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THERMODYNAMICS OF A DILUTE XX CHAIN IN A FIELD
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Gapless phases in ground states of low-dimensional quantum spin systems are rather ubiquitous. Their peculia-
rity is a remarkable sensitivity to external perturbations due to permanent criticality of such phases manifested
by a slow (power-low) decay of pair correlations and the divergence of the corresponding susceptibility. A strong
influence of various defects on the properties of the system in such a phase can then be expected. Here, we
consider the influence of vacancies on the thermodynamics of the simplest quantum model with a gapless phase,
the isotropic spin-1/2 XX chain. The existence of the exact solution of this model gives a unique opportunity
to describe in detail the dramatic effect of dilution on the gapless phase — the appearance of an infinite series
of quantum phase transitions resulting from level crossing under the variation of a longitudinal magnetic field.
We calculate the jumps in the field dependences of the ground-state longitudinal magnetization, susceptibi-
lity, entropy, and specific heat appearing at these transitions and show that they result in a highly nonlinear
temperature dependence of these parameters at low T . Also, the effect of enhancement of the magnetization
and longitudinal correlations in the dilute chain is established. The changes of the pair spin correlators under
dilution are also analyzed. The universality of the mechanism of the quantum transition generation suggests
that similar effects of dilution can also be expected in gapless phases of other low-dimensional quantum spin
systems.

DOI: 10.7868/S0044451016060110

1. INTRODUCTION

The discovery of the equivalence of XY spin chains
with spin 1/2 to free fermions [1] was a breakthrough
in the studies of quantum phase transitions. Such a
transition takes place in the XY chain at T = 0 under
a variation of the transverse field H when its modu-
lus becomes equal to the modulus of the average nea-
rest-neighbor exchange J = (Jx+Jy)/2, JxJy > 0 [1–5].
Usually, it features the ordinary scaling behavior with
the order parameter being the magnetization compo-
nent with the largest exchange, i. e., Mx if |Jx| > |Jy|.
Then Mx vanishes at |H | > |J | and only Mz along the
field exists.

Apparently, this scenario does not hold in the spe-
cial case of an isotropic (XX) chain with Jx = Jy = J ,
where rotational symmetry and low dimension makes
Mx = My = 0 at all H [1–5]. Nevertheless, the XX
chain also experiences a ground-state quantum transi-
tion at |H | = |J | from a saturated phase with Mz =

= 1/2 sign(H) into the so-called quasi-long-range-orde-
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red (QLRO) phase at |H | < |J | characterized by the
vanishing of the gap between the ground and excited
states in the energy spectrum of free fermions [5–7] and
a power-law decay of spin correlators [8–10]. Thus, the
XX chain is always in a critical state at all |H | < |J |,
while the anisotropic XY chain is gapless only at the
transition point.

This specificity of the isotropic chain can be easily
understood by noting that in the fermionic language,
QLRO is a “metal” phase, while the saturated one at
|H | > |J | is an “insulator”. Indeed, the one-fermion
spectrum of this chain is [1–4]

ε(q) = J(cos πq − h), h = H/J, (1)

where q is a continuous wave number in the interval
0 ≤ q ≤ 1 for an infinite chain. Here, the number
of fermions is not conserved, and therefore both the
chemical potential μ and the Fermi energy εF are zero,
μ = εF = 0. At |h| < 1, the Fermi energy lies within
the “conduction band” and the spectrum is gapless. Un-
der a variation of h, the state of this “metal” changes
continuously with changes in the Fermi wave number

qF (h) =
1

π
arccosh, (2)
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whence qF (0) = 1/2, and we therefore have a half-filled
band, while qF (1) = 0 and the band is fully filled or
empty depending on the sign of J .

