa(3Xad*G + 3aga1aG + bobia® — 3Xa>Q).

Using Eq. (21)) in (8), we have
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Fig. 1. Plot of the scale factor a versus time ¢
Aa(t
— T2kagar Aa(t) (M n 1) y
apal
-3
x (bob1a(t) + 3agay G)Aa(t /aga1—1 24k’/\a(t)2—3 y
x G ()\a_(t) _ 1) ()\a(t) n 1) "
apay apay
x (bobia(t) + 3aga, G) /w0 =2)
A
+ kagaq ( a(t) _|_1> «
apaq
x (bobra(t) + 3agar G/ = 0. (22)

We solve this equation numerically for the scale fac-
tor a by assigning the values a9 = 1, a1 = 2, by = 0.5,
by =2, A = 3 and k£ = 1 with the initial conditions
a(0) = 2, a(0) = 3. The graphical behavior of the scale
factor is shown in Fig. :1:, indicating positively increa-
sing behavior with the passage of time. Such a behavior
shows expansion of the universe at an accelerating rate.
We take the cosmological redshift a(t) = ag/(1 + 2)
(where ag = 1 is the current value of the scale fac-
tor) for graphical representation of the EoS parameter
shown in Fig. E_ia, which represents negative increasing
behavior with increasing the redshift z. This means
that the universe is in the present DE era, wg < —1
(phantom-fluid-dominated era) in the far future when
the Gauss—-Bonnet term is dominant. The deceleration
parameter ¢ is defined as

) 1

d (1

#(z
The graphical behavior of ¢ is shown in Fig. :_ib. This
indicates that ¢ approaches zero as z takes large va-
lues and is negative for a late universe (the present
and future eras) showing an accelerated phase of the
expanding universe.

q:
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Fig. 2. The evolution of the EoS parameter w (a) and the deceleration parameter ¢ (b) versus the redshift z

3.1.2. Power-law form

Here, we use the power-law approach to solve the
system of equations (14)-(17). For this, we take sym-
metry generators as

a = apa®GH B = Boa G, (23)

where the unknown powers po, p1, vo, and vy are to
be determined. Equations (16) and (17) with Eq. (23)
imply that p; = v = 0, for which Eq. (23) becomes

B = BoG".

Using these values in (15) with ag = By (without any
loss of generality), we obtain v; = 1 and o = 1/3, and
hence

(24)

a = agpat?,

a=wpa?, B =aG. (25)

The function f(G) is obtained by using Eqgs. (f4) and
(22) as

f(G) _ k1G3/(a2/3+3)7 (26)

where k; is another constant of integration. The sym-
metry generators become

0 0
% + OéoG%,

and the corresponding conserved quantity is

X = agpa'/?

I= —80[0@2(3(11/3(; + CLG)fGG

Inserting f(G) in Eq. (§), we obtain the scale factor

a(t) = cret/? + e, (27)

where ¢; and co are constants of integration. Its graph-
ical representation is shown in Fig. '9’ with ¢; = 2 and
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Fig. 3. Plot of the scale factor a versus t

co = 0, which indicates the expanding nature of the
universe at an accelerating rate due to its rapidly in-
creasing behavior. Consequently, the function f(G) be-
comes )

J(G) = kG,

o3 (P (28)
“ 2 U3 )
The deceleration parameter is given by
22 + et*/3
T 22

In terms of the redshift z, the above equation takes the
form

61n i<1+1>‘+i<5+1)
. C1 Zl 161 12 . (29)
61n—<——|—1)—<——|—1)
C1 z C1 z
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Figure 'f]:a shows that ¢ -+ 0 as 2 = oo and ¢ — —1
for the present (z = 0) and future (z < 0) eras of the
universe. This indicates the accelerating phases of the

k( 5

Cl€2t2/9—|—3 +1+

32t2
¢l e2t2/9 +3

expanding universe from early to late time.