A further insight into the nature of this permanent
criticality in the QLRO phase stems from the studies of
ground states of finite XX chains [6,7]. In finite chains,
the critical state splits into a series of quantum transi-
tions due to discrete (rational) values of q in the same
dispersion law (1). The transitions occur when qF (h)

becomes equal to one of the allowed rational q. At these
points, the ground state is changed by adding or delet-
ing a fermion with the wave number nearest to qF (h).
Right at the transition point, the ground state is dou-
bly degenerate because both states with and without a
fermion with εF = 0 have the same energy. Thus, the
level crossing in the energy spectrum constitutes the
mechanism of quantum phase transitions in the XX
chain [6, 7] and the QLRO phase in the infinite-chain
limit is a consequence of level crossing at every q.

In real crystals with noninteracting XX chains, the
detection of the QLRO phase at a low temperature T

can be rather complicated because the only pronounced
feature of macroscopic chains is the power-law decay of
correlators [8–10]. Yet the manifestations of this phase
can be more visual in dilute crystals where nonmag-
netic ions substitute magnetic ones in the chains. Then
discrete level-crossing transitions in finite magnetic seg-
ments can be seen in usual macroscopic experiments at
low T as anomalies in field dependences of the magneti-
zation, specific heat, and so on. Hence, there should be
some quantitative predictions regarding these anoma-
lies to recognize the presence of XX chains in real crys-
tals. Here, we present the study of macroscopic ther-
modynamics of dilute XX chains showing spectacular
features of the QLRO phase at low T .

2. THERMODYNAMICS OF THE QLRO PHASE

We first recall the fermionization procedure for a
finite XX chain with spin 1/2 [1, 6, 7]. We start with
the Hamiltonian for N spins with free boundaries,

HN

J
=

1

4

N−1∑
n=1

(
σx
nσ

x
n+1 + σy

nσ
y
n+1

)− h

2

N∑
n=1

σz
n,

where σα
n , α = x, y, z, are the Pauli matrices defining

operators of local magnetic moments sαn = σα
n/2.

Introducing the fermionic creation and annihilation
operators through the Jordan–Wigner transformation

a+n = σ+
n

n−1∏
i=1

(−σz
i ) , an = σ−

n

n−1∏
i=1

(−σz
i ) ,

σ±
n =

1

2
(σx

n ± iσy
n)

(3)

and using the relation

σz
n = 2σ+

n σ
−
n − 1 = 2a+na

−
n − 1, (4)

we obtain

HN

J
=

1

2

N−1∑
n=1

(
a+n an+1+a+n+1an

)−h
N∑

n=1

a+n an+
Nh

2
.

This Hamiltonian is diagonalized via the transforma-
tion to new fermionic operators bk:

an =

√
2

N + 1

N∑
k=1

bk sin
πkn

N + 1
. (5)

In terms of bk and b+k , we have the Hamiltonian of free
fermions,

HN

J
=

N∑
k=1

(
cos

πk

N + 1
− h

)
b+k bk +

Nh

2
.

With this simple expression, we can easily obtain
the thermodynamic potential of a dilute XX chain as
the sum of independent contributions from finite frag-
ments appearing under dilution. Therefore, the average
potential per site in the case of random dilution is

F = −T
∞∑
l=1

Nl

N
lnTr exp

(
−Hl

T

)
,

where Nl is the average number of magnetic clusters
with l sites. If magnetic ions appear independently on
all sites with a probability p, then, for large N [11],

Nl ≈ N(1− p)2pl

and hence in the limit as N → ∞,

F = −T

∞∑
l=1

(1− p)2pl lnTr exp(−βHl) =

= −T (1− p)2
∞∑
l=1

pl
l∑

k=1

ln(1 + e2uk,l)+
phJ

2
, (6)

where
uk,l =

J

2T

[
h− cos

(
πk

l + 1

)]
. (7)

The thermodynamic potential in Eq. (6) allows finding
macroscopic observables of a dilute XX chain averaged
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over disorder. The average magnetization along the
field is

M =
1

2
〈〈σz〉T 〉p = − 1

J

∂F

∂h
=

= (1− p)2
∞∑
l=1

pl
l∑

k=1

(
1 + e−2uk,l

)−1 − p

2
=

=
(1 − p)2

2

∞∑
l=1

pl
l∑

k=1

tanhuk,l, (8)

where 〈〈. . .〉T 〉p is a shorthand notation for the Gibbs
average followed by the average over possible realiza-
tions of disorder.