The EoS parameter takes the form

55 )

22

3

o,
9

wg = — 2 2
0162t2/9 64t3 64 ) 242 —2c1€?7 /0 /(1€ /043)
—_— — | =t —+3
a3 |\ T G eEm 3 {9 ( g * ﬂ
which in terms of redshift takes the form
1 /1
In|—( =+1 -
5 96 = (ﬁ)’ 64 |1 /1 1 /1 L
wg = —ky 573 573 —In|— | —-+1 2In|— | —+1)|+1 X
1 1 /1 3 c1 \ % c1 \ %
— (——H) +3 — (——i—l) +3
C1 \? c1 \ %
1 /1 2/3 1 /1 3/2
—(-+1) 64(31n—<—+1>)
X 1 \% 2 ki + N X
(L . L (1 + 1) +3
-1
1(1 3/2 1(1 3/2
4|1 /1 1 (1 22 (341)*/ (& (241)77+3)
« 94y —(——l—l)‘(ﬂn —<—+1>‘+1) ' ' (30)
3 1\ z c1 \ z
\

Its behavior is shown in Fig. db for k; = 1. This is 5 — r—1 ) (32)
negatively increasing behavior for large values of the 3 22 4 et’/3 1
redshift z, showing that the universe is in the present C912t°/3 9

DE era, wg < —1 (phantom-fluid-dominated era) in
the far future.

The state finder parameters (r,s) are very useful
to check the correspondence of the standard universe
models with the constructed models. For example,
(r,s) = (1,0) shows the correspondence of the con-
structed model with the ACDM model. These param-
eters are defined as

q r—1

= 2¢° — L = -

N Ve

In our case, these become

2t2+6t2/3 2t2+6t2/3 2

D YCREVE 2 21212/3 -

o1 _ 30t%/3
S SN

9t2et?/3
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These are shown in Fig. fi, which indicates that the
curve passes through the point (7, s) = (1, 0) represent-
ing the correspondence with ACDM model.

We now verify the energy conditions in this case.
With Egs. (10) and (1), these conditions in f(G) gra-
vity become

NEC: pg + pe > 0,

WEC: pe >0, pe +pa >0,
SEC: pg +pc >0, pc+3pa >0,
DEC: pg >0, pa+Epc>0.

In the following analysis, we explore only the behavior
of the WEC in exemplifying the application of energy
conditions and the SEC for accelerated expansion of
the universe. The expression for the WEC is
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2t%/9 3
cie 64t
WEC= pveean B R
64 242 —2¢162%/9 /(c1€2"/943)
—2( =+3
<37 (5] ’
ce2t°/9 64t3

Cle2t2/9+3 C]€2t2/9+3 X

<[5 (
c1e2t?/9 +3

+kl( _1
[5eE))

which is shown in Fig. aversus time ¢. We note that pg
initially increases positively for ¢ = 1 s, then decreases
until ¢ = 2.3 s but remains positive, and finally it in-
creases positively throughout the range of ¢. Figure '(jb
shows the plot of pg + pg, which represents decreasing
but positive behavior with respect to ¢. Consequently,
the WEC is satisfied for all values of t. For the behavior
of the SEC (p¢ + 3pa), we find its expression

%tQ

9

22

3
9 +

726162t2/9/(6162t2/9+3)

5 322

c1e2t?/9 13
2t2

—+1

64 ,
—t
3

9

2t%/9 64t3

Cle2t2/9 +3 x

o ci1€
SEC - 01€2t2/9 + 3

X |: (
5 o =370 o X
01€2t /9+3 0162’5 /9+3

+3k1< )
5] ),

shown in Fig. -r_ﬂ It indicates positively decreasing be-
havior until ¢ = 2 s, which then starts negatively de-
ceasing for all values of t. This shows the violation of
the SEC after ¢ = 2 s representing accelerated expan-
sion of the universe.

1+

212
= 43
9+

%tQ

9

726162t2/9/(01 e2tz/g+3)

5 322

22
—+1

64 ,
—t
3

9

3.2. Nonvacuum case

In the nonvacuum case, action (ﬁl:) includes the mat-
ter action Sps

5= L

2K2

[ =g 1@+ S
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We consider the dust fluid (fluid with zero pressure),
for which the energy-momentum tensor is defined as

Tuu = puyUy,

where p is the energy density and wu, represents the
4-velocity. The conservation equation gives

p:@
a3’

The Lagrangian takes the form
L =-8*Gfac +d’[f(G) — Gfcl+ po,
yielding the same Euler-Lagrange equations as in the

vacuum case, while the energy function becomes

-3
E—24L !