Similarly, we obtain the expressions for the longitu-
dinal magnetic susceptibility

χzz ≡ χ =
∂M

J ∂h
,

χ =
(1− p)2

4T

∞∑
l=1

pl
l∑

k=1

cosh−2(uk,l),
(9)

entropy S, and specific heat C:

S = −∂F

∂T
= (1 − p)2

∞∑
l=1

pl ×

×
l∑

k=1

[ln(2 coshuk,l)− uk,l tanhuk,l] , (10)

C = T
∂S

∂T
=

(1−p)2

2

∞∑
l=1

pl
l∑

k=1

u2
k,l cosh

−2(uk,l). (11)

As p → 1, Eqs. (6), (8)–(11) become the corresponding
expressions for a pure infinite chain. To see this, we
note that in this limit, the major contribution to the
sum over k transforms into an integral as

(1− p)2
∞∑

l=100

pl
l∑

k=1

X

(
π

k

l + 1

)
→ (1− p)2 ×

×
∞∑

l=100

pl(l + 1)

π∫
0

dθ

π
X(θ) →

π∫
0

dθ

π
X(θ).

For example, at p = 1, we obtain the known expression
for the magnetization of an infinite XX chain [2–4]

M =

π∫
0

dθ

2π
tanh

J

2T
(h− cos θ). (12)

The above expressions for thermodynamic quanti-
ties can be obtained only approximately at T > 0 be-
cause only finite sums can be calculated. Because the

lth term of series (8)–(11) is of the order of lpl, the
finite sums with l < L give approximate values with a
relative error ε that we can roughly estimate as

ε ≈
∞∑

l=L+1

lpl
/ ∞∑

l=1

lpl = pL [L(1− p) + 1] . (13)

Hence, to achieve, e. g., ε = 0.05 for p = 0.25, 0.5,
0.75, we should respectively take L = 3, 7, 16 terms in
Eqs. (8)–(11). The results of such calculations with ε <

< 0.02 (L = 20) are shown in Fig. 1. Here, the field de-
pendences of M , χ, S, and C at T = 0.1J feature some-
what smeared anomalies reminiscent of ground-state
quantum transitions in finite magnetic clusters.

Actually, at T = 0, the dilute XX chain has an infi-
nite set of these anomalies at all fields for which qF (h)

is rational. We consider the field dependence of M at
T = 0. From (6), we then obtain

2M = (1 − p)2
∞∑
l=1

pl
l∑

k=1

sign [k − qF (h)(l + 1)] ,

sign(0) = 0.

Summation over k then gives

2M = (1−p)2
∞∑
l=1

pl
{
l−2mF

l +δmF
l ,qF (h)(l+1)

}
, (14)

where mF
l ≡ [qF (l+ 1)] is the integer part of qF (l + 1)

and the Kronecker delta is 1 when qF (h)(l+1) is integer
and 0 otherwise.

Apparently, M in (14) has jumps at every ratio-
nal qF (h). This means that there are infinitely many
jumps in every field interval. However, most of them
are tiny and unobservable in real experiments. The ap-
proximate M with largest jumps at h < 1 is shown in
Fig. 2 for p = 0.25, 0.5, 0.75 as compared with p = 1.
We note that according to (12), at T = 0, p = 1, and
h < 1, we have the known result [2–4]

M =
1

2
− qF (h) (15)

while the data for p < 1 are obtained from (14) by re-
ducing the sum to l < 20 terms. As Fig. 2 shows, a
noticeable feature of the dilute chain magnetization is
that it can be larger than that of a pure chain at the
same field. Qualitatively, this effect is a consequence of
the freedom of finite magnetic fragments to orient their
magnetizations along the field, which can overcome the
diminishing of the overall M due to dilution.

We can obtain simple expressions for some largest
M jumps near some rational qF (h). For irrational

qF (h) =
1

k
+ δ, δ → 0,
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Fig. 1. Field dependences of the magnetization M , the susceptibility along the field χ, the entropy S, and the specific heat C of
a dilute XX chain at T = 0.1J for p = 0.25 (�), 0.5 (◦), and 0.75 (�). The sums in Eqs. (8)–(11) are limited by L = 20 terms

i. e., for the fields

h ≈ cos
π

k
≡ hk, k = 2, 3, 4, 5, 6, . . . ,

hk = 0,
1

2
,

√
2

2
,

√
5 + 1

4
,

√
3

2
, . . .

we use Eq. (14) with l > k − 2 ≥ 1, l + 1 = km + n

with integer m ≥ 1 and n ≥ 0 to obtain

2M ≈ (1− p)2

{
k−2∑
l=1

pll +

∞∑
m=1

pkm−1 ×

×
k−1∑
n=0

pn [m(k−2)+n−1+δn,0 (1+sign(h−hk))]

}
.

Performing the summations, near hk, we obtain the
expression (also valid for k = 2)

2M ≈ p
1− pk−2

1− pk
+ sign(h− hk)νk(p), (16)

where νk(p) is the number of magnetic clusters (per
site) whose site numbers are integer multiples of k,

νk(p) = pk−1 (1− p)2

1− pk
. (17)

As p → 1, Eq. (16) gives the magnetization of the pure
chain at hk because M = (k−2)/2k in conformity with
Eq. (15).

For lowest k values, we have

k = 2, h2 = 0, 2M ≈ sign(h)p
1− p

1 + p
,

k = 3, h3 =
1

2
,

2M ≈ p

1 + p+ p2

[
1 + sign

(
h− 1

2

)
p(1− p)

]
,

k = 4, h4 =

√
2

2
,

2M ≈ p

1 + p2

[
1 + sign

(
h−

√
2

2

)
p2

1− p

1 + p

]
.
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Fig. 2. Field dependences of the magnetization of a dilute XX
chain at T = 0 for p = 0.25 (�), 0.5 (◦), and 0.75 (�), and
1 (thick solid line). The sum in Eq. (14) is limited by L = 20

terms

As T → 0, S, χ, and C tend to zero for irrational values
of gF (h). However, when the field tends to a rational
value qF (h) linearly in T → 0, i. e.,

h = cos
(
π
m

k

)
+

2αT

J
,

with some constant α and an irreducible fraction m/k,
then S, Tχ, and C stay finite:

S = νk(p) [ln(2 coshα) − α tanhα] , Tχ =
νk(p)

4 cosh2 α
,

C = νk(p)
α2

cosh2 α
.

Here, νk(p) is given by Eq. (17).
Thus, the dependences of thermodynamic quanti-

ties on h and T are represented by surfaces with a
number of wrinkles at low T as Fig. 3 shows.

3. CORRELATION FUNCTIONS

The static paired correlation functions of spins de-
fine the intensity of magnetic diffraction of neutrons
on magnetic materials, and therefore knowing them is
important for experimentally identifying a model that
gives the correct description of a real magnet. We con-
sider the average two-point correlators

Cα
r =

1

4

〈〈
σα
nσ

α
n+r

〉
T

〉
p
, α = x, y, z.

For these correlators, there are two possibilities to be
nonzero in the dilute chain: either sites n and n+r both
belong to the same magnetic cluster or they belong to
different clusters. Hence, for r ≥ 3, we have

Cα
r =

1

4

∞∑
l=r+1

wl

l−r∑
n=1

〈
σα
nσ

α
n+r

〉
T,l

+

+
1

4

r−2∑
n=1

∞∑
l=n

wl 〈σα
n 〉T,l

r−1−n∑
n′=1

∞∑
l′=n′

wl′ 〈σα
n′〉T,l′ =

=

∞∑
l=r+1

wl

l−r∑
n=1

Cα
l,n,r + δα,z

r−2∑
n=1

∞∑
l=n

wlMl,n ×

×
r−1−n∑
n′=1

∞∑
l′=n′

wl′Ml′,n′ , (18)

wl = (1− p)2pl, Ml,n =
1

2
〈σz

n〉T,l ,

Cα
l,n,r =

1

4

〈
σα
nσ

α
n+r

〉
T,l

.