@ Gfao

(f(G) = Gfa) = po-

The expressions for p¢f and p¢// are

2

sGfo + f(G) - Gfa,

a

P = 1622 G fe + 8%
a

23
a° -
pl = 24—5Gfac — f(G) + Gfa = po,
and the corresponding EoS parameter takes the form

aii - a2 .
a a

welf — ~
a° -
2455 Cifac — F(G) + Glo = po

Figure:g shows the behavior of the EoS parameter in
the nonvacuum case for the model given in Eq. (28).
The plot indicates a phantom-like DE era (w®// < —1)
and then asymptotically approaches —1 after t = 4.5 s.
This shows the de Sitter fate of the universe as in the
vacuum case.

4. CONCLUSIONS

Modified theories with their corresponding actions
involving higher-order curvature as extra terms can
lead to a better description of the phenomenon of cos-
mic accelerated expansion. In this context, we study so-
lutions of the field equations in f(G) (modified Gauss—
Bonnet) gravity using the Noether symmetry approach
for the FRW universe model by assuming vacuum and
nonvacuum cases. In the nonvacuum case, we have
taken dust fluid just for simplicity. The symmetry gen-
erators are found using separation of variables and a
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Fig. 5. Plot of the state-finder parameters (r, s)

power-law form. We have found the scale factor, the
f(G) model, and the corresponding conserved quan-
tities. The deceleration and EoS parameters are also
evaluated and used to discuss the expanding behavior
of the universe. We have also explored the correspon-
dence of the evaluated models with the ACDM model
in terms of state-finder parameters.

The scale factor shows rapidly increasing behavior
indicating the accelerating expansion of the universe.
The negatively decreasing behavior of the deceleration
parameter indicates cosmic expansion in the acceler-
ating phase. The EoS parameters (separation of vari-
ables) crosses the phantom divide line to the phantom
DE era and then approaches the de Sitter fate asymp-
totically, while it shows a phantom DE era and then
approaches the de Sitter fate of the universe for the
power-law form. We have checked the validity of energy
conditions by assuming the WEC only in the vacuum

and
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the EoS parameter we (b) versus the redshift z

case. The violation of the SEC indicates the acceler-
ated expansion of the universe. It is well known that a
positive energy density or pressure from matter or radi-
ation can be added to any model satisfying the WEC;
it still satisfies the WEC in the nonvacuum case. The
EoS parameters for both methods in the vacuum case
show almost the same behavior. These represent neg-
ative increasing behavior with increasing values of the
redshift z, showing that the universe is in the present
DE era, wg < —1 (phantom-fluid-dominated era) in
the far future. Their behavior in Fig. da and 4b shows
that our constructed models are consistent with recent
astrophysical observations [33,84]. Also, Fig. & indi-
cates that the EoS parameter remains close to the value
—1, which shows the de Sitter fate of the universe in
the nonvacuum case. The state-finder parameters in-
dicate the correspondence of the resulting model with
the ACDM model.

Sharif and Nawazish [2d] have found exact solution
for the LRS BI universe using the Noether symmetry
approach with a power-law f(R) model. The corre-
sponding Hubble and deceleration parameters respec-
tively become finite and negative versus time t. The
EoS parameter showed crossing of the phantom divid-
ing line from the quintessence to the phantom era.
In [:_1-(_3], we have discussed energy conditions for the
LRS Bl model in f(G) gravity with a perfect fluid. We
took two specific f(G) models with present-day values
of the Hubble, deceleration, jerk, and snap parameters
and found that the WEC and NEC are satisfied. The
SEC is violated for both models, which represents the
accelerated expansion of the universe. In this paper,
we have found exact solutions for the FRW universe
model in f(G) gravity via Noether symmetry. Evo-
lution of the universe has been discussed in terms of



MITD, Tom 149, BhII. 1, 2016

Noether symmetries in f(G) gravity

Pa
1.0

0.9

0.8

0.7

0.6
0.5

0.4

Pgt
3.5

3.0

2.5

2.0

Vel

Fig. 6. Plots of the WEC versus ¢, (a) represents pc and (b) represents pc + pa versus t

1.5

Fig. 7. Plots of the SEC (pc + 3pc) versus t

energy conditions, EoS, and deceleration parameters.
The violation of the SEC and behavior of the deceler-
ation parameter show an accelerating expansion of the
universe. The state-finder parameters and negatively
increasing behavior of the EoS parameter with the in-
creasing values of the redshift show the consistency of
our constructed models with recent cosmological obser-
vations.
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