Here, 〈. . .〉T,l is the Gibbs average for a pure magnetic
cluster with l sites and wl is the probability that a given
site belongs to such a cluster. We note that due to the
symmetry between two cluster edges,

Ml,n = Ml,l−n+1, Cα
l,n,r = Cα

l,l−n−r+1,r.

For r = 2, there is just one empty site between different
clusters, whence

Cα
2 =

1

4

〈〈
σα
i σ

α
i+2

〉
T

〉
p
=

∞∑
l=3

wl ×

×
l−2∑
n=1

Cα
l,n,2 + δα,z(1− p)−1

( ∞∑
l=1

wlMl,1

)2

(19)

and for r = 1, there is no contribution from different
clusters,

Cα
1 =

1

4

〈〈
σα
i σ

α
i+1

〉
T

〉
p
=

∞∑
l=2

wl

l−1∑
n=1

Cα
l,n,1. (20)

For the local magnetizations Ml,n and correlators
Cα

l,n,r in finite clusters, we obtain

Ml,n =
1

2
〈σz

n〉T,l =
〈
a+n an

〉
T,l

− 1

2
=

=
1

l+ 1

l∑
k=1

tanhuk,l sin
2

(
π

kn

l + 1

)
, (21)

Cz
l,n,r =

1

4

〈
σz
nσ

z
n+r

〉
T,l

= Ml,nMl,n+r −D2
l,n,r,

r �= 0,
(22)

8 ЖЭТФ, вып. 6
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Fig. 3. The dependences of thermodynamic quantities on h < 1 and T � J for the chain with p = 0.5. The sums in Eqs. (8)–(11)
are limited by L = 20 terms

Dl,n,r ≡
〈
a+n an+r

〉
T,l

=
1

l+1

l∑
k=1

tanhuk,l sin
πkn

l+1
×

× sin
πk(n+ r)

l+ 1
, r �= 0, Dl,n,0 = Ml,n +

1

2
. (23)

The expression for Cx
l,n,r = Cy

l,n,r ≡ C⊥
l,n,r is more

cumbersome: it involves the determinant of an r × r

matrix [1], which in our notations is

C⊥
l,n,r =

1

4
×

×

∣∣∣∣∣∣∣∣∣∣

Gl,n,1 Gl,n,2 . . . Gl,n,r

Gl,n+1,0 Gl,n+1,1 . . . Gl,n+1,r−1

...
...

. . .
...

Gl,n+r−1,2−r Gl,n+r−1,3−r . . . Gl,n+r−1,1

∣∣∣∣∣∣∣∣∣∣
,

Gl,n,r = 2Dl,n,r − δr,0. (24)
Equations (18)–(24) allow obtaining the average corre-
lators with any prescribed precision.

Equations (18)–(20) can be simplified in the case of
weak dilution, 1 − p  1, when major contributions
come from large clusters with l � 1, and we can there-
fore set

Ml,n ≈ M∞ ≡ lim
n,l→∞

Ml,n =

=

π∫
0

dϑ

2π
tanh

J

2T
(h− cosϑ), (25)

Cα
l,n,r ≈ Cα

∞,r ≡ lim
n,l→∞

Cα
l,n,r, Cz

∞,r = M2
∞−D2

∞,r,

r �= 0,

D∞,r ≡ lim
n,l→∞

Dl,n,r =

π∫
0

dϑ

2π
cos(ϑr)×

× tanh
J

2T
(h− cosϑ), r �= 0,

D∞,0 = M∞ +
1

2
,

(26)
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C⊥
∞,r =

1

4

∣∣∣∣∣∣∣∣∣∣

G1 G2 . . . Gr

G0 G1 . . . Gr−1

...
...

. . .
...

G2−r G3−r . . . G1

∣∣∣∣∣∣∣∣∣∣
,

Gr = 2D∞,r − δr,0,

(27)

to obtain

Cα
r ≈ pr+1Cα

∞,r + δα,zM
2
∞p2

[
1− (r − 1)pr−2 +

+ (r − 2)pr−1
]
, r > 2, (28)

Cα
2 ≈ p3Cα

∞,2+δα,zM
2
∞p2(1− p),

Cα
1 ≈ p2Cα

∞,1.
(29)

Thus, in the case of weak dilution, the correlations
are determined essentially by those of the pure infinite
chain. At T = 0, Eqs. (25) and (26) again give simple
known expressions [2–4]

M∞ =
1

2
− qF , D∞,r = − sinπqF r

πr
, r �= 0,

which allow finding Cz
∞,r = M2

∞ − D2
∞,r [4] and the

asymptotic form of C⊥∞,r at h = 0 [8–10]:

C⊥
∞,r ≈ c(−1)r/

√
r , c = 0.147088.

Our numerical simulations show that in finite fields,

C⊥
∞,r ≈ A(h)(−1)r/

√
r, A(h) = c(1− h2)1/4,

r → ∞.

Thus, in the weak dilution regime, the power-law
asymptotic behavior of C⊥

r is modified by the expo-
nential prefactor pr+1, while

Cz
r ≈ p2M2

∞
[
1− (1− p)rpr−2

]
at large r.

In general, at T = 0, we can perform summation in
Eqs. (21) and (23) with the result

Ml,n =
1

2(l+ 1)

[
f(l,mF

l , 2n) + l − 2mF
l +

+ δmF
l ,qF (l+1)(1− cos 2πqFn)

]
, (30)

Dl,n,r =
1

2(l + 1)

[
f(l,mF

l , 2n+ r) − f(l,mF
l , r) +

+ δmF
l ,qF (l+1) [cosπqF r − cosπqF (2n+ r)]

]
, (31)

r �= 0, Dl,n,0 = Ml,n +
1

2
,

Fig. 4. C⊥
r at T = 0 and h = 0.5 for p = 0.5 (�), 0.75 (�),

and 1 (◦). The l-sums are truncated at L = 15

C
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5 10 15

r

z

Fig. 5. Cz
r at T = 0 and h = 0.5 for p = 0.25 (×), 0.5 ((�),

0.75 (�), and 1 (◦). The l-sums are truncated at L = 30

f(l,m, r) = sin
πr(2m+ 1)

2(l + 1)

/
sin

πr

2(l + 1)
. (32)

These compact expressions make it possible to ob-
tain the averaged correlators at T = 0 numerically with
reasonable precision. Figures 4 and 5 show the distance
dependence of the correlators C⊥

r and Cz
r at T = 0 and

h = 0.5. These figures are obtained by truncating the l-
sums in Eqs. (18)–(20) at L = 15 for C⊥

r and at L = 30

for Cz
r . The relative error ε that we have by dropping
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Fig. 6. The field dependences of C⊥
1 for p = 0.5, 0.75, 1 (from

top down). The l-sums are truncated at L = 15
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Fig. 7. The field dependences of Cz
1 for p = 1, 0.75, 0.5, and

0.25 (from top down in the r.h.s. of the figure). The l-sums
are truncated at L = 30

the terms with l > L > r in these equations can be
estimated as in Eq. (13):

ε ≈ pL−rL(1− p) + 1

r(1 − p) + 1
.

We can see that under dilution, the oscillations
repidly die out in C⊥

r at large r owing to the exponen-
tially small probability (less than pr) to find magnetic
clusters larger than r. Similarly, Cz

r rapidly tends to a
constant proportional to p2M2∞.

Figures 6 and 7 show the numerical results for
the field dependences of nearest-neighbor correlators
at T = 0 exhibiting the jumps at rational qF values.

These data are compared with correlators of the pure
chain

C⊥
∞,1 = −

√
1− h2

2π
, Cz

∞,1 = M2
∞ − 1− h2

π2
.

We note that |C⊥
1 | steadily diminishes with diminishing

p, but |Cz
1 | can be greater in the dilute chain than in the

pure one. The latter effect correlates with that found
for the magnetization (cf. Fig. 2).

4. CONCLUSIONS

The present results show that the dilute isotropic
XY chain in a transverse magnetic field is a rare macro-
scopic object where the signatures of numerous quan-
tum phase transitions can be observed in macroscopic
experiments at low T . Actually, with due precision,
one can find arbitrarily large number of quantum tran-
sitions in every finite field interval at h < 1. Moreover,
these transitions allow an exact analytic description of
its mechanism as the change of the ground state (level
crossing) under variation of the external field. The con-
tinuous level crossing is an inherent property of many
other quantum phases with permanent criticality —
the gapless (algebraic) spin-liquid states that have been
shown to exist in quantum spin chains [12], ladders
[13], and planar models [14, 15]. The dilution of such
chains and ladders would result in a discretization of
their spectra, thus inducing quantum jumps under the
variation of couplings and the field similar to those of
XX chain. In the gapless phases of planar models, such
jumps could also exist, but should be much smaller ow-
ing to the great variety of possible magnetic clusters.

The present results can be used for some practical
aids. For example, if one suspects that some crystal
with an uncoupled chains of magnetic ions of spin 1/2
in its structure can be described by the XX model,
it suffices to dilute these chains to verify the appear-
ance of highly nonlinear behavior of the ordinary
thermodynamic parameters (cf. Fig. 3). Also, the
dilution of such crystals can be used to enhance their
magnetization and longitudinal correlations due to
peculiar quantum finite-size effects (see Figs. 2 and 7).

The useful discussions with G. Y. Chitov are
gratefully acknowledged. We acknowledge sup-
port from the Southern Federal University (grant
№213.01-2014/011-BΓ).

REFERENCES

1220



ЖЭТФ, том 149, вып. 6, 2016 Thermodynamics of a dilute XX chain in a field

1. E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. 16,
407 (1961).

2. Th. Nimeijer, Physica 36, 377 (1967).

3. E. Barouch, B. M. McCoy, and M. Dresden, Phys.
Rev. A 2, 1075 (1970).

4. E. Barouch and B. M. McCoy, Phys. Rev. A 3, 786
(1971).

5. F. Franchini and A. G. Abanov, J. Phys. A: Math.
Gen. 38, 5069 (2005).

6. A. De Pasquale, G. Costantini, P. Facchi, G. Florio,
S. Pascazio, and K. Yuasa, Eur. Phys. J. ST 160, 127
(2008).

7. W. Son, L. Amico, F. Plastina, and V. Vedral, Phys.
Rev. A 79, 022302 (2009).

8. H.-J. Mikeska and W. Pesch, Z. Phys. B 26, 351
(1977).

9. T. Tonegawa, Sol. St. Comm. 40, 983 (1981).

10. A. A. Ovchinnikov J. Phys.: Condens. Matter 14,
10193 (2002).

11. D. Stauffer and A. Aharony, Percolation Theory, Tay-
lor & Francis (1994).

12. T. Giamarchi, Quantum Physics in One Dimension,
Clarendon & Oxford (2003).

13. F. B. Ramos and J. C. Xavier, Phys. Rev. B 89,
094424 (2014).

14. A. Kitaev, Ann. Phys. 321, 2 (2006).

15. Hong Yao, Shou-Cheng Zhang, and S. A. Kivelson,
Phys. Rev. Lett. 102, 217202 (2009).

1221



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